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RECORDS OF PROCEEDINGS AT MEETINGS. 

SESSION NOVEMBER, 1920-JUNEH, 1921. 

Thursday, November 11th, 1920. 

ANNUAL GENERAL MEETING. 

Mr. J. E. CAMPBELL, President, and later Mr. H. W. RICHMOND, 

President, in the Chair. 

Present thirty-five members and two visitors. 

N. Sen was elected a member. 

Messrs. F. G. W. Brown, R. G. Cooke, 8. L. Green, Y. A. J. Limerick, 

C. N. H. Lock, H. Lowery, T. A. Lumsden, J. B. Maclean, K. B. 

Madhava, A. R. Richardson, and Miss N. IJ. Calderwood, were nominated 

for election. 

The Treasurer presented his Report. Lt.-Col. Cunningham was 
appointed Auditor. 

The President announced that Prof. Eddington had consented to 

deliver a lecture at the February meeting. 

The President presented the De Morgan medal to Prof. E. W. Hobson. 

The Officers and Council for the Session 1920-21 were elected. The 

list is as follows :—President, H.W. Richmond ; Vice-Presidents, T. J. I’A. 

Bromwich, J. E. Campbell; Treasurer, A. E. Western; Secretaries, G. H. 

Hardy, G. N. Watson; other members of the Council, C. G. Darwin, 

A. L. Dixon, A. 8. Eddington, L. N. G. Filon, H. Hilton, Miss H. P. 

Hudson, A. HE. Jolliffe, J. E. Littlewood, J. W. Nicholson, W. H. Young. 

The retiring President then delivered his Presidential Address, 

‘“Einstein’s Theory of Gravitation as an Hypothesis in Differential 

Geometry.” Prof. Eddington also spoke on the subject of the address. 

The following papers were communicated by title from the Chair :— 

On the Conformal Transformations of a Space of Four Dimen- 
sions: H. Bateman. 
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*(1) The Differentiation of the Complete Third Elliptic Integral 
with respect to the Modulus, (2) Note on the Intersection of 
a Plane Curve and its Hessian at a Multiple Point: F. 
Bowman. 

On Dirichlet’s Multiplication of Infinite Series : T. 8. Broderick. 
*Arithmetic of Quaternions: L. E. Dickson. 
“The Classification of Rational Approximations: P. J. Heawood. 
Integral Solutions of Ordinary Linear Differential Equations: 

E. L. Ince. 

*On the Series of Polynomials, every Partial Sum of which Approxi- 

mates 2 Values according to the Method of Least Squares: 

Charies Jordan. 

*On some Solutions of the Wave Equation: H. J. Priestley. 

*An Example of a thoroughly Divergent Orthogonal Development : 

H. Steinhaus. 

*The Group of the Linear Continuum: N. Wiener. 

*On the Partial Derivates of a Function of many Variables: Mrs. 

G. C. Young. 

ABSTRACTS. 

On the Conformal Transformations of a Space of Four 

Dimensions and Lines of Electric Force 

Prof. H. Bareman. 

The system of eighteen differential equations 

da, y’) _ , O@',#) O(a! #) _, Oly", 2) 
CMa) ere, Ol d(y,z) ~~ O(a, t) * 

eney eg 

may be solved directly, giving the relations 

a(la' —uf' —p) = —na'+w8'+r+8(—ma'+vB' +49), 

a(ua’ +1b'—e) = — wa' —nb' +g—B(va' +-mb'—/f), 

a(—ma'+vB'+q) = ha’ +j8'+k—b(la’ —uB'—p), 

a(va'+mb'—f) = ja'—hb'+s+b (ua'+1b’—e), 

* Printed in this volume. 

b 2 
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where a=2’+tct'*, B=2x'+iy', a=2'Fet’, b=2'—ty’, 

a=2z—ct, BP=aety, w=z+e, Voxr—w, 

and J, m,n, u,v, W, p,q, 7, et, 9, hy Jj, ks are arbitrary constants. 

These equations are equivalent to a conformal transformation from 

(a, y, 2, tct) to (2’, y’, 2’; tet’). 

If a’ = +08’, Oa’ =V—d’", a=¢4'+0'8, Va=y—, 

the two sets of parameters (0, ¢, v), (0’, ¢’, Ww’) are connected by a pro- 

jective transformation 

x9 = w0'—vg'tuy'tj, xv = 96'— fo'tew'—s, 
x¢ = 10'—q¢'+pV'+k, x= n—me'+W'—A, 

in accordance with a well known theorem. 

A set of parameters 0, ¢, % which are functions of a variable para- 

meter 7 may sometimes define a line of electric force in an electromagnetic 

field. The Riccatian equations, which must be satisfied by @, ¢, and y 
in order that they may give a line of electric force of a moving electric 

pole, are written down, and some interesting transformations of these 

equations are considered. 

The Classification of Rational Approximations 

Prof. P. J. Heawoop. 

The object of this paper is to settle certain questions raised by Mr. 

J. H. Grace, in a paper published in Vol. 17 of the Proceedings, with 

respect to the rational approximations 2/y, to a given number @, which 

satisfy the condition 
£ i 

BOS ae 
where & is a given number. The special points relate to the cases where 

k is equal to, or in the neighbourhood of, the critical value 8, and the 

questions that arise are as to the special forms of @ for which there will 

be only a finite number of such approximations. It is first shown that, 

however slightly & exceeds 3, there are not only algebraic but transcen- 

dental numbers @ for which there are only a finite number of approxima- 

tions z/y which satisfy the above condition, a result suggested but left 

undecided in the paper referred to. The main investigation, however, is 

of the possible forms of @ fer which this is true when k =8 and when 
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k <3; and the finalzconclusion is that the result, based by Mr. Grace on 
certain investigations of Markoff, that in these cases @ must be a quadratic 
surd, holds in the latter case but not the former. 

On some Solutions of the Wave Equation 

Prof. H. J. Prresruey. 

The wave equation, expressed in spheroidal coordinates, is satisfied by 

wv a M(u) Z(é) PACERS so) 

provided that 

d dh mm ger " 
a [a—e) at [met 1)— mon M = #0 (1—p?) M, (1) 

d 2 aZ ea == Mink: SS RP 2 2) ae (+09 a |-[pmt0—7ealZ =—-MeatozZ, 2 

where k = p/c and n is any constant. 

As a preliminary to the solution of (1) and (2) the writer discusses the 

equation d d 
pate oY. = ae | Pot |+0y = aby, 

and exhibits the solution w(x) as the solution of the integral equation 

w(t) = x(e)— a Rit 
a 

Yi(Z), Yo(x) 

yi), yo) |” OG, 

where x(x), y:(£), y2(z) ave solutions of 

ad[pd ay 

and C, a are constants. 

The results obtained are first applied to equation (1) and a solution 

W-"(u) is found such that W,”(u)/(1—w’)™ is finite throughout the 

range —l<yw<l. 

It is shown that, if i W,™(u) = 0 at « — 0, the following theorems 

hold :— 

(I) Wi) is even. 

(Il) Wz(u) is the solution of a homogeneous Fredholm equation. 
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(III) If m is real, the values of ” are real and separate. 

(IV) The values of 2 are infinite in number. 

(V) Any function of «, which with its first two derived functions is 

continuous over the range 0 < «<1 and of which the first derivative 

vanishes at «, can be expanded in a series of functions W,""(u). 

Analogous theorems hold when W,”(0) = 0. 

The results of the preliminary discussion are then used to find a 

Volterra equation for a solution of (2) which behave like e~“/¢ when ¢ 

tends to infinity: ; 

On the Partial Derivates of a Function of many Variables 

Mrs. G. C. Youne. 

The results obtained in this paper correspond to those given in an 

earlier communication for a single variable, and include a somewhat ex- 

tended form and a revised proof of one of the earlier theorems. They are 

as follows, the primitive function /(z, y) =f(&, yy, Ya: ---) Yn—1, ---) being 

supposed finite and measurable for each fixed ensemble y. 

(1) The points at which the upper partial derivate on one side with 

respect to « vs less than the lower partial deriwate on the other side, form 
a set of plane content zero, whose section by every line y = constant is a 

countable set. 

(2) The points at which the upper partial derivate with respect to x 

on one side has the value +a, while the lower partial derivate on the 

other side has a value other than —w, form a set of plane content zero, 

whose section by every line y = constant has zero linear content. 

(3) The points at which there 1s a forward or a backward partial 

differential coefficient, or a partial differential coefficient, Of/dx which is 
infinite with determinate sign, form a set of plane content zero, whose 
section by y = constant is of zero linear content. 

(4) The points at which one of the wpper (lower) partial derivates 

with respect to x, being finite, is not equal to the lower (wpper) derivate 

on the other side, form a set of plane content zero, whose section by 

y = constant rs a set of linear content zero, 
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(4b) The points, if any, at which one of the upper partial derivates 
with respect to x, and one of the lower partial derivates are finite and 
different from one another, form a set of plane content zero, whose section 
by y = constant is a set of linear content zero. 

Corresponding results are given when the primitive function 

FG, Y) =F (Os Yas Yar +++) Yn) 

assumes infinite values. In particular (2) now takes the following form :— 

(2 bis) The points at which f («, y) has an infinite partial forward or 

backward differential coefficient with determinate sign, consist of the 

infinrties of f(x, y) and possibly an additional set of plane content zero, 

whose section by y = constant is a set of linear content zero. 

For a partial differential coefficient Of(z, y)/dz, however, (2) remains 

true, even when f(x, y) assumes infinite values. 

Thursday, December 9th, 1920. 

Mr. H. W. RICHMOND, President, in the Chair. 

Present thirteen members. 

The Auditor’s report was received, and a vote of thanks to the Auditor 

was carried unanimously. 

Messrs. F. G. W. Brown, R. G. Cooke, 8. L. Green, Y. A. J. Limericke, 

C. N. H. Lock, H. Lowery, T. A. Lumsden, J.B. Maclean, K. B. Madhava, 

A. R. Richardson, and Miss N. I. Calderwood were elected members of 

the Society. 

Messrs. C. W. Bartram and T. W. J. Powell were nominated for 

election. 
Messrs. G. F. 8. Hills and C. G. Darwin were admitted into the Society. 

The Secretaries reported that 41 new members were elected during 

the Session 1919-20, 9 had died, and 2 resigned. The number of mem- 

bers is now 342. 
. 

Dr. Watson read a paper “The Product of Two Hypergeometric 

Functions.’’* : 

Lt.-Col. Cunningham and Prof. Hardy made informal communications. 

* Printed in this yolume. 
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The following papers were communicated by title from the Chair :— 

*The Algebraic Theory of Algebraic Functions of One Variable : 

8. Beatty. 
The Construction of Magic Squares: F. Debono. 

Developable Surfaces through a Couple of Guiding Curves in 

Different Planes: A. R. Forsyth. 

*The Distribution of Energy in the Neighbourhood of a Vibrating 

Sphere: J. HE. Jones. 
*(1) On the Reciprocity Formula for the Gauss’s Sums in a Quad- 

ratic Field, +(2) A New Class of Definite Integrals: L. J. Mordell. 

*Approximate Solutions of Linear Differential Equations: R. H. 

Fowler and C. N. H. Lock. 

(1) Integration over the Area of a Surface and Transformation of 

the Variables in a Multiple Integral, (2) A New Set of Conditions 

for a Formula for an Area: W. H. Young. 

ABSTRACTS. 

The Product of Two Hypergeometric Functions 

Dr. G. N. Watson. 

In this paper I investigate a relation which connects the product of 

two hypergeometric functions (which have the same constant elements) 

with the fourth type of Appell’s hypergeometric function of two variables. 

In the case of terminating series the relation assumes the simple form 

F(—n, Btn; y; 2)xXF(—n, Bn; y;3 Z) 

ae -3 eo Fin Bin Gove 4 eee 

where (yn = yoy +) (y+2)... (y+n—1). - 

The Algebraic Theory of Algebraic Functions of One Variable 

Mr. 8. Brarry. 

The general aim kept in view in preparing the paper has been to 
attain the simplicity and flexibility of treatment implied in deriving pro- 

* Printed in this volume. + (2) does not appear in this volume. 
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perties relative to a given basis from proper ties relative to certain appro- 
priate bases, the study of which presents less difficulty. Use is made of 
order numbers of a certain type of adjointness relative to a given value of 
the variable. A lower limit is obtained for the number of linearly inde- 
pendent reduced forms of rational functions which are built on certain 
bases relative to a given value of the variable and contain none but 
negative powers of the element. Upper and lower limits are obtained for 
the number of linearly independent reduced forms of rational functions 
built on a basis—in the latter case a basis of a certain type. The proot 
of the complementary-theorem is effected by noting that, were it to fail in 
any given case, certain of the numbers obtained as lower limits would not 
be such. A well known formula of Dr. Fields is obtained for the number 

of conditions applicable to the reduced form of a rational function of a 

certain general type to build it on a given basis relative to a given value 
of the variable. 

Approximate Solutions of Linear Differential Equations 

Mr. R. H. Fowurr and Mr. C. N. H. Lock. 

This paper deals with the problem of the determination of the 

asymptotic expansions of solutions of a system of linear difiereutial 

equations for large values of a parameter. ‘The solutions are considered 

over a definite fixed range of values of the independent variable. In the 

case of homogeneous linear equations the asymptotic expansions of solutions 

have been obtained by Schlesinger (Math. Ann., Vol. 63, p. 277) and 

Birkhoff (Trans. Amer. Math. Soc., Vol. 9, p. 219) for real values of the 

independent variable. Non-homogeneous linear equations have hardly 

been considered—in other words, the expansions of the complementary 

function are known, but those of the particular integral have not been 

obtained. The need for expansions of both types arises in connection with 

the authors’ investigations of the motion of a spinning shell, in which 

problem the leading terms of such asymptotic expansions provide valuable 

approximate solutions of the equations of motion. 

In this paper therefore asymptotic expansions of the particular in- 

tegrals of a system of non-homogeneous linear differential equations are 

obtained for large values of a parameter, thus completing the theory tor 

real values of the independent variable. At the same time we adhere to 

a simplified method of attack which enables us to extend the results for 

both complementary function and particular integral to a region of com- 

plex values of the independent variable, and to analyse the whole problem 
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of the determination of these asymptotic expansions into its essential 

component parts. 

Integration over the Area of a Curve and Transformation.of the 

Variables in a Multiple Integral 

Prof. W. H. Youne. 

The present paper forms a pendant to the previous one on “A 

Formula for an Area,’ and contains the elaboration of the theory of in- 

tegration over the area of a curve, and the transformation of the variables 

in such an integral, already foreshadowed in that paper. First the 

integral of a continuous function is defined completely, beginning with a 

polygon as area of integration, and proceeding thence to a curve, by 

means of a limiting process applied to polygons inscribed in the curve in 

its prescribed sense, the lengths of the sides tending simultaneously to 

zero. The polygons and curves employed will in general cut themselves 

and the latter may even do so any finite or infinite number of times. 

From a continuous function the author passes to any bounded function, 

using the method of monotone sequences and thence further, in the usual 

way, to unbounded functions, possessing integrals over our curve which 

may be called absolutely convergent, and we obtain the restrictions imposed 

on such functions by this integrability. 

The simplicity of the theory in the case of bounded functions would 

seem to be due largely to the fact that a set of zero content in the usual 

sense possesses zero content with respect to our curve. Here content 

with respect to the curve is defined as the integral with respect to the 

curve of the function which is unity at the points of the set and zero else- 

where. ‘Two functions which have the same integral in the usual sense 

have thus the same integral over the area of the curve. 

The curves with which we are concerned include those termed by the 

author, viz. the coordinates + = a(u) and y = y(w), (u<u<U) are 

such that both x(w) and y(u) are continuous, and one at least, say y(u), 

has bounded variation. The contour integral expression for our integral 
is then U 

\\. f(a, y) dady = | F (x), yw} dy), 

where Bem) = | fe, y) ax. nats 

In the case where C is a semi-rectifiable curve, which does not cut itself, 
the integral is shown to be the usual one. 
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The conditions obtained for the validity of the formula 

\) Flasydudy = \\ Fixetu, v), yu, vy} « O(a, AB) dv 
Cc R 0 (u, v) 

for transformation of the variables in an integral over a curve C which is 
the image of a fundamental rectangle R, are the following :— 

(1) That the formula for an area [i.e. the above, with f (x, y) = 1] 

should hold, not only for the fundamental rectangle, but for every homo- 

thetic rectangle, that is one whose sides are parallel to those of the funda- 

mental rectangle. 

(2) When the fundamental rectangle is divided wp into sub-rectangles 

S, by means of parallels to the axes of u and v, and these sub-rectangles 

are halved by means of their diagonals, sloping down from left te right, 

the triangles A’ in the (x, y)-plane, whose vertices are the 8-point images 

of the semi-rectangles A, are such that X A’ | is less than a fixed quantity, 

however the semi-rectangles be constructed. 

As the second of these conditions is fulfilled in point of fact by those 

obtained in the author’s first paper on the subject entitled ‘On a Formula 

for an Area,” it follows as a special case of the fundamental theorem 

proved in the present paper that a transformation of the variables in a 

multiple integral is always allowable, whenever the conditions for validity 

of the formula for an area given in that earlier paper are fulfilled. This 

result, though virtually contained in a footnote in the paper last men- 

tioned, is now stated explicitly for the first time. The result may also 

be extended to the case of any number of variables. 

Thursday, January 13th, 1921. 

Mr. H. W. RICHMOND, President, in the Chair. 

Present twenty members. 

Messrs. C. W. Bartram and T. W. J. Powell were elected members of 

the Society. 
Messrs. W. H. Glaser, R. F. Whitehead, and Prof, Olive C. Hazlett were 

nominated for election. 

Messrs. 8. L. Green and A. J. Thompson were admitted into the Society. 
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Prof. A. 8. Eddington read a paper ‘On Dr. Sheppard’s Method of 

Reduction of Error by Linear Compounding.’’* 

Dr. W. F. Sheppard spoke on Prof. Eddington’s paper, and also made 

a communication ‘‘ Conjugate Sets of Quantities.” * 

Dr. Watson communicated a paper by Dr. M. Kossler “ On the Zeros 

of Analytic Functions.” * 

The following papers were communicated by title from the Chair :-— 

*On a Problem concerning the Maxima of certain Types of Sums 

and Integrals: E. A. Milne and 8. Pollard. 

On the Linear Differential Equation of the Second Order: H. J. 

Priestley. 

The Theory of a Thin Elastic Plate, Bounded by Two Circular 

Ares, and Clamped: A. C. Dixon. 

Determination of all the Characteristic Sub-Groups of an Abelian 

Group: G. A. Miller. 

SprecraL GENERAL MEETING. 

The following Extraordinary Resolutions were carried unanimously :— 

1. That Article No. 19 be altered by the substitution of the words 

“two guineas” for the words “‘one guinea,’ and by the addition at the 

end of the Article of the following provision :—‘‘ The subscription due 

from a newly elected member for his first year of membership shall be 

one guinea if his election takes place after February.” And that these 

alterations shall take effect on and after 11th November, 1920. 

2. That Article No. 20 be altered by the substitution of the words 

‘““two guineas ’’ for the words “ one guinea.” 

3. That Article No. 13 be altered by the omission of the words “‘ in | 

the case of candidates not residing in the United Kingdom” and of the 

words “ provided that seven members shall be present thereat.” 

4. That Article No. 27 be altered by the addition at the end thereof of 

the words, ‘‘ The accidental omission to give notice to any of the members, 

or the non-receipt by any of the members of any notice, shall not invali- 

date any resolution passed, or any. proceedings which may take place at 

any General Meeting. When it is proposed to pass a Special Resolution, 

the two Meetings may be convened by the sarae notice.”’ . 

* Printed in this volume, 
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5. That Article No. 29 be cancelled, and that the following Article be 
substituted for it :— . 

“29. (1) Every question submitted to a General Meeting (except 
the election of Council and Officers and candidates for membership) 
shall be decided in the first instance by a show of hands. 

“ (2) Any Resolution proposed as an Extraordinary Resolution or 
a Special Resolution shall require to be carried in accordance with 

the provisions of the Companies’ (Consolidation) Act, 1908, Sec. 69, 

or any Statutory modification thereof for the time being in force. 

(3) Any Resolution to alter the By-laws shall require a majority 

of two-thirds of the votes given.” 

6. That Article No. 32 be altered by the substitution of the words 

‘three members or by the Chairman” for the words “ fifteen members,” 

and of the word “conclusive ’’ for the word “ sufficient.” 

7. That Article No. 35 be altered by the addition of the words “or 

Special” after the word “ Annual,” and that Article No. 36 be cancelled, 

and that Article No. 837 be renumbered No. 36. 

8. That Article No. 38 be renumbered No. 87 and that the following 

new Article be adopted :— 

‘“* 38. Votes may be given either personally or by proxy. A proxy 

shall be a member, and shall be appointed in writing signed by the 

member appointing the proxy. And the document appointing a 

proxy shall be delivered to one of the Secretaries, or deposited at the 

registered office, not less than 24 hours before the time for holding 

the Meeting or Adjourned Meeting as the case may be,tat which the 

proxy proposes to vote. Every document appointing a proxy shall be 

in the form or to the effect following :— 

‘“‘T, being a member of the London Mathematical Society, hereby 

appoint a member of the Society, or 

failing him, another member of the 

Society, to be my proxy to vote for me and on my behalf at the 

(Annual or Special or Ordinary) General Meeting of the Society to 

be held on the day of and at any adjournment 

thereof As Witness my hand this day of a 

The following Resolutions were also carried unanimously :— 

9. That By-law II, Clauses 1, 2, and 3, be cancelled, and that the 

following By-law be substituted for it :— 

“TJ. Of the Life Composition. 
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“(1) Any member may compound for future Annual Substriptions 

by the payment of 25 guineas. 

““(2) The Life Composition Fee shall be reduced in the case of 

members who shall have already paid Annual Subscriptions as 

follows :— 
“*10 Annual Subscriptions ... 21 guineas ; 

“20 do. ... 17 guineas ; 

“30 do. 12 guineas. 

(3) All Life Compositions may be paid in two equal annual 

instalments.” . 

10. That By-law IX (4) be altered by the substitution of the words 

“the volume of the Proceedings current at the date of his election and of 

each Part of the Proceedings subsequently published while he remains a 

member,” for the words “‘ the Proceedings which shall be published after 

the date of his election.” 

It was agreed that Resolutions 1-8 be submitted for confirmation to a 

Special General Meeting to be held on Thursday, February 10th, 1921. 

ABSTRACTS. 

On the Zeros of Analytic Functions 

Dr. Minos Késsner. 

I start with the equation 

(1) p(x)—uf (x) = 0, 

where $(x) and fz) are analytic functions. 

If a, ag, ag, ..., the roots of ¢(z) =O are supposed known, I form 
the power series 

8 

(2) t= Sata 
n=0 

where 
, ; 1 qm} ee 

(3) ae) = ak, a) — Fa da” | ( eh yma) | (k = i, 2), 3, sees 
Ta, 

These power series, which represent the roots of (1), are convergent inside 
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a definite circle |u| = R. I transform them into the polynomial develop- 
ments of Mittag-Leffler, 

(4) t= 2 POW), 
m=0 

which are convergent in the whole star, and it is now possible to calculate 
the roots of (1) for every value of w. 

In the case of multiple roots of ¢(z) = 0, it is necessary to make a 
slight modification of the series (2). 

This method is very general and powerful; the three following results 
are obtained as special cases :— 

(I) The roots of the general algebraic equation 

gr (a, a" +a? koe +a) — 0, 

are expressible in the form 

2k mrt —1 
= S ata cad [( n—-1 n—2 a ye Lk — '—S« & ) d eal A,X Ag & eee Mn. xs=0 

sagen * 170" Bb 

(== 0; 1, 25%... — 1), 

if the coefficients a, a, ..., @ satisfy certain definite conditions; and 

the roots are expressible in the form 

Dey S pO ele, 

1 

when the coefficients have arbitrary values. 

(II) Adl the zeros of such functions as 

Ria 6), Rigi sing®), Rie, ce), Ripa), 4; 

where R(u, v) denotes a rational function of w and v, h(x) is a polynomial 

in z and @(z) is the Weierstrassian elliptic function, can be developed in 

expansions of the type (4). 

(III) All the zeros of a given integral function F(x) can be developed 

in this manner by using the equation 

sin <—u[F(x)+sin x] = 0, 

and calculating the zeros when wu = 1. 

As an example consider the zeros of 

F(a) = sin c—7e". 
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For small values of |w| we solve the equation 

sin x—wue” = 0, 

by an ascending series 

te 20 we hie Oe eee 
m= 

m—1 ae m 
achave a) =+khr, ak= ds [ (=) em | 

t=+hr aS m! dz™} sin 2 

The zeros of F(x) are then given by Borel’s formula 

Ly == | e'F,(at) dt, 
0 

by putting LAG) = Ss 

On Dr. Sheppard's Method of Reduction of Hrror by Linear 

Compounding 

Prof. A. S. EpprIneron. 

Dr. W. F. Sheppard’s theory (Phil. Trans., Vol. 221, A, pp. 199-237) 

is here treated according to the methods and notation of the tensor 

calculus. In this way great compactness is attained, and the symmetry 

of the formule becomes apparent. A geometrical interpretation is given 

of the significance of the processes employed. This method of treating 

the problem is likely to appeal chiefly to those who already have some 

familiarity with the theory of tensors; but since it provides an illustra- 

tion of the elementary notions of tensors, it may also be of use as a first 

introduction to that subject. 

On the Innear Differential Equation of the Second Order 

Prof. H. J. Prirestiey. 

The following results, arrived at in a paper to be communicated to the 

forthcoming meeting of the Australasian Association for the Advancement 

of Science, may be of interest to the members of the London Mathematical 

Society. 



1. If the equation 

ZA Heo"? P(e) 

where P(x) and Q(z) are regular in the neighbourhood of x = c, be trans- 
formed by the substitutions 

it becomes 

The solutions of this equation can be expressed as solutions of a Volterra 

A discussion of this equation shows that solutions of 

e can be obtained under the following con- 

integral equation. 

(2) which are regular at x = 

ditions :-— 

(a) 

(0) 

(c) 

(d) 

(e) 

The behaviour of y and ¢(2) ou at «=c, in these five cases, is given below 

SER. 2. VOL. 20. 

dy 
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at ee) Q@)yi=:0, 

Exp | (e—e)~* P(x) dx | = ¢(2) 

| pcr) aris. 2, 

ay _ 
az 

P(c) > 1 

P(c) > 1, 

P(e) <1, 

TC) 

5 an SS 

(@) y=9, 4@)G 

®) y=1 goH 

(c) y=0, (a) ay 

@® y=0, si 

() y=9, (a) 

—[(e@—c)'¢ 

Qo) <0; 

Q(c) = 0; 

Q(c) < 0; 

Qo) = 0; 

a Tit PO 0< QV) 

(w) |? O(a) y 

ou = 

Cc 
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2. The equations 

FF pq) Me _ Avr+ But 
dx E (x) “be | +e) 

Vn == an? + Bn+y Yns (8) 

d d 

ca £ [ow 2 ]+ymy =o, 

are of the above type if ¢(x) contains the factor (c—c). In that case 

Q(c) = 0 for both equations, and therefore solutions of both exist satis- 

fying conditions (b) or (d) at x=c. These solutions will be referred to 

as solutions of type A. 

By Hilbert’s well known method, a solution of (8) of type (A) which 

also satisfies the condition 

AY n F 
PYnt a =) ater eo. (B) 

can be expressed as the solution of 

= An? +Bn+C ) 
Yn (& na an’+Bn+y 

where K (x, t) is symmetrical. 

K (a, t) yn(b dt, 
a 

It follows, as in my paper in Proc. London Math. Soc., Vol. 18, 

pp. 266, 267, that, when A, B, C, a, 6, y are real, the appropriate values 

of m are real and separate. 

It also follows from Hilbert’s work* that a function which, with its 

first and second derivatives, is continuous in the range a<.4<c¢, which 

is of type A at «= c and satisfies condition (B), can be expanded in a 

series of y,,(x) ; the coefficients being calculated in Fourier’s manner. 

The Singularities of the Algebraic Trochoids. 

Prof. D. M. Y. SommerviLue. 

I am indebted to Prof. H. Hilton for referring me to an article by 
Elling Holst: “ Ueber algebraische cykloidische Kurven,” Arch. Math. 
Naturvid., Kristuania, Vol. 6 (1881), pp. 125-152, which anticipates my 

paper with the above title, Proc. London Math. Soc., Ser. 2, Vol. 18 
(1919), pp. 385-3892. In this article, using rather different methods and 

* Hilbert, ‘‘ Grundtizge einer allgemeinen Theorie der linearen Integralgleichungen,”’’ 

Chap. VIL. 
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with a different notation, he arrives at the same results which I found re- 
garding the numbers of the various singularities, both in the finite region 
and at infinity. It is of interest to note that he determines the singu- 
larities at infinity separately, and then finds the number of finite singu- 
larities by subtraction from the total Pliickerian numbers, while I adopted 
the reverse order. He bases his results on the known facts that the curve 
y’ = wx? (p> q) has a singularity at the origin consisting of }(p—3)(q—1) 
double points, $(~—3)(p—q—1) double tangents, g—1 cusps and aan 
inflexions. 

Thursday, February 10th, 1921. 

Mr. H. W. RICHMOND, President, and later Mr. J. E. CAMPBELL, 

Vice-President, in the Chair. 

Present thirty-seven members and twelve visitors. 

Messrs. W. H. Glaser and R. F. Whitehead, and Prof. Olive C. Hazlett, 

were elected members of the Society. | 

Dr. H. Levy was nominated for membership. 

Prof. H. 8. Carslaw was admitted into the Society. 

Prof. A. 8. Eddington delivered a lecture ‘‘ World Geometry (with par- 

ticular reference to Weyl’s electromagnetic theory).” 

The following papers were communicated by title from the chair :— 

*Note on the Electromagnetic Equations: J. Brill. 

Researches in the Theory of the Riemann Zeta-Function: J. E. 

Littlewood. 

A New Condition for Cauchy’s Theorem: §. Pollard. 

*(1) On the Torsion of a Prism, one of the Cross Sections of which 

remains Plane; *(2) The Analogy with Membranes in the case of 

the Bending of a Prism: §. Timoschenko. 

Sprcian GENERAL MEBTING. 

The Extraordinary Resolutions carried at the Special General Meeting 

of January 18th, 1921 (see Records of Proceedings at Meetings for that 

date), were submitted for confirmation and confirmed unanimously. 

* Printed in this volume. 
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ABSTRACT. 

Researches in the Theory of the Riemann ¢- Function 

Mr. J. E. Lirrnewoop. 

It would occupy too much space to give any detailed description ofzthe 

methods used in these researches, or any full account of previous work in 

the same subjects, and I have confined myself in the main to a bare state- 

ment of results. 

1. Theorems on mean values. 

We have 

(1.1) 

T+H ; 
i oid]? dt = Lo(T+H)—LAD +00) +0(1) + OTs) 

uniformly in A i gs Oa a ap eR 

2-20 __ 

where L(t) = ¢(20) t+ (2m)*— (220) FF, 

and linuting values are to be taken when co = 4 or o 

In particular we have, uniformly for 0< H < T, 

==) 1 

T+H , 

Ghai) | | (+00) |? dt = 2r[P(T+H)—P(T)|+0(7%+*)+ O(AT=?*9, 

where 2r P(t) = tlog ¢—(1+log 27) t. 

An easy deduction from the special case H = T is 

T 

etd) | |€GHi |? dt = Ix P(T)+O(T**9). 

To the same order of ideas belongs the following theorem, which is 

important in certain applications :— 

Gwen any positive 6, there is a K = K(6) anda T,=T,(), such that 

|€ (c+it)| << KilogT)? ( >), 

(1.2) [S(e+i)| < Kiog tT)? © >, 

\ | (ie +it)|do < K, 

for T > Tp, and some t satisfying T<t<T+T?**. 
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2. Results concerning S(T), N(c, T), independent of the Riemann 
hypothesis. 

We suppose 7’ > 0, and, for simplicity, that t = 7’ contains no zero of 
¢(s). Let N(Z) denote, as usual, the number of zeros of €(s) whose 
imaginary parts lie between O and T. Let N(c, 7) denote the number of 
these for which, in addition, the real parts are greater than o. The 
Riemann hypothesis is equivalent to N(4, T) = 0. It is known that* 

N(T) = P(T)+e+S8(T), 

where c is a constant, 

S(t) = — If a+iN), 

J(s) ws the value of log ¢(¢+it) obtained by continuous variation from 

log ¢(2+7t) as o varies from 2 to o, and log ¢(2+it) is the branch defined 

by the ordinary Dirichlet’s series. 

I prove that 

Leo} 

(2.11) x | fetid at = 27 i N(o, T)do—I | ticot+iT)de, 
0 o oT 

(2.12) J |, fletinat = #% [. f(c+iT)do+c(o), 

where c(c) is independent of T, results which have analogues for more 

general functions /(s) = log ¢(s). 

Taking o = 4 in (2.12), we have 

Wh Dn 

(2.2) \ Sijar= \ log | €(¢ +77) |do+c¢,. 

Let us write 
b 

(2.21) \ S(Odt = 8, (T)+¢. 

Starting from (2.2) I prove 

“49, 3) ma = Olog 2) i 

* See Backlund, Acta Mathematica, Bd. 41 (1918). 

+ H. Cramér, Mathematische Zeitschrift, Bd. 4, pp. 122-130, proves, by an entirely 

different method, that 8, (1) = O(T). 
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Equation (2.11) may be written 

(2.31) 

2 

o 

1 if ¢ 
ax | N(o,T)do = | log | («+ 70) | at+r| fr+iT) de +1 | F(ottT) de. 

o 0 2 

It is known that [f(¢+7T) = O(log T), «DB 4. 

The second integral on the right of (2.31) is O(1); hence 

(2.82) Qn i Nic, T) do = |, tog | (obit) | dt + O(log 7). 

A remarkable theorem due to F’. Carlson states that for fixed o > 3, 

Nie, T) — OCT ae) 

Equation (2.32) can be used to effect minor improvements in the proof of 

this, but does not lead to any appreciable refinement of the result. It 

does, however, lead to new results of some interest when o is not fixed, 

and «—4# is a small function of T. Thus (2.32) leads easily to 

1 

(2.83) | N(o, T)do = O(T log log 7), 

whence, if ¢(¢) > ©, however slowly, as t>o, 

log log 
(2.34) Nie; fT) = 07 log 7); (o> 3+ 9 pero 

Thus all but an infinitesimal proportion of the complex zeros of ¢(s) le in 

the region 
log log t aah ene ke Se lo |< (2) log ¢ ; 

8. Before proceeding to results which depend, in the main, on the 

Riemann hypothesis, I mention next one or two of a different character. 

Thereis a K =I (6) and:ax Ty = 7,6) suchithat, when TT ace 

has a zero in every rectangle 

K K i he i, eR Te Pied eso 
mS log log log T == T™ fog loz log iB 

4. In a paper written in collaboration with Prof. G. H. Hardy, which 

we hope will be published shortly, it is shown that ¢($+7t) = O(t*°), that 

intermediate upper bounds exist for o’s between 4 and 1, and that (with 

special reference to the neighbourhood of « = 1) there is a constant A such 
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F that inet 

C(e+it) = os alent exp [4a ae log t log —)). 

eaenonly ms<Ko<l. Starting from the last of these results I prove: 

There is a positive c and a ty such that &(s) has no zeros in the region 

> 1 — Clog log t > 7). 
log ¢ 

Further, uf c' <c, we have, in 

__ ¢' log log? 
owes lO a 

and in particular for ¢ = 1, 

Fe log ¢ ) 
os JO ee (ioe log t/’ 

(sre log ¢ ) 

ae =) = © (og tog)” 
Aeite: log ¢ ) 

Gee ao 0 (eens ; 

5. The functions S(T), S,(L) on the Riemann hypothesis. . 

If we assume the Riemann hypothesis, so that Nic, 2) = 0 for.o > 4, 

and define S,(7) by the equations 

S(T) = 8(D), 

ee Sat) =(—)" 1] [| flo+itviaay (med, 

Son(D) = (—Y" 8 \, [ a {, fle+iT) (do “(> d, 

we obtain, by successive integrations of (2.11) and (2.12), 

(5.2) 8,(Z) = \, S,(@)dt-+en. 

Thus each S is substantially the integral of the preceding one. I prove 

‘ further 
§. log T 

(5.8) Sry 10 mamas ee 3): 

= log" (5.4) 8,(T) = O ee log T resi 
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f A log T 
(5.5) | ¢(4+¢7) |< exp lise re 7): 

The proofs are difficult, and there seems reason to suppose that any im- 

provement of the result for S(Z), if indeed possible, must depend on exceed- 

ingly deep considerations. 

It follows from the results of the next section that 

(56) | ¢3+27)| > exp { (log T)?-*} 

for arbitrarily large values of T, and that, for fixed o satisfying }<o<l, 

(5277) [€(r+iT)| > exp {(log T)!-°-*. 

The relations (5 . 5) and (5. 6) express the present extent of our knowledge 

of the order of ¢(s) on the line = 4, the Riemann hypothesis being 

assumed. It may be observed that it is by no means impossible for both 

(5.5) and (5.7) to be “ best possible ” results. 

6. Further results concerning S and S,,. 

It is known that a positive a exists such that, for every positive e, 

Sy Odor Te. 

Let a be the greatest such a, and let a, be the corresponding index for S,. 

Further, for o fixed and greater than 4, let t(c) be the least index + 

such that, for every positive e, 

= 1 

and let a’ = lim r()/(1—o). 
o—>3$+0 

The following theorem is fundamental in the proof of much that re- 

mains to be stated. 

THroreM A.—If 6, 6’ are any positive constants, 

(6.1) 

mee) Ue 
ce) 

and 

(6.2) 

oO = = > A(n)n~*+ O[ (log t)~°a?- "(log x)"*]-+ O[a?-“(log wx)"* ‘(log t)*u +78] 

uniformly for Acu“<t, oDBs+o'. 

=A A (n)n~*+ O [log t)~* a~* log «]+O[x?-? log a (log t)2 +”*] 
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I prove the following relations between the a’s, 

(6.3) DS oO S On > anny Sa S45 

(1>aD>a'> 0 is known already). The most interesting of these results 
is a’ >: it is a particular case of 

(6.4) ta) Skil—c) Geo <1). 

It is further true that the numbers 1, a, a, ..., a, ... have the property 

of “‘ convexity.” 

Again, starting from Theorem A, I prove 

T 

(6.5) =) | S()| dt = O(log log 7), 

6.6) a S(O |2dt = O11) wD). 

‘More generally, 6 being any positive constant less than 1, 

1 T+H 

(6.51) al | S(| dt = O(log log 7), 
i 

1 T+H ; 5 

(6.61) F i" Donat OU), 

uniformly for T<H<T. Thus, while the “order” a of S(T) as a 

function of log T is at least 3, its average order is zero. 

7. Upper and lower bounds for ¢(s), etc., on the line « = 1. 

In this subject I have obtained results of considerable precision. It 

is true, without any hypothesis, that 

Tm atio dice ell e", 

ee palo logit 

where y is Euler’s constant. On the other hand, we have, on the Riemann 

hypothesis, : 

: =— |¢1-20)| De 
{7 .2) im waar <= 2a’ ee 2e. 

' This last result remains true if we replace ¢(1+it) by 1/¢i+ct). It 

appears from (7.1) and (7.2) that we obtain the exact value of the left- 

hand side if it is true that a’ = 4. Similar results hold for ne . 

There are interesting analogues concerning the number /:(/) of classes 
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of ideals of the corpus P(/—k), where —k is a negative: fundamental 

discriminant. It is well known that 

nny = La, 

—k 
where L(s) = Xx(m)n~* and x(n) = Ger 

on ky . . . . . 

Here (=) is the Kronecker symbol of quadratic reciprocity: it is a real 

primitive character mod k. 1 prove that, asswming the hypothesis that 

all the L(s) have no zeros in « > 4, we have, on the one hand, 

—— L(1) iT 
(7.3) wat ibe Wee ene dey, 

and on the other hand 

(7.4) lim: IL ()| < 2c’. 
pon los lon 

There is a factor 4 on the right-hand side of (7.3) which is absent from 

(7.1). There exist some moduli k’, and corresponding real primitive 

characters x, such that 

L(1, x) > (1—e) e” log log k’, 

but I have not succeeded in proving this inequality for the special set of 

characters in which we are interested. 

Another analogue is: There is an A = A(6) such that, for all suffi- 

_A 
ciently large k, L(s, x) has a zero in ¢ >4—6, |tl< Heicn ican 

8. I conclude by mentioning a result in a different field. Assuming 
the Riemann hypothesis, we have, in the usual notation. of the prime 
number theory, 

(8.1) Y@—e= 2 =+0(@! log 2) 
lpl<x P 

L 
2 uniformly for 5. ek 
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Thursday, March 10th, 1921. 

Mr. H. W. RICHMOND, President, in the Chair. 

Present ten members. 

Dr. H. Levy was elected a member of the Society. 

Messrs. P. J. Daniell, H. G. Forder, A. H. Pope, and Miss C. W. M. 

Sherriff were nominated for election. 

The President announced the death of Lord Moulton. 

Mr. J. Brill read a paper “ Note on the Electrodynamic Equations.” * 
Mr. J. E. Littlewood communicated two papers by himself and Prof. 

Hardy: (1) “The Approximate Functional Equation in the Theory of 

Riemann’s Zeta-Function,” (2) “Summation of a certain Multiple Series.” 

The following papers were communicated by title from the chair :— 

A Method for the Solution of certain Linear Partial Differential 

Equations: T. W. Chaundy. 

*An Extension of Two Theorems on Jacobians: C. W. Gilham. 

*On certain Classes of Mathieu Functions: HE. G. C. Poole. 

ABSTRACTS. 

The Approximate Functional Equation in the Theory of Riemann’s 

Zeta-Function, with Applications to the Divisor-Problems of 

Dirichlet and Piltz 

Prot. G. H. Harpy and Mr. J. E. Lirruewoop. 

The approximate functional equation may be stated as follows. 

Suppose that 

s=otit, —H<o<H, «>K, y>RK, 2rey=|t|, 

where H and K are positive constants. Then 

Sey ehaes A 
 &s) = > n%4+2(27)'singsrT(1—s) 2 nI+O(e-)+0(|t 

N<H n<y 

uniformly ino, z, and y. 

* Printed in this volume. 
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By means of this theorem it is shown that 

ae 

| | €(3+42)|* dt = O(T(og T)*}, 
ih 

and that Apa Ol ees), 

for k >> 4 and for every positive e, A,(x) being the “error term” in 

Piltz’s generalisation of Dirichlet’s divisor problem. 

Summation of a certain Multiple Series 

Prof. G. H. Harpy and Mr. J. EK. Lirrnewoop. 

_ The series in question is 

So z x(q) x (Ga) «+» Xm) X(Q) e( MP4 Saka 4 Amen) 
Drs iGO 29 Gas) oe) Dion 11 J2 Ym 

Here q, runs through all positive integral values, and p, through all such 

values less than and prime to q,, and Q is the denominator of 

“ties +.. 4h = pee ig: 

Im Q : 

expressed in its lowest terms. The arithmetical function y(g) is de- 

fi ned by n(q) 

o(q)’ 

where «(q) and ¢(q) are the well known functions of Mobius and Euler. 

Finally, the a’s are unequal positive integers, and 

x(q) = 

(x) — ent a, 

The sum of the series is 

se=11 | (2)" (223) } 
where @ assumes all prime values, and y is the number of distinct resi- 

dues of the group of numbers 0, aj, dy, ..., mn to modulus w. It is plain 

that vy = m-+1 from a certain point onwards. 

The series is of very great interest, for it is the series on which the 

asymptotic distribution of groups of primes 

PD, Pay, DF Oo, 25 Da ne 

" appears to depend. The details of the summation, and some indication 
of the concordance of the results suggested with the evidence of computa- 
tion, are included in a memoir to appear in the Acta Mathematica. 
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Thursday, April 21st, 1921. 

Mr. H. W. RICHMOND, President, in the Chair. 

Present ten members. 

Messrs. P. J. Daniell, H. G. Forder, A. H. Pope, and Miss C. W. M. 

Sherriff were elected members of the Society. 
Dr. J. F. Tinto and Dr. N. Wiener were nominated for election. 
Prof. Hardy communicated a paper by Mr. L. J. Mordell, “ Note on 

papers by Mr. Darling and Prof. Rogers.’’* 

Prof. Hilton and Major MacMahon made informal communications. 

The following papers were communicated by title from the chair :-— 

*(1) Cyclotomic Quinquesection, +(2) On a Generalisation of a 

Theorem of Booth: Pandit Oudh Upadhyaya. 

Properties of Eulerian and Prepared Bernoullian Numbers: 

C. Krishnamachary and M. Bhimasena Rao. 

ABSTRACT. 

Note on Papers by Mr. Darling and Prof. Rogers 

Mr. L. J. Morpetu. 3 

These papers are concerned with certain theorems enunciated by 

Ramanujan, some of which may be stated as follows. Let 

1 *y 1 
ie ek Se G 

where the factor 1—7” occurs in G if nm =1,4 (mod 5) and in GZ if 

n = 2, 8 (mod 5), and let 

f=fMarAle, fi=fe. 

Then (1) PATA HA = 9, 

if ( ie 

ee alr tare 

* Printed in this volume. + (2) does not appear in this volume. 
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or HG'—/GH" — lias 

a 1 d—-F I-77) d—*")... 
8) f'-f-1 = & Ad dP 

{(1—r*)(1—r™)(1—r) ...}° 
. 

) 
- / nm —— oe eee eT! Sana 

and so forth. In this paper all of these formule are deduced in a com- 

paratively simple manner from the general theory of the elliptic modular 

functions. 

Thursday, May 12th, 1921. 

Mr. H. W. RICHMOND, President, in the Chair. 

Present ten members. 

Dr. J. F. Tinto and Dr. N. Wiener were elected members of the 

Society. 

Miss F. M. Wood was nominated for election. 

Lt.-Col. Cunningham read a paper on “‘ Multifactor Quadrinomials.” 

Prof. Hardy communicated a paper, written in collaboration with 

Mr. Littlewood, “Some Problems of Diophantine Approximation; The 

Lattice-Points of a Right-Angled Triangle ” (second paper).* 

A paper by Mr. H. W. Turnbull, “ Invariants of Three Quadrics,’’* was 

communicated by title from the chair. 

ABSTRACTS. 

Invariants of Three Quadrics | 

Mr. H. W. Turnsutt. 

The accompanying paper is an attempt to find the irreducible con- 
comitants of three quadrics. In the Math. Annalen, Vol. 56, Gordan 
discussed the system of two quadrics, which I recently showed+ to be 

* Printed in this volume. 

t Proc. London Math. Soc., Ser. 2, Vol. 18 (1920), pp. 69-94. 
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capable. of reduction to 125 forms. Little seems to be known of the in- 
variants of three quadrics. In the new edition of Salmon’s Analytical 
Geometry of Three Dimensions (§ 285), the editor, Rogers, discusses three 
important invariants by starting from geometrical considerations. 

The following pages employ the symbolic method and, starting from 
the fundamental bracket factors (abcd), (abcu), (abp), a, proceed to an 
expression of the symbols in the prepared form, analogous to the form 
used by Gordan for ternary or quaternary quadratics. This prepared 
system of factors (§ 14) illustrates very clearly the importance. of recipro- 
cation, and the central place that line coordinates, rather than point or 

plane coordinates, hold. In § 28 a list of 44 irreducible invariants is 

given, a list which may be capable of further reduction, although, as in 

other cases where the symbolic method is used, it necessarily includes all 

possible reducible invariants. The highest degree which occurs is 6: 

thus any invariant of degree greater than 6 in the coefficients of either of 

the three quadrics must be reducible. 

Multifactor Quadrinomials 

Lt.-Col. ALLAN CunnincHaAM, R.E. 

1. Introduction.—The object of this paper is to present a number of 

quadrinomials (N) which have a large number of (algebraic) factors. 

2. Tueorem I.—Let 

N, = (abé*)® — (a€y)?** — (bEn)** + (aby), 

N2 == ” wy ” ata ” ry 9 ) 

N3 = 2) a ” ay ” oa ” ’ 

N, — ” + 99 + 99 = 79) b] 

where the two members of the pairs (a, 0), (a, 8), (€, 1) have no common 

factor, and a, 6 are odd. 

Then, if (a, b) have the values (a, 1), (1, 8), (a, 8), the four functions 

N,, Nz, N3, Ny have the numbers of (algebraic) factors shown in the table 

below, depending on the form of a, 6 = 4¢ +,1. 
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Factors in Factors in 

pale Ns 

Demonstration.—Write 

Dee ay ly? RU enon 

X= (e¥—y*), Xi =@et+y*; Usut-o, Ua dt, 

whence Nv XU. NG =e Un EN, — UN eae 

Since a, 8 are both odd, and have no common factor, therefore each of 

X, X’, U, U' is a product of four (algebraic) factors, so that each of Nj, 

N,, Nz, N, is always a product of eight (algebraic) factors (the normal 

number). 

Write Z,=2-y, Ze=@-—y)/Z,, Ze=@’—y)/Z1, 

Zi=2xety, Ze=(ae+y)/Zi, Ze= (e+y*)/Zi, 

Zug = XZ,[*—y ey), Zig = X Zila ty) a*+y"), 
and take W,, W., Ws, W.e; Wi, Wa, We, Wig the same functions of 

u,v that’ 2, 22, Le; Lap Lig Ler ole) Lap ate On cay: eel nen 

X77 ili OS Tee 

U=W,W.WeW.g, U' = Wi WLW, Wp. 

Now use the symbols A,, 4, to denote the Awrifewillian functions of 
order p, ?.¢. 

alii (12° — pPk?) | (h®—kp®) [when p = 4:+1], 

A, = (h?+ pk) /(h?+kp*) [when p = 47-1]. 

It is known that A,, A, are always (algebraically) resolvable into two 

factors,.say 4, =" .M, Mi i 
It will be seen now that several of the functions Z, Z', W,zW’ are of 

one or other of the forms A,, 4,. See the detail in the table below. 
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The factors Z, Z’, W, W* which are of either of the forms A,, A, in- 
crease the number of algebraic factors in N,, Na, N3, N, beyond the 
normal number (8) up to 9, 10, or 12. The results will be found detailed 
in the table below. 

Factors in 

bIZ&Z; W&W A&A N; N, 

Lins Zap; We Wag = 

B| 2g, Zag; We, Wag = 

448 enellas 

A Figt We, Wis = 

4g, Zag; We. Wag = 
ape Vase 

Linge 4.83 Wi Wie = 

Ze, Zag; We Wag = 
448 ; Wig 

\ 

Be Zap; Wis Wap - 

Zp, Zap 3 We, Wie = 

3. Tueorem [I.—Let 

N = (a€*)*"— (aE) — (En)*" + (an), 

where a is an odd prime, and n = a’. 

Then N has always (6r+4) algebraze factors. 

Demonstration.—Write 

=, y=oP; u=af?, v=97. 

Then N = (2?*—y™) (u’*—v") 

= — 9 Gr eg") a — eer 

Put X=2%—y", X =a +y"; U=u%—0, T= uv". 

Then N= 5X Uy: 

Write Z,=2—y, Z.= (@*—y)/Z,, Zo. = a? —y")|Zay «+, &e. 

weep Sra == (" —y") Zea 

SER, 2. vou. 20. d 
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Write Z,=aty, Z.= @ty V/A, Zr = Pty YZay oy &C. ... 

ie sy Sra = (Cy ae | 

And let W,, W., Woa, &¢e.; Wi, Wa, Wea, &c., be the same functions of 

wu, that Z,, Ze, Zee, &C.; 21, Za; Ze SC, BEC OL ay. 

Then X=I(2), X=U(Z); UV=WWM), v=). 
Thus each of X, X‘, U, U' is a product of (r+1) algebraic factors. 

Further, when a = 47+1, all the Z (except 7,), and all the W (ex- 

cept W,), are Aurifeucllians of the same order a, and are thus each of 

them a product of two (algebraic) factors (say = L. M). 

Also, when a = 47—1, all the Z (except 71), and all the W" (except 

W;), are Aurifewillians of the same order a, and are thus each of them a 

produet of two (algebraic) factors (say = LD’. M’). 

Hence, one of the products XW, X‘'W' has always (47+2) algebraic 

factors, and the other product X W° or XW has (Qr+2) algebraic factors. 

Then, finally, N = XX'WW* has always (67+-4) algebraic factors. 

3a. THEorEM 2a.—It is easy now to see that if (with a, m as above) 

Ny = (a€*)?"—(aEn)*” + (En) — (an’)””, 

N, aS 29 ate 99 ar ”9 oe Ee) ’ 

then N,, Nz have only (57+4) algebraic factors, and N, has only (2r+2) 

such ; because in Nz and N; only one of the products XW, X‘W contains 

Aurifeuillians, and N, has no Aurifeuillians. 

4. THrorem III.—Let 

Ny = (2a€4)"+ (2aEn)™+ (Eq) + (ant), 

let No = (2a€*)?"+ (2En)*"+ (akn)"™+ (Qan)?”, 

where a is an odd prime, and » = a’. 

Then N, and N, have always (4r-+2) algebraic factors. 

Demonstration.—Write, in N,, 

e= &, y= ar: wu = %E2, v = 2, 

and in No fe epee REO oe Sa OE hE a 
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Then N, and Ny areeach (2?"4-y?")(u2"+ 0”). 

Write 2, = (@?+y*), Zoe = (w+?) (Zo, Zoe = (2 +?) [Zou 

vecy Zage = (0 +4”) |Zogr-. 
And let W., W2,, We», &c., be the same functions of w, v, that Wig, Cae 
Zoe, &C., are of x, y. 

Then (oy) = 11(Z), w+") = IL(W). 

Thus II(Z) and II(W) contain always (r+1) algebraic factors. 

Further, all the Z (except Z,), and all the W (except W,) are Auri- 

feurllians of same order (2a), and are thus each of them a product of two 

algebraic factors (say = DM). 

Hence, each of II(Z), Il(W) contains (27+-1) algebraic factors ; and, 

finally, since N, and Ny, are of the forms II(Z), Il(W), each contains 

(4r+2) algebraic factors. 

4a. Turorem IIIa.—lIt is easy to see that if—with the same a, n as 

above—either the 2nd and 4th, or the 8rd and 4th signs in the above Nj, 

N, be minus, then N, and Ny, will have (4r-+38) algebraic factors, because 

only one of the products Il(Z), IL(W) will contain Aurifeuillians; and 

that if the 2nd and 8rd signs be minus, then N, and N, will have (47+-4) 

algebraic factors, because there will be no Aurifeuillians in either. 

Thursday, June 9th, 1921. 

Mr. H. W. RICHMOND, President, in the Chair. 

Present fifteen members. 

Miss F. M. Wood was elected a member of the Stele 

Mr. J. Prescott was nominated for election. 

Prof. J. L. 8. Hatton read a paper “ The Inscribed, Circumscribed, and 

Self-Conjugate Polygons of Two Conics.” 

Prof. M. J. M. Hill read a paper ‘“‘ The Differential Equations of the 

First Order derivable from an Irreducible Algebraic Primitive.”* 

* Printed in this volume. 

d 2 
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The following informal communications were made :— 

The Congruence 2?-!—1= 0 (mod p*): Lieut.-Col. A. Cunningham. 

Diophantine Equations: Dr. 'T. Stuart. 

A Chapter from Ramanujan’s Note-Book: Prof. G. H. Hardy. 

The following papers were communicated by title from the chair :— 

Curvature and Torsion in Elliptic Space: Prof. M. J. Conran. 

Note on the Resultant of a Number of Polynomials of the same 

Degree: Dr. F. S. Macaulay. 

An Analytic Treatment of the Three-Bar Curve: Mr. F. V. Morley. 

Bemerkung zu unserer Abhandlung “On the Diophantine Equa- 

tion ay®+by+c = dx””: HE. Landau and A. Ostrowski (com- 

municated by Prof. G. H. Hardy). 

ABSTRACTS. 

On the Differential Equations of the First Order derivable from 

an Irreducible Algebraic Primitive 

Prof. M. J. M. Hruu. 

If d(@, y, c) be an irreducible polynomial in the variables x, y and the 

arbitrary constant c, then it is proved in this paper that the differential 

equation satisfied by the curves 

d(x, y, 0c) =0 (I) 

is of the form ECE ia pk 20s (ID) 

where p = dy/dzx, where m is a positive integer, and where f(z, y, p) is 

an irreducible polynomial in x, y, and p. 

If the integer m is greater than unity, it is proved that m must be a 

factor of n, and if in this case m = n/s, then the degree of f(x, y, p) in p 

is S. 

Further, in this case it is possible to replace the primitive (I) by another 

Wia, y, C) = 0, (IIT) 

which is of degree s in C, where m values of c correspond to each value of 

C. So faras the relation between x and y is concerned, the two primitives 

(I) and (II) are equivalent. 
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Next it is proved that the differential equation 

f(@, y, p) = 0 (IV) 
can have no primitive containing an arbitrary constant independent 
of (III). 

Any other primitive, involving an arbitrary constant, which it may 
possess, is obtainable from (III) by replacing C by some function of c. 

If the degrees of two primitives of (IV) in their respective parameters 
are the same, it is shown that there must be a lineo-linear relation be- 
tween these parameters, which relation does not involve the variables. 

Lastly, it is shown that if a primitive exist, which does not involve an 

arbitrary constant, it must be obtainable by eliminating c between 

o(z, y,c) = 90 (1) 

pre BHO — 9, v) 

Bemerkung zw unserer Abhandlung ‘“ On the Diophantine 

Equation ay?+by+e = dx”” 

K. Lanpav and A. Ostrowski (communicated by G. H. Harpy). 

Durch eine freundliche Mitteilung von Herrn Stormer wurden wir auf 

die Abhandlung von Herrn Tuur aufmerksam gemacht: “ Uber die Unlés- 

barkeit der Gleichung axz*+bx+c = dy” in grossen ganzen Zahlen x und 

y [Archiv for Mathematik og Naturvidenskab, Bd. xxxtv (1917), No. 16, 

S. 1-6]. Hierin beweist er im Wesentlichen unser Hauptresultat. Sein 

Beweis ist elementarer, aber komplizierter als der unsere. Wir bedauern, — 

dass uns die Tuuxsche Arbeit erst jetzt bekannt werden konnte; der 

Archivband traf erst 1921 in der Gottinger Universitatsbibliothek ein, und 

in der Revue semestrielle des publications mathématiques, die uns bis 

Bd. xxv, (Oktober 1919-April 1920) vorliegt, ist der Band bisher nicht 

besprochen. 



LIBRARY 

Presents. 

Between December 31st, 1920, and December 31st, 1921, the follow- 

ing presents were made to the Library by their respective authors and 

publishers :— . 

Bhattacharyya, D.—Thesis on Vector Calculus. 

Bottcher, L.—Copies of eight papers by the author. 

Byerley, W. E.—Fourier’s Series and Spherical Harmonics. 

Duarte, F. J.—Détermination des positions géographiques par les méthodes des hauteurs 

égales. 

Edwards, Joseph.—A Treatise on the Integral Calculus. 

Goedhart, J. G. A.—The Spiral Orbit of Celestial Mechanics, Parts I, IT. 

Halkyard, Edward.—The Fossil Foraminifera of the Blue Marl of the Céte des Basques, 

Biarritz. 

Hurwitz, Frau.—Copies of thirty-seven papers by her husband and copies of six papers by 

other authors. 

Klein, Felix.—Gesammelte Mathematische Abhandlungen, Band 1. 

Newton, Isaac.—Principia Philosophiae, Editio tertia (presented by the family of the late 
Walter Bailey, M.A.). 

Prasad, Ganesh.—On Mathematical Research in the last twenty years. 

Willis, Edward J.—The Mathematics of Navigation. 

Abo Academy : Acta Humaniora, no. 2. 

Amsterdam: Royal Academy of Sciences, Proceedings, vol. 20, parts 1-10; Verhandelingen, 
deel 12, no. 5. 

Brussels : Académie Royale de Belgique, Bulletin de la Classe des Sciences, tome 6, nos. 9-12 : 

tome 7, nos. 1-10. Tables générales des Bulletins, 1899-1910, 1911-1914; Annexe aux 

Bulletins, 1915. Mémoires, 2me série, tome 6, fasc. 8. 

Brussels: Académie Royale des Sciences, Annuaire, 87me année, 1921. 

Calcutta University : Post-graduate Teaching in the University of Calcutta, 1919-20. 

Journal fiir die reine und angewandte Mathematik, band 151, hefte 1-4. 

Kansas University : Science Bulletin, vol. 11; vol. 12, nos. 1, 2. 

Kyoto: Imperial University, College of Science, Memoirs, vol. 3, no. 11; vol. 4, nos: 1-6. 

La Haye: Société Hollandaise des Sciences, Giuvres complétes de Christiaan Huyghens,. 
tomes 13, 14. 

London: Conjoint Board of Scientific Societies, Confirmed Minutes, 18th, 19th, 20th, and 21st 
+ Meetings; Fourth Annual Report. 

London: Institution of Civil Engineers, List of Members, 1921; Record of origin and progress. 

Madrid: Juuta para Amplicacién de Estudios e Investigaciones Cientificas, Publicaciones del 
Laboratorio y Seminario Matematico, tome 3, memoria 5; tome 4, memoria 1. 

Masaryk University: Faculté des Sciences, Publications, nos. 1-4. 

Mathematical Gazette, vol. 10, nos. 150-155. 
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Paris: L’ Enseignement Mathématique, 21me année, nos. 3, 4. 
Nation and Atheneum, vol. 28, nos. 21-26; vol. 29; vol. 30, nos. l=14. 
Nautical Almanac, 1923. 
Sendai: Tohoku Imperial University, Science Reports, vol. 9, no. 6; vol. 10, nos. 1-4. 
Sendai: Tohoku Mathematical J ournal, vol. 18, nos. 8, 4; vol. 19, nos. 1-4. 
South Kensington : Science Museum, List of Short Titles of current Periodicals in the Science 

Library. 

Technology, vol. 10. 

Tokyo: Physico-Mathematical Society of Japan, Proceedings, vol. 2, no. 11; vol. 3, nos, 
1-10. 

Exchanges. 

American Journal of Mathematics, vol. 42, no. 1; vol. 43, nos. 1-3. 

Athens : Société Mathématique de Grace, Bulletin, vol. 2, nos. 1, 2. 

Benares: Mathematical Society, Proceedings, vol. 2, pt. 2. 

Berlin: Mathematische Zeitschrift, band 8, 9, 10; band 11, hefte 1, 2. 

Boston (Mass.) : American Academy of Arts and Sciences, Proceedings, vol. 55, no. 10 ;vol. 56, 

nos, 1-11. é 

Bulletin des Sciences Mathématiques, vol. 44, nos. 10, 12; vol. 45, nos. 1-12. 

Calcutta: Indian Association for the Cultivation of Science, Proceedings, vol. 5, pt. 2; vol. 6, 

pts. 1-4, Convention for the year 1918. 
Calcutta : Mathematical Society, Bulletin, vol. 9, nos. 1, 2; vol. 10, no.1; vol. 11, no, 4 

vol; 12, nos. 1, 2. 

Cambridge Philosophical Society, Proceedings, vol. 20, pts. 2, 3. 

Dublin: Royal Irish Academy, Proceedings, vol. 35, Section A, nos. 1-4. 

Edinburgh : Royal Society, Proceedings, vol. 38, pt. 3; vol. 39, pt. 1. 

Florence: Biblioteca Nazionale Centrale, Bollettino, nos. 234-245. 

Hamburg University: Abhandlungen aus dem Mathematischen Seminar, band 1, heft 1. 

Haarlem: Société Hollandaise des Sciences, Archives Néerlandaises, série 3, tome 5. 

Jahrbuch iiber die Fortschritte der Mathematik, band 43-45. 

Lancaster, Pa.: American Mathematical Society, Bulletin, vol. 27, nos. 3-8 ; Transactions, 

vol. 22, nos. 1, 2. List of Officers and Members, 1919-20. 

La Plata: Universidad Nacional, Contribucién al Estudio de las Ciencias fisicas y matemAticas, 
nos. 47, 49; Memorias, 1919, no. 9; Anuario, 1921. 

London : Institute of Actuaries, vol. 52, pt. 2. List of Members, 1920. 

London: Physical Society, Proceedings, vol. 33, pts. 1-5. 

London: Royal Astronomical Society, Monthly Notices, vol. 81. 

London: Royal Society, Philosophical Transactions, vol, 221, nos, 592, 593 ; vol. 222, nos. 594- 

597. Proceedings, vol. 98, nos. 691-695 ; vol. 99, nos. 696-704. 

Madras : Indian Mathematical Society, Journal, vol. 12, nos. 4-6; vol. 13, nos. 1-6. 

Manchester: Literary and Philosophical Society, Memoirs and Proceedings, vol. 63 ; vol. 64, 

pts. 1, 2; vol. 65, pt. 1. 

Milan: Reale Instituto Lombardo, Memorie, vol. 21, fasc. 10,11; vol. 22, fasc. 1,2. Rendi- 

conti, vol. 49, fasc. 16-20; vols, 50, 51, 52, 53; vol. 54, fase. 1-10. 

Monatshefte fiir Mathematik und Physik, band 25, nos. 3, 4; band 26-31. 

National Physical Laboratory : Collected Researches, vol. 15, 1920; Report for 1920. 

Nature: vol. 106, nos. 2670-2678; vol, 107; vol. 108, nos. 2705-2722. 

Nouvelles Annales de Mathématiques : 4me série, tome 20, December. 

Palermo: Rendiconti del Circolo Matematico, tomo 44, fase. 2, 3. 

Paris: Ecole Polytechnique, Journal, cahier 20, 1921. 

Paris: Société Mathématique de France, Bulletin, tome 48, fasc. 3, 4 ; Comptes Rendus des 

Séances, année 1920 



xii LIBRARY, 

Philadelphia : American Philosophical Society, Proceedings, vol. 59, nos. 5,6; vol. 60, no. 1. 

Rome: Reale Accademia dei Lincei, Atti, vol. 29 (2me sem.), nos. 10-12; vol. 30 (lresem.), 

fasc. 1-12 ; vol. 20 (2me sem.), fase. 1, 2. 

South African Journal of Science: vol. 11, no. 1; vol. 15, nos. 7, 8; vol. 17, nos. 2-4. 

Toronto: Royal Canadian Institute, Transactions, vol. 13, pt. 1. 

Toulouse University : Faculté des Sciences, Annales, série 3, tomes 8-10. 

Turin: Reale Accademia delle Scienze, Atti, vol. 56, nos. 1-7. 

Washington: National Academy of Sciences, Proceedings, vol. 6, nos. 1-12; vol. 7, nos. 1-9. 

Washington: U.S. Naval Observatory, Annual Report, 1920; Publications, 2nd series, 

vol. 9, pt. 1. 

Zurich : Naturforschende Gesellschaft, Vierteljahrschrift, jahrgang 65, hefte 3, 4; jahrgang 66, 

hefte 1, 2. 

‘Purchased. 

Mathematische Annalen, band 82 ; band 83, hefte 1, 2. 
Messenger of Mathematics, vol. 50, nos. 1-3. 
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LORD RAYLEIGH. 

Joun Witutam Srrurr, afterwards Baron Rayleigh, was born on 
November 12th, 1842. His early education was mainly at a private 
school. He entered as a Fellow Commoner at Cambridge in 1861, read 

mathematics with Routh, and, after a brilliant undergraduate career, 
graduated as Senior Wrangler in 1865. He was shortly afterwards elected 

to a Fellowship of his College (Trinity). He succeeded to the peerage in 
1873. 

Within a few years of his degree he began that career of original 

scientific investigation which continued without intermission almost to the 

day of his death, and was ultimately to establish his fame, after the de- 

parture of his great compeers Stokes, Kelvin, and Maxwell, as the supreme 

authority in physical science. It is unnecessary here to attempt a record 

of the manifold: distinctions which were conferred on him or the impor- 

tant offices to which he was called. One or two matters may however be 

mentioned. In response to a pressing invitation he accepted the Cavendish 

Professorship of Physics in 1879, in succession to Maxwell; this he held 

till 1884. He was Secretary of the Royal Society from 1885 to 1896, and 

President from 1905 to 1908. His long and intimate connection with our 

own Society dates from 1871. He was President in the years 1876-7, 

and received the De Morgan medal in 1890. It is a matter of some pride 

to recall that much of his earlier and most characteristic work on Sound 

and Vibrations made its first appearance in our Proceedings. Nor should 

we forget his solicitude for the welfare of the Society, and the generous 

contribution which he made to its funds, at a time of financial stress. 

Rayleigh’s closest affinities were to the great dynamical school of which 

the three great physicists already named were exponents. In respect of 

‘the massive solidity of his work, and serene breadth of judgment, he 

stands nearest perhaps to Stokes, for whom indeed he had an intense ad- 

miration. This found eloquent expression in the obituary notice which 

he wrote for the Royal Society. One sentence, among others, may be 

picked out from this memoir as equally applicable to himself: “ Instinet 
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amounting to genius and accuracy of workmanship are everywhere mani- 

fest; and in scarcely a single instance can it be said that he has failed to 

lead in the right direction.”’ 

A survey of his achievements from the physical point of view must be 

sought elsewhere.* In these pages some account may be looked for of 

his characteristics as a mathematician. It must be recognised that his 

main interest was in the unravelling of physical phenomena, and that 

mathematics was to him chiefly valuable as an auxiliary. Moreover, just 

as in his experimental work he had recourse by preference to the simplest 

devices, so the mathematical apparatus, whenever possible, was of the 

most elementary character. There was always, however, enormous 

mathematical power in reserve, and whenever the occasion called for it 

the utmost degree of skill of this kind was brought to bear. One striking 

instance among others was his application of Hill’s highly original methods 

in the Lunar Theory to the optics of stratified media. But perhaps the 

most original feature in his own mathematical work was the development 

of approximate methods, by which problems utterly refractory (in their 

rigorous form) to analysis receive a solution fully adequate for practical 

purposes. An early instance is the treatment of the Helmholtz resonator 

as a system of one degree of freedom. ‘The treatise on Sound contains 

many other examples. 

His earliest papers relate chiefly to Sound and Optics. The book on 

Sound just referred to is remarkable for the great development given to 

the theory of Vibrations. This theory, originated by Bernoulli and 

Lagrange, and further elucidated by Thomson and Tait, was greatly ex- 

tended by him, and runs as a leading thread through the whole book. 

The work as « whole ranks as a classical achievement, and has entirely 

transformed the subject. Many of the theorems which it contains have 

applications not only in other branches of mechanics but in such subjects 
as Electricity and Heat. 

In Optics he proceeded at first on the basis of the old elastic theory 

of the ether, until he became convinced that it was untenable, or rather 

as he expressed it, ‘‘ too wide for the facts.’ His later work was in terms 

of the electromagnetic theory, although many investigations are indepen- 

dent of the particular hypothesis adopted. One of the earliest problems 

which he took up was the scattering of light by small particles. To this 

he returned more than once, with the final conclusion that the scattering 

by the molecules of the air, apart from the influence of grosser particles, 

* See the memoir by Sir Arthur Schuster, Proc. Roy. Soc., (A), Vol. 98. 
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would account for the blue of the sky. Other investigations were on the 
theory of gratings, which he simplified, and on the resolving powers of 
spectroscopes, and of optical instruments in general. This theory is in 
fact largely of his creation. As an instance of his power in putting old 
matters in a new light and dispelling obscurities we may cite his elu- 
cidation of: “‘ Huyghens’ principle,” which had long been a perplexity to 
serious students of the subject. By great good fortune he was induced 
to write a connected account of the theory of Light, as he regarded it, in 
the form of two articles contributed to the Encyclopedia Britannica. 
These are included of course in his collected papers, but might well be 
published separately. They constitute by far the best textbook on the 
subject which has ever appeared. 

From the theory of Sound and Vibrations to Hydrodynamics, especially 

in relation to problems of small oscillation about a state of equilibrium or 

of steady motion, was a natural transition. His first paper on the subject 

deals with water waves, and reproduces the fundamental results of Airy, 

Stokes, and others, by an elegant and simplified analysis. The “ solitary 

wave’”’ of Scott Russell was also elucidated, and it was explained in 

particular why such a wave must necessarily be one of elevation only. 

Rayleigh was scrupulous here, as in all similar cases, to point out where he 

had been anticipated. Boussinesq in this instance shares the credit of clear- 

ing up a matter which had long been obscure. The theory of deep-water 

waves of permanent type, which had been the subject of a classical research 

by Stokes, had a lasting fascination for Rayleigh, who returned to it again 

and again, continually improving the approximations. The influence of 

capillarity on water-waves had been considered by Kelvin in 1871. The 

subject was taken up and completed by Rayleigh, who investigated the 

train of waves and ripples set up by a travelling disturbance. The paper 

referred to, which appeared in Vol. 1x of our own Proceedings, is remarkable 

for a characteristic analytical artifice which subsequent writers have found 

very useful. A mathematical indeterminateness which presents itself in 

various problems of steady motion (owing to the implicit inclusion of free 

waves of a certain period), when dissipation is neglected, is evaded by the 

temporary introduction of frictional forces varying as the velocity, whose co- 

efficient is ultimately made to vanish. The result must be the same as if the 

_true law of viscosity had been employed, but the analysis is much simpler. 

In this connection we may recall the beautiful investigation of the oscilla- 

tions of a liquid globule, and the vibrations of a jet, and also the lucid set 

of papers in which Laplace’s theory of Capillarity is explained, criticised, 

and amended. Reference may also be made to the theory of “ group- 

velocity.” ‘Che discrimination between this and wave-velocity had been 
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made by Scott Russell, and the group-velocity had been identified by 

Reynolds with the rate of transmission of energy, for the case of water- 

waves. A general proof applicable to any type of wave-motion was given 

by Rayleigh, who also pointed out the importance of the conception 1a 

various fields. 

The mathematically elegant theory of discontinuous motions in fric- 

tionless liquids had been started by Helmholtz and Kirchhoff in two 

classical papers. The work of the latter suggested to Rayleigh a theory 

of the resistance experienced by a plane lamina moving through a stream, 

and he completed Kirchhoff’s solution from this point of view. The re- 

sults, though necessarily imperfect as a picture of what really takes place, 

were a great improvement on previous explanations, and have stimulated 

much subsequent investigation. A cognate subject to which Rayleigh 

devoted much attention, partly no doubt owing to its acoustical bearings, 

and later for its own sake, was the question of stability of fluid motions. 

It had been remarked by Helmholtz, and further insisted on by Kelvin, 

that a surface of discontinuity would in a frictionless liquid necessarily be 

unstable. Rayleigh’s first enquiry was: to what degree is the instability 

affected if the discontinuity is eased off, as it actually is by viscosity? He 

found that the instability remains for disturbances whose wave-length 

exceeds a certain limit. He further investigated the flow between parallel 

planes, and later in a pipe, having in view Reynolds’s experimental demon- 

stration of a critical velocity. The motion proved to be stable provided 

the graph of the velocity, as a function of the distance from the axis, is 

free from inflexions. Rayleigh was well aware that this conclusion must 

not be pressed too far. ‘The disturbances contemplated are assumed to be 

infinitesimal ; moreover, although the type of steady motion is such as 

could be maintained (if there were no disturbance) under the influence of 

viscosity, the effect of friction on the disturbed motion is in fact neglected. 

In particular, the condition of no slipping at the walls, which appears to 

be fundamental, is violated. Calculations of the above type were resumed 

at frequent intervals, and his more recent papers include a masterly re- 

view of the subject, in which viscosity is duly considered. 

The most casual inspection of the contents of any one of the six 

volumes of his collected papers will show what large fields of Rayleigh’s 

activity have here been left unnoticed. The electrical researches, for in- 

stance, important as they often are from a mathematical as well as a 

physical point of view, have not even been mentioned. But the main 

characteristics of the work are the same throughout. If asked to describe 

in one word the essential character of his genius, we should say that it 

was in the highest degree illuminating. Whatever the subject taken up, 
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not only is new material contributed, but existing knowledge is reviewed 
and set in a fresh light, unsuspected analogies and affinities are revealed, 
and what was often a collection of disconnected fragments becomes an 

orderly and massive structure. His mind was of a type which we like to 

think of as peculiarly British, and he maintained to the full the tradition 

of the great dynamical school of which he was the most conspicuous 

surviving representative. He died on June 80th, 1919. 

fate bs 
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ADOLF HURWITZ. 

Just a week after the signing of the Peace, there passed away in the 

person of Adolf Hurwitz one of the most notable representatives of con- 
temporary German mathematical science. Although a Jew by parentage, 

and for no less than twenty-seven years Professor at the Swiss 

Technische Hochschule, he retained his German nationality to the end. 

A product of the German academic system at its best, he can never have 

felt the temptation, to which so many of his countrymen have yielded, .to 

change, even nominally, his nationality. 

Born at Hildesheim in the year in which Riemann became Professor 

at Gottingen, Hurwitz entered the Andreanum little more than eighteen 

months after Riemann’s untimely death, and was, before he had quite 

reached his eighteenth year, already at Munich attending the lectures of 

Klein, the most genial exponent of Riemann’s ideas. A year later, he 

was at Berlin, in the mathematical Seminar, and gaining at first hand, 

from Weierstrass and Kronecker, a knowledge of the methods in which 

they were passed masters. But Hurwitz was to be above all a pupil of 

Klein, and, after three semesters spent at Berlin, we find him once more 

at Munich, and in October 1880 following Klein thence to Leipzig. 

Untrammelled by examinations, Hurwitz was able, even when at Berlin, 

to collaborate with Klein and to afford him help in one of his most notable 

papers on elliptic modular functions,* a paper destined, with others of 

Klein’s, almost equally remarkable, to be for many years the pivot on 

which Hurwitz’s mathematical interests were to turn. Hurwitz was 

peculiarly fitted to carry out Klein’s ideas.+ He had gained from Schubert, t 

of Abzahlende Geometrie fame, his master at the Andreanum, an interest 

* Math. Ann., Vol. 17, pp. 69 and 70. Some idea of the advance due to Klein may be 

gained by comparing the papers just referred to with H. J. S. Stephen’s B. A. Report, 1865. 

} Klein’s strength, it may be remembered, was sometimes regarded as consisting still 

more in the fertility and the genial character of his ideas than in the power of developing 

them. Of. Lie, Transf. Gruppen. 

{ We are told that Schubert gave up part of every Sunday to working at Geometry with 

the schoolboy Hurwitz, and the first of the latter’s papers, written when he was still at the 

Andreanum, was a joint paper. It was also Schubert who persuaded Hurwitz’s father to 

allow him to goto the University and who sent him with warm recommendations to Klein 

at Munich, 
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in Geometry and a familiarity with geometrical methods which were bound 
to serve him in good stead with Klein, and he had already entered on 
the field of original research. On the other hand, we have Hilbert’s 
authority for the statement that the acquisition of Riemannian ideas, 
which intercourse with Klein rendered possible, of itself constituted at 
that time a transfer, so to speak, to a higher class among mathematicians. 
It is not surprising, then, that we find Hurwitz, a Gottingen Private- 
docent of barely two years’ standing and not yet 25, called in 1884 to 
Konigsberg as Etraordinarius, with a record of important puphehed work 
behind him. 

At Konigsberg he made the acquaintance of Hilbert, first the student 
and then the Privatdocent, and of Minkowski, whose family lived there, 
and who, when at home from Bonn for the holidays, joined them in their 
almost daily walks. During these walks, continued over the whole of the 
eight-year period of Hurwitz’s residence at-Kinigsberg, wellnigh every 
corner of the then known mathematical world was explored. * 

We get some glimpse, incidentically, in studying Hurwitz’s career, as 

to the way in which a professional mathematician may be formed. 

From Konigsberg, Hurwitz went to Zurich, where he remained until 
his death. 

About. a hundred papers were published by Hurwitz. In almost all of 

them, the influence of Klein,+ direct or indirect, is perceptible, and many 

of them may be characterized as solutions, usually complete, of . prob- 

lems, of a fundamental nature and of no small difficulty, proposed by 

* Cf. Hilbert, G. N., 1920. Hilbert adds: ‘‘ Hurwitz mit seinen ebenso ausgedehnten 

und vielseitigen wie festbegriindeten und wohlgeordneten Kenntnissen war uns dabei immer 

der Fiihrer. . 

+ How much Hurwitz owed to Dedekind also is evident from his papers and from his 

own acknowledgments. But it would seem that they had never met, at any rate not before 

1895. There is an interesting indication of this in Dedekind’s answer to a question as to 

what he thought of the paper “‘UJber die Theorie der Ideale’’ (G. N., 1894), the first of 

Hurwitz’s attempts in this direction. Dedekind explains that the mode of treatment of the 

fundamental theorem in the theory of Ideals there exposed, and based indeed on an alge- 

braical lemma of his own, had been familiar to him for many years, and he gives in detail 

his reasons for not having adopted it. He had since found and published in Dirichlet’s 

Zahlentheorie what he regarded as a much more natural and simple way of building up the 

He quotes Gauss’s ‘‘ Auspruch eines grossen Wissenschaftlichen Gedanken, ‘die subject. 
’» and thén continues : Entscheidung fiir das Innerliche im Gegensatz zu dem Aeusserlichen’, 

*« Hiernach wird man es auch erklarlich finden, dass ich meiner Definition des Ideals durch 

eine charakteristische innerliche Higenschaft den Vorzug gebe vor derjenigen durch . eine 

dusserliche Darstellungsform, von welcher Herr Hurwitz in eae ausgeht. 

Aus denselben Griinden konnte der... . Beweis des Satzes....mich noch nicht vollig 

befriedigen, weil durch die ane der Functionen von Variabelen die Reinheit der 

Theorie nach meiner Ansicht getriibt wird.” (Géttinger Nachrichten, 1895, p. 111.) 
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Klein. In some cases, the results obtained or the methods employed have 

an importance far beyond what we know or may presume to have been the 

occasion for writing them. In particular, the paper “ Uber algebraische 

Correspondenzen,”* may be referred to in this connection. Brill had 

succeeded in proving a theorem of the truth of which Cayley had per- 

suaded himself by inductive processes, without being able however to de- 

vise anything of the nature of a demonstration save in a very special 

case. Hurwitz’s work goes far beyond Brill’s in generality,t besides being 

above all remarkable as an application, promised nine years before, of 

Abelian integrals to Geometry, and as the point of departure of 

Castelnuovo in his investigations on analogous matters in the theory of 

surfaces. And it may be said to generalise Abel’s Theorem itself. 

Other pairs of papers that have become classical are those entitled 

“Uber algebraische Gebilde mit eindeutige Transformationen in sich,” } 

and “Uber Riemannsche Flichen mit gegebenen Verzweigungspunkte ’’§ ; 

the second pair are also interesting because they show Hurwitz first failing 

to obtain the complete solution of the problem, taking up the thread ten 

years later in the light of a happy suggestion from Lasker, the inter- 

national Chess Champion, met in the previous summer, and finally com- 

pleting the solution by the use of a method|| in the theory of abstract 

groups discovered in the meanwhile by Frobenius, Hurwitz’s predecessor 

at Zurich. 

Of the papers not more or less directly inspired by Klein, among the 

most original are those on the roots of algebraic and transcendental equa- 

tions. Hurwitz was a recognised expert in the treatment of problems of 

this nature. His paper on the zeros of Bessel’s functions, which already 

marked a strikingly new departure, both as regards the methods employed 

and the character of the results obtained, was followed rapidly by several 

others on the roots of transcendental equations.** And when, soon after 

he had gone to Zurich, one of his Swiss colleagues turned to him for help 

* Math. Ann., Vol. 28. 

+ Hurwitz was thus able to repay with interest a debt of Klein to Cayley (Math. Ann., 

Vol. 17, p. 66). It was in studying the theory of modular correspondences that Hurwitz was 

led to consider the necessity of investigating correspondences defined by more than one equa- 
tion on entities of genus p. 

t Math. Ann., Vols. 32, 41. 

§ Math. Ann., Vols. 39, 55. 

|| This method of Frobenius is also interesting to English readers as being closely con- 

nected with some of the most important of Burnside’s work. 

4] Math. Ann., Vol. 33. 

** No fewer than seven papers of Hurwitz’s deal with roots of equations. 
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in a technical problem involving the conditions under which an algebraic 
equation has the real part of its roots all negative, the skill shown by 
Hurwitz in furnishing the complete solution was noteworthy. Simple as 
ave the conditions arrived at,* namely that certain determinants formed 
out of the coefficients of the equation have to be positive, the resources 
Hurwitz disposes of are seen in this, as in so many others of his papers, 
to be of the most varied description. He avails himself with equal free- 
dom of the ideas and results of Sturm, of Hermite, of Frobenius, of 

Kronecker, and of Cauchy. 

His papers on continued fractions and on the approximate representa- 

tion of irrational numbers are also very original, as well as curious. And 

all his algebraical work is marked by a rare insight into underlying 

principles. One of Hurwitz’s greatest triumphs was his complete solu- 

tion of a question concerned with the reducibility of quadratic forms of 

any number of variables, a part of which had baffled the united efforts 

of a Cayley and a Roberts, equipped though they mig't be with all the 

resources of an empirical science and of a power of calculation that 

shunned no labour. + 

But perhaps Hurwitz’s main interests really lay in the theory of num- 

bers as a whole, including that part of it which attaches itself naturally to 

the theory of modular functions, such as the relations connecting numbers 

of classes of quadratic forms. On this latter subject he wrote seven 

papers, and one of the earliest of his papers written independently was 

devoted to the proof that a theorem of Stieltjes, giving the number of 

modes of expressing a prime as the sum of five squares, holds in a 

generalised form for every integer. The interest of four others hes in 

their connection with the theory of ideals. And of his last sixteen 

papers,? almost all those whose interest is not chiefly pedagogic, were de- 

voted to the solution of Diophantine equations and analogous problems, 

* Math. Ann., Vol. 46. 

+ Hurwitz’s account of the matter is worth quoting :—‘‘ Roberts und Cayley haben sich 

im 16ten und 17ten Bande des Quarterly Journal mit den Nachweis beschaftigt, dass ein 

Product von Zwei Summen yon je 16 Quadraten nicht als Summe von 16 Quadraten dar- 

stellbar sei. Ihre dusserst miihsamen auf Probiren beruhenden Betrachtungen besitzen 

indessen keine Beweiskraft, weil ihnen beziiglich der bilinearen Formen 2), 2, ... specielle 

Annahmen zu Grunde liegen, die durch nichts gerechtfertigt sind.’’ (Gott. Nach., 1895, 

p. 810, Note 1.) 

{ It is noteworthy that in one of these later papers he concerns himself with an equation 

first employed by Klein in investigations (Math, Ann., Vols. 14, 19) with which Hurwitz’s 

dissertation was connected. 

sur. 2. Vow. 20. 
Z 
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while his only publication in book form is a reprint of one of his papers 

on “ Quaternion Theory of Numbers.’’* 
Brilliant as Hurwitz’s researches were known to be, he was honoured 

at Zirich most as a teacher, and the tradition of his success there 1s 

likely to be long preserved. 

But he loved to employ the deductive method of exposition, alike in 

his writings and in his lectures. His papers even weary by their com- 

pleteness, although this is almost always atoned for by a finished ele- 

gance of form. And if but few are merely didactic, a relatively iarge 

proportion are concerned with new proofs of known theorems ;+ while of 

his pupils, only those in close personal contact with him can have been 

able to form a just idea of the processes by which he was led to his re- 

sults. Perhaps had he been less successful as a teacher, he might have 

been better able to found a great school of mathematics. 

Hurwitz always remained a nineteenth century mathematician. One 

of the first, if not the very first, to utilise Cantor’s theorem on the non- 

countability of the continuum,! and possessed, as he several times showed, 

of an acquaintance with, and the ability to apply, the elements of the theory 

of sets of points, he had to content himself with appreciating the nature, 

without fully grasping the magnitude of the revolution brought about in 

mathematical analysis by the extension of our knowledge of the Real Variable, 

so characteristic of the century in which we live. ‘he very thoroughness of 

his early preparation may indeed have rendered him inapt or unwilling to 

do more than skirmish on ground§ relatively unfamiliar to him, and it is 

noteworthy that he did not follow Poincaré in the exploitation of the 

generalisation of the elliptic modular function constituted by the auto- 

morphic function. Indeed, though in an improved version|| of a portion 

of his dissertation, published in later years, he remarks that the methods 

he employs are obviously applicable to automorphic functions, his sole 

* Gott, Nach., 1896. 

+ The interest of these proofs is undeniable, and some have become classical. In one the 

motive is the desire to give a purely algebraic proof of an algebraic theorem previously estab- 

lished with extreme facility by the use of the Calculus. 

{ Crelle, Vol. 95. 

§ His interest in new work is shown in more than one of his later papers—for example, 
in his use of Fejér-Cesdro methods in dealing with Fourier series, in his proof of a theorem of 
Fatou, and in the application of his old modular elliptic function equipment to a new proof 
of Landau’s extension of Picard’s theorem. 

| Math. Ann., Vol. 58. 
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contribution to that subject is a paper* in which he shows how the funda- 
mental region may be determined for automorphic functions of any 
number of variables. 

Though he was educated in the Real Gymnasiumt section of the 
Andreanum, and though, curiously enough, the friend of his father to 
whose benevolence he owed his University career, and to whom he dedi- 
cated his dissertation, had the English or at least British name of Edwards, 

Hurwitz was not sufficiently master of our language to be able to read 

English mathematical papers, except with very great difficulty. His 

knowledge of the work of English writers was indirect. But he had great 

familiarity with French and several of his papers are written in this lan- 

guage. The value of his work was appreciated outside Germany and 

Switzerland. Some of his papers written in German were translated into 

other languages, and he was elected honorary or corresponding member 

of several learned bodies. He became an honorary member of our Society 

in November 1913. 

Hurwitz was very generally liked, not only as a teacher, but as a man, 

and this in spite of the fact of his life being one long struggle} with a 

wasting disease, which must have rendered him little disposed for social 

intercourse. In points of honour he was punctilious. It fell to his lot to 

be anticipated in several of his results, and he was never slow to publish 

his recognition of the priority of another. And it is related that nothing 

but his refusal to break his word pledged to the Swiss Schulratspresident, 

who had secured him for the Technische Hochschule by travelling all the 

way from Zirich to Koénigsberg for the purpose, prevented his going 

to Gottingen as Ordinarius in succession to H. A. Schwarz. How great 

a sacrifice this entailed will be realised if it be borne in mind that a Chair 

in a Swiss University was, for a German, never, before the War, regarded 

as more than a stepping stone to a Chair in Germany. That the call 

* Math. Ann., Vol. 60. 

+ It was owing to this circumstance that he did not become Privatdocent at the Univer- 

sity of Leipzig, as he, a pupil of Klein’s, then holding a Chair there, would naturally have 

done. Evidence of a knowledge of Greek was regarded by the Philosophical faculty of 

Leipzig as an indispensable requisite for the venia legendi. Gottingen was, as would now 

be said, more advanced in its ideas. 

t That this struggle was waged with comparative success for so many years appears 

almost incredible, and can only be accounted for by the constant care and devotion of 

Hurwitz’s wife, a daughter of Professor Samuel, a well known member of the Medical faculty 

at Kénigsberg. 
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was not repeated at a later date may be attributed to the state of Hurwitz’s 

health, supposed to render such a call undesirable.* 

We: HOY. 

* Since the above notice was in print, I have received the following statement from 

Dr. Vermeil, Klein’s assistant, written at Klein’s request. It confirms in various points what 

is given above, and adds some details of interest: ‘‘ Hurwitz hat als Schiiler von Schubert 

schon als Secundaner Resultate im Gebiete der abziihlenden Geometrie gefunden. Alser dann im 

Sommer 1877 nach Miinchen kam, stellte ihm Klein sofort die Aufgabe, die Resultate der ab- 

zahlenden Geometrie auf zuverlissige Grundlagen zu stellen. Leider aber erlitt Hurwitz sehr 

bald einen Typhusanfall (der Typhus grassierte damals in Miinchen), und kehrte darum erst 

nach mehreren Semestern nach Miinchen zuriick, woer die beste Hilfevon Klein im Ausbau der 

Theorie der elliptischen Modulfunktionen wurde. Seine Leipziger Dissertation, die in den 

Math. Ann. erschienen ist, ist nicht nur durch die selbstiindige Hntwicklung der Hisen- 

stein’schen Methoden bemerkenswert, sondern insbesondere dadurch, dass er Wa (w1, ws) als 

eine Kongruenzform 12ter Stufe erkannte und dadurch die einfachste Grundlage fiir die neuen 

Multiplikatorgleichungen schuf. Inzwischen hatte Gierster aus den yon Klein gefundenen 

Modulargleichungen héherer Stufe neue Zahlentheoretische Resultate, zum Teil auf induktivem 

Wege, abgeleitet, und es bleibt eine der grdssten Leistungen von Hurwitz, durch die Theorie 

der zugehorigen tiberall endlichen Integrale, die Gierster’schen Resultate endgiltig begriindet 

zu haben und iiberhaupt eine allgemeine Theorie der algebraischen Korrespondenzen auf 

algebraischen Kurven begriindet zu haben. Spiter machte die réumliche Trennung die 

Beziehung Zwischen Klein und Hurwitz seltener. Aber Klein wiinscht die Férderung an 

zuerkennen, die Hurwitz der Theorie der endlichen Gruppen linearer Substitutionen yon der 

Theorie der elliptischen Modulfunktionen her erteilt hat. Hurwitz war wesentlich ein zahlen- 

theoretisches Talent und ergiinzte dadurch die mehr intuitive Art von Klein auf gliickliche 

Weise.”’ 
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Mr. Presipent, Lapies AND GENTLEMEN, 

I am venturing this afternoon to talk to you on Differential 

Geometry, or rather on a part of that vast and interesting study. The 

part I wish to bring before you is the geometry of quadratic differential 

forms, in its relation to Hinstein’s Theory of Gravitation. I want to 

show how naturally the law of gravitation arises in this geometry. It 

might even have been discovered by some pure mathematician, and 

studied by him as a particular kind of four dimensional geometry ; and 

he would never have dreamt of its wonderful possibilities as an explana- 

tion of natural events. 
There will be little originality in anything I say; yet it may possibly 

help some, who, like myself, have a very slight knowledge of physics, to 

understand the bearing of the new theory on Differential Geometry, 

and perhaps enable them to contribute to its advancement by 

familiarising them with the foundations. 

As regards the law of gravitation, I owe what knowledge I have of 

it to Prof. Eddington’s report on the relativity theory. I cannot, how- 

smR.2. vou. 20. No. 1377. B 
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ever, claim his great authority for anything I say ; the errors into which 

I may fall will be my own contribution to the theory, and he will perhaps 

warn others of falling into the same in the lecture we are hoping to hear 

from him in the coming session. _ 

I must ask your indulgence if I have to start off in my talk with some 

rather formidable symboJs. I must also ask you to allow me only to 

sketch the proofs of my assertions. You would not, I think, find much 

difficulty in supplying the gaps—agreeing with me if I am right and 

correcting me if wrong—had you the time and inclination, and, say, 

Bianchi’s Differential Geometry to refer to. . 

Let us begin by considering the expression 

3 Win AX, AX;,, 

which is briefly written for the sum of n” such terms, obtained by giving 

to 2, k independently the values 1, 2, ..., 2. 

The coefficients a, (= a) are at present arbitrarily assigned functions 

of the variables x,, 2%, ..., Z,. If, for instance, » = 2, the expression is 

a short way of writing . 

2 2, 
Ay 12} + 2ay9 dx, dXy+ Ag dX - 

Let A,, denote the minor of a; in the determinant 

divided by the determinant itself. 

Let [ike] =a (SE + St — Ss) 
henge Can, Can Oa; .O-yn, ; ear LL i dee ai (in| ent Ne ea 

(rh) = 4 (aa OL, OL, OX, 0X7, are 

+A,, ([rhu][thx]—[riv] [hed]). 

Just as in the expression 

Aix Ax; AL, 

the law of the notation is that wherever, a suffix which occurs in one 

factor of a product is repeated in another factor [as in the expression 

(rkth) the suffixes \ and « are repeated] the sum of 7° such terms are to 

be taken by giving to the suffixes independently the values 1, 2, ..., n. 
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We shall only be dealing with the case of » = 4; but even in this 
case, and for fixed values of r, k, i, h, the full expression of the symbol 
(rkth) would involve 10 expressions of the form 

Ay, ([rhu] [2kAJ—[riv | [hkA]), 

were it not for the convention introduced ; one is therefore soon converted 
to a belief in its utility. 

But there are 256 symbols (rkih), as the integers take independently 

the values 1, 2, 8, 4, and the need of further contraction is obvious. 

Happily the 256 symbols can be shown to be simply expressible in terms 

of 21 two index symbols ayo. | 

We pass from the four index symbol (rkih) to the two index one ap, by 

taking 23, in this order, as 1, 31 as 2, 12 as 8, 14 as 4, 24 as 5, 34 as 6, 

and we notice that aj, = ar; We can easily show that 

ys + Ag5 + gg = O, 

so that in effect our 256 symbols reduce to 20. 

Written at length we have 

(2314) = ayy, * (2324) = ayy, (2328) = ay, (2831) = ay, (2312) = ayy, 

(2334) = aye, (8181) = ay, (3112) = dog, (3114) = ay, (8124) = ang, 

(3134) = ao, (1212) = agg, (1214) = agg, (1224) = agg, (1234) = age, 

(1414) = Aga, (1424) = ay, (1434) = aye, 

(8484) = Age: 

(2424) = ays, (2434) = ase, 

From the point 21, 2, 73, 2, in our four way space we think of two divrec- 

tions going out into this space given by 

and 

Here Ei, &, £3, rae and fi, £3, &3, 4 

diy 
ra 

O21 
er 

1 
% 

ed Te we 
— Se aT — ey Fe — 

& &3 

ae See 
2 &3 

1M 

dit 
& 

are arbitrarily assigned functions of 

the coordinates 2,, %. @, 24, and we may usefully regard them as the 

coordinates of two points in ordinary Euclidean space. 

Let 

py = dtq0r3—dx,0%, Pp, = dx30t,—dx, ag, Ps = Ait Oa.—Adx,02;, 

Dy = dt, 0%,—dx,02,, Ps = dx,0t,—dx 40k, pg = dng 0a,— Ax, 0x3. 

B 2 
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We have Pi Pst PoPstPs Ps = 9, 

and may therefore look on 1, Po, Ps: Pa» Ds» Ps a8 the six coordinates of a 

line in ordinary space. 

Consider now the expression 

P Aix Pi Dic- 

When we regard the point 71, 2, %3, 4 as, fixed and equate this expression 

to zero, we have the most general quadratic complex of lines in ordinary 

space. We therefore call the expression the first complex. 

The expression formed by expanding 

(ai, dx; Ax) (Any, OX 02,,) — (ix AL; 02p) (ayy, AL 02,,) 

is written Bix Di Drs 

and called the second complex. 

The ratio of the first complex to the second is what Riemann calls the 

measure of curvature of the space 21, 2, Xs, X4. 

The meaning of this measure of curvature I will now try to explain. 

The six coordinates Pi» Pox Pas Psy Ps» Pg ae proportional to the six co- 

ordinates of the line in ordinary space, jong the point whose homo- 

geneous coordinates are £:6€3€; and €/€2&3 £4. Regarding for the moment 

Ly, Lg, 3, L, as fixed, and also these two points as fixed, we consider the 

single infinity of rays in the four way space whose directions are propor- 

tional to 

GatGB, fat&B, fatks8, faté! 

We then construct in the four way space the geodesic two way surface, 

made up of the single infinity of geodesic lines issuing from the point 

%1X_%3%, in the directions given by 

a diy se Cig GF ee ee ee 

fatGB~ Got&B Bathe a) 

Here the ratio a : 6 is a mere parameter, and thus the geodesic surface is 

formed and may be taken to have the element of length on it given by 

ds” = edu’+2fdudvu+g dv’, 

where w and v are the Gaussian coordinates which may be taken, say, to 

be zero at the point from which the geodesics issue forth. The curvature 
of this geodesic two way surface will express itself in terms of ¢, f, g and 
their derivatives : its value at the point a, x9, 2g, 2, and for the orienta- 
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tion given by the six coordinates p,, 2, Ps, Py Ps, Pe i8 Riemann’s measure 
of the curvature of the space 2,, %, 2g, a4. 

Let us now consider the effect of transforming 

in Ax; Ax, 

to new variables. 

When it is said that this expression is invariant for all transformations 

it is not meant that the functions aj, preserve their form as functions of 

21, X, £3, Ly Rather, as in the theory of linear transformation, we regard 

it as the fundamental quantic. 

It can be proved that the two complexes are absolute invariants. This 

fact 1s of fundamental importance in the theory of quadratic forms. 

It may be verified that the first complex is such an invariant by con- 

sidering the infinitesimal transformation 

r ieee a, a = ea Cts est tS eh = Ly 

where ¢ is a small constant, and € any arbitrary function of the variables 

X1X_%3Xy. We then have, from the fundamental invariant, 

. o€ oz) 
Ain = Axn—t lay, = +a;— ik AK ( 1k Ox; oi 14 OLE ? 

and by aid of this set of equations it can be proved that the first complex 

is invariant for this infinitesimal transformation, and therefore for every 

transformation. 

It is a much simpler matter to prove that the second complex is an 

invariant. : 

_. Riemann’s measure of curvature is thus independent of any particular 

system of coordinates. 

Define now a system of functions Gj, thus 

Gin = Ay (rkth), 

where the suffixes kz on the right, being found in two factors of the pro- 

duct, are to indicate summation of the products in accordance with the 

law explained earlier. It is easily proved that 

. Gi, dx, Ax), 

is an absolute invariant. 

Einstein’s law of gravitation just asserts that this invariant vanishes 

identically. I only mention this now in passing and will return to it 

later. 
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Next let us consider the invariant determinantal equation in A, 

O15 49» 13, ai4—_ r, A155 16 

O91; O99 A935 Op4, dg5—A, O96 

Ea O31, O39, O33, A345 G35,  Asg—A Fa 
an os — 0. 

Uy—A, Aggy, A435 O44) 455 4g 

M51, Asg—A, gg, 54> O55. 56 

61> C69, Ogge—A, Aga» M65, 66 

Take Nii; Mig, Migy “Ulysses Mes, ag, 

M91,  Mg9, Mog, Mog, Mos, Mog, 

313, M39, M33, M34, Mg5, M6, 

Magy,  Mgg, Maggy gg, = M5, = Mggy 

Tixier «Megan hepsi ag He ibgs Tes 

Mer, Meo, Meg, Meg, Mes, Megs 

to be six sets of first minors of any row corresponding to the six roots of 

av = 0. : 

We can prove that, for any values of 2 and 7, 

Mir Mig Mia MH Mig Mj5 + Mis Mjg+ Mig Mg++ Mig Mjg = O. 

Now the terms in m which we have written down are such that, if we take 

the m’s in any row as the coordinates of a linear complex, we get six 

linear complexes corresponding to the six roots of aA = 0; and these six 

complexes are naturally in involution. 

But if we choose « so that 

(Mia KML) (Mia Hb KM ja) HF (Mig KM) (M5 + KMj5) ++ (Mist KMjs) (Mig KM) = O, 

we obtain what we may take as the “six coordinates’’ of two lines in 

ordinary Euclidean space. In saying this we look on a, 2g, 2, x, as fixed, 

and therefore aj, ... as fixed, and we say that these two lines correspond 
to the roots A; and A; of aA = 0. 

If we divide the roots into three pairs we will have as corresponding 
lines three pairs of lines; each line of any pair intersecting each line of 

any other pair, but not the line of its own pair. These lines will then 

form the six edges of a tetrahedron in ordinary space. We may call this 

the tetrahedron which corresponds to 21, 2, %3, 24. 



1920. | IINSTEIN’S THEORY OF GRAVITATION. 7 

Suppose the coordinates of one of the vertices of this tetrahedron are, 
say, (8, y,6,), then—no longer regarding 2, x, £3, £4 as fixed, and ‘ex- 
pressing, as we may, a,, 9;, y,, 6, in terms of the functions a,—the curve 

dx, __ dx, __ dt, __ dx, 

Gy B, vA dy 

is invariant for any transformation which leaves 

Ain da; AX), 

invariant. 

Corresponding to the tetrahedron of the point 2, x, 73, 7,4, we have 

therefore four invariant curves going out from the point in our four way 

space. 

So far, although the language of geometry has been used in speaking 

of curvature, geodesics, complexes, lines and points, this language is 

merely a convenient artifice to avoid prolixity. 

We shall now try to make a little more use of our conceptions of time 

and space. We lovk on 2, %9, 3, £, as functions of any space coordinates 

and the time. I mean by space coordinates simply numbers which fix 

for me the position of a point in space at a given time. Ido not think I 

introduce any new ideas as to what space is. I imagine a triply infinite 

system of surfaces drawn in this space at any given time, and describe 

the position of the point by giving the numbers attached to the surfaces 

which pass through the point. The time coordinate I cannot express 

otherwise than just as the time coordinate. When I say that two points 

are ‘‘near’’ one another, [ mean that their four coordinates of space and 

time differ only by small quantities, and I do not attempt any greater 

accuracy of expression. 

We take 6s? = aydx;dxpz, 

and call és the space-time interval element. Because of the arbitrary 

nature of the functions a; of x, £2, £3, x, this space-time interval does 

not depend merely on the coordinates of the two near points. It depends 

also on our choice of the functions a. That choice may depend on what 

swe want to measure. Thus, to take avery homely illustration which will 
perhaps explain my meaning, suppose we want what we may call the 

practical distance between two points in London from the point of view of 

the man who has to walk from one to the other. Here we need to use 

only two coordinates, say, x, and z,. The practical distance would be 
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measured by the minimum value of the integral 

6= | AV (Ay, 21+ WAyg dar, dtg+ Ay da) 

taken between the two points. If the two extreme points lie on a hori- 

zontal plane, and if there were no obstacles in the intervening path, we 

could take the integral to be 

[ AV (dx + dx) 

by proper choice of coordinates and obtain the straight line path. But 

generally this would not be possible, and the a, a2, G2 would be func- 

tions of 2, and x, depending on the traffic at that point. And even if the 

traffic were to die away and the obstacles in the way of buildings were to 

disappear, the surface over which the pedestrian would have to travel 

between the two points might be a curved one, and the ay, @g, de would 

still remain as functions of x, and 2. The path he should take would be 

the geodesic on this surface. The practical distance between the points 

might remain the same in the two cases, but in the second case we should 

look on his problem as one merely of geometry. 

Now suppose that the inhabitant of some distant planet, if he exists, 

observed this pedestrian he might give either interpretation to what he 

observed. He might regard London as a portion of a surface and think 

the path a geodesic on it, or he might regard the pedestrian as a particle 

moving under the action of some force. But he would have no such 

simple law to explain the motion he observed as that which Einstein has 

formulated to explain gravitation; and Einstein would interpret what is 

observed as a property of space time, and not of force influencing the path 
of the particle. 

In taking ds* = ay,.dz,dx,, 

where a; 1s any function of the coordinates as the element of length in 
some four way space, the geometer is guided, I think, by analogy merely. 
He knows of two way surfaces in ordinary space where the element of 
length is given by 

ds” = edw+2fdudv+g dv’, 

and e¢, f, g are functions of w and v. 

The geometry on this surface is, in general, quite different from that 
of plane Euclidean geometry, though he was led to it by considering 
Euclidean space. He is not concerned as a mathematician with the ques- 
tion whether his abstract Kuclidean space is, or is not, the space of ex- 
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perience, though he knows that at all events it must be very nearly so. 
pes! in taking the space-time interval element as given by 

és? = aydzidxy, 

he is not primarily concerned with the question whether this is built up 
from the space and time continuum of experience itself, or whether the 
functions a arise in some other way. 

He can conceive a four-fold continuum of space and time, but he can 
only conceive of a four way space by analogy and by his power of imagining 
the plight of a mathematician to whom experience had only awakened a 
perception of two way space. 

So far no special hypothesis has been made with respect to the 
functions ax. 

Einstein’s law of gravitation is the hypothesis that 

Gix.dax; dx. 

vanishes identically; that is, that Gi, is zero. Its naturalness in the 

study of differential geometry could hardly be exaggerated. The wonderful 

thing is that it should tell us about facts of the universe. 

It gives us a number of differential equations to determine aj, ..., and 

when these are determined the path of a particle in empty space will be 

that which makes 

| Wander: dary) 
stationary. 

But the form given for the gravitation field due to a particle at rest, viz. 

— yd? —7?d—?r’ sin? Od¢’?+ydt’, 

2m 
where y= 1 wae 

is not deduced merely from the gravitation law ; other considerations are 

brought in; and I have a. difficulty in seeing the justification of the use 

made of polar coordinates when Euclidean geometry has been rejected. 

I now introduce an hypothesis which will be satisfied by this form, 

but which, I think, arises more naturally out of the form 

F 6s? = ay,d2z;dzr, 

from which our geometry of Einstein is to be built up. 

The hypothesis I make is that the four curves which go out from any 

point, and which we have seen are invariant for any choice of coordinates, 
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may be taken as the intersections of three of a quadruply infinite system 

of hyper-surfaces—here three way loci. 

This hypothesis distinctly limits the functions a,, and if it is to be 

applied in conjunction with Hinstein’s hypothesis it distinctly limits the 

law of gravitation. 

First we take this hypothesis apart from Hinstein’s and consider what 

it leads to just as a geometrical one. 

We can take the quadruply infinite system of surfaces to be 

“, = constant, w,—= constant, z, = constant, 2x, = constant, 

and we call this coordinate system the normal one. Referred to normal 

coordinates the four invariant curves have the equations 

Oke == Ot, == de, = 09 da, = 624— 02) — 0. dt — di 

di, Ae Os 0): 

It follows that the vertices of what we called the tetrahedron of the point 

£1 X_3%, Will be the point whose coordinates are 

One sn O 
’ 

? ? “) 

1 

Oo die ONINO: 

is PD ee ty 

(iy Pai aeed sheet ? 3 

and the “ six coordinates’ of its edges will be 

= ~ 2 = 

avy ~~ 

. 

Ss Se Se Ss & . ~~ 

SoS onc = Sao. oS) or SCO eeo i = = a ee ay a) 

It may be proved that consequentially all the coefficients in the first 
complex vanish except 

Gio Aga, = 33, gg, = 55) gn) yg, gy = Ogg 

In other words, every symbol (rkth) vanishes, in which three and only 

three distinct indices occur. 
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It is worth noting in connection with the hypothesis I have made that 
the necessary and sufficient condition that by a change of variables 

Ain da, dxy, 
ean be brought to the form 

di? +da2+da?+dz?, 

that is, to flat or Kuclidean space, is the identical vanishing of all the 
symbols (rkvh), taken with respect to any coordinate system, whilst this 
particular hypothesis requires the vanishing of every symbol in which 
three, and only three, of the indices are distinct when referred to the 

normal coordinate system.* 

We now combine this hypothesis with Hinstein’s law of gravitation. 

We have 

Gy = — 33 A 99 — O99 A gg — ayy A, Gog = — 33 Aq — ay A gg — Og, A 4, 

Gogg = — O92 Ay) — ay, Aw — ag A as, Gg = — yy Ap — A553 A op — agg A 4, 

Gag = yy Aagt (435 — 95) Aya Gyy = (35 — 195) Ags tay Aras 

G3, = gg Ag + (444 — 436) Aca, Gog = (ays — A496) A 91 + 155 A nu, 

Gyo = gg Aga + (O5— 44) Agu, G34 = (0195 — 44) Azo + tg Agu 

Since all the functions Gj, vanish for a non-vanishing set of Ai, ..., we 

see that the product of the determinants 
> 

0, — gg, —Aag, O44 | 

— a33, OM On 07,455 | | y1, Agg— Ags | gq, Ay4— Age | | gg, Ags — A3g | 

— Gq, — O11) 0, — G66 | | gg —Gy5, O44) | @1y— gg, O55) | a5 — Age, Mpg | 

— O44, ——~55, —~ AG6» 0 

moust be zero. 

If we yo back to the determinantal equation aA = 0, we see that the 

gum of its six roots is zero; and further, now that the first complex takes 

a simpler form, the roots are given by . 

2 tea 2 
4, Aggy = (aj4—A)’, Agg O55 — (a5 — A) » 33 Age — (a3g — A) : 

It can be shown that the determinant product just considered is the 

* Lowe the correction of a misleading statement here to Prof. Hddington’s remark that 

the symbols in which three of the indices are distinct are not components of a tensor. 
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square root of the product of the sum of every set of three of the roots 

of the determinantal equation aA = 0. 

The sum of some three of these roots is therefore zero. 

Excluding the case of equality between any of the roots—a_ possibility 

which would repay investigation as it actually occurs in the form given 

for the gravitation field due to a particle at rest—we can arrange that one 

of the three roots, whose sum is zero, is found in each of the sets 

O41 Ag, = (ay4—A)’, O99 O55 = (atas—A)?, A33 dgg = (agg — A)”. 

Tt will be found to follow that none of the determinants 

= | J 4 

41, O36 — O95 A995 O14 — Ag6 | A335 o5—— 236 
, | 

| 436 — Go5> O44 sz, 36) 55 | | G95 Age, 66 

ean vanish, and therefore we must have 

Ags = Ay = Ayy = Ay = Ay = Ay = 0. 

The space-time interval must thus take the form 

a dai +b? 0x2+c? 0r2+ 0? 02?, q 

and for this form we easily verify that 

Ay4 = Ags = Ogg = O. 

The functions a, 6, c, d are no longer arbitrary functions of the variables 

I, Ly, Xg, %4: the fact that all symbols (rkvh), in which at least three of 

the indices are distinct, must vanish, gives us 

b. 6 c d d. b 
Q23 — A > + 3 Bae Ag, — Ag oe +44 a » Wg — a +a, Ae 

. ¢ a a d d. C 
bs, ee by = eta ae 7? Dig = by | +b, —, 

a b b d. d a 
Gg = 0 +6 a Cu = Ga +4 C4y = ae +c; ae 

b. Gs. ¢ b 
dys = dy = +d3—, ds, = ds Soar dy = a,~* +d, > 

where with respect to a, b, c, d, and only with respect to these functions, 

suffixes denote differentiation with respect to x1, #, %3, %y. 

‘ We have not yet used the differential equations arising from the. con- 
ditions 4 

Gy = Gy = Gz = Gy = 0, 

and we now proceed to obtain them. 



1920. | HINSTEIN’S THEORY OF GRAVITATION. 18 

The first complex has reduced to 

yy Pi + aag Ps + asg Ps tay, Ds + ass Ds + agg PG 

the second to 

Pep tee pter p+ epi tedp+cdp.. 

Recalling the explanation of Riemann’s measure of curvature, how it 

depended, not merely on the point at which it was taken, but also on the 

six coordinates of its line of orientation, we take the curvatures corre- 

sponding to the six edges of the tetrahedron of the point 2, %», x3, 4. 

Let K.3 be the measure of curvature corresponding to the edge BC of 

this tetrahedron ABCD. The other curvatures will be K;, corresponding 

to CA, Ky, to AB, K,, to AD, Ky, to BD, and K,, to CD. 

The first complex may now be written 

ek 93 Pi +C'a°Ky D> +47b°K45 as ead K 14 Di +P Ky Ds +A Ks, Ds , 

and we have 

The Einstein conditions 

Gy = Gy = Gas = Gur 

now give 

eet Ge ag, Kop Mia, Ko + Ka +Kyy = 9, 

that is, “The sum of the curvatures which correspond to the edges of the 

tetrahedron meeting at any vertex is zero.” 

We thus have four further differential equations which must be satis- 
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fied by a, b, c, d: that is, sixteen in all of the second order if we are to 

combine EHinstein’s law of gravitation with the hypothesis I have made. 

I have not worked out the consequences of the consistency of the 

sixteen equations of the second order to be satisfied by the four functions 

a, 6, c,d. Perhaps the first step ought to be to eliminate these four 

functions, and thus to obtain any further consequential relations between 

the derivatives of two of the curvatures, say Ky, and Ay, in terms of 

which the others can be expressed. 

In the expression given for the gravitational field due to a particle at 

rest Ay = Ky3, and thus the more general hypothesis, of a functional 

relation between them, is suggested as something that might lead to a 

new geometrical problem. 

In a further study of the differential equations one might be led to 

connect them with other problems in geometry, in a manner which will 

be familiar to those who have made a study of similar problems in 

differential geometry of ordinary Euclidean space. 

In the gravitational field given for a particle at rest Ky = m/r’, so 

that as we increase our distance from the particle the geometry of space 

tends to flatness or zero curvature. 
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SOME PROBLEMS OF DIOPHANTINE APPROXIMATION: THE 
LATTICE-POINTS OF A RIGHT-ANGLED TRIANGLE 

By G. H. Harpy and J. i. Lrrruuwoop. 

[Received March 30th, 1920.—Read April 22nd, 1920. 

1. Introduction. 

1.1. The problem considered in this paper may be stated as follows. 

Suppose that w and w’ are two positive numbers whose ratio 0 = w/w 

is irrational; and denote by A the triangle whose sides are the coordinate 

axes and the line 

(bs ht) orto y =n >, 

and by N(7) the number of lattice-points* which lie inside A. How 

accurate an approximation can we find for N(y) when n is large? And 

how does the accuracy of the approximation depend wpon the arithmetic 

character of 6? We call this problem Problem A. 

Such ‘“‘lattice-point’’ problems are, in general, very difficult. It 

is enough to recall the two most famous of them, the problem of the 

circle (the problem of Gauss and Sierpinski), and the problem of the rect- 

angular hyperbola (Dirichlet’s divisor problem), both of which have been 

the subject of numerous researches during the last ten years. The 

particular problem which we consider here has not, so far as we know, 

been stated quite in this form before. It is however easily brought into 

connection with another problem which has attracted a certain amount of 

attention, and which has been considered, from varying points of view, by 

Lerch,+ by Weyl,! and by ourselves.§ This problem, which we shall call 

. * A lattice-point (Gitterpunkt) is a point whose coordinates x and y are both integral. 

+ M. Lerch, l’ Intermédiaire des Mathématiciens, Vol. 11 (1904), pp. 145-146 (Question 1547). 

TE Wieyl;, ** Uber die Gleichverteilung von Zahlen mod. Eins”, Math. Annalen, 

Vol. 77 (1916), pp. 313-352. 
§ G. H. Hardy and J. E. Littlewood, ‘‘ Some problems of Diophantine approximation ’’, 

Proceedings of the fifth international congress of mathematicians, Cambridge, 1912, Vol 1, 

pp. 223-229. 
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Problem B, is as follows. Suppose that, as usual, [z] denotes the integral 

part of z, and that 

(1. 12) {eo} = 2—[e]—-f. 
Then what is the most that can be said as to the order of magnitude of 

(1.13) | 3 (0, n) = > {v0} 
— Vv 

when n is large ? 

1.2. We begin, in § 2, by proving the formula which establishes the 

connection between Problems A and B, and shows that the first problem 

is a generalised and more symmetrical form of the second. We prove in 

fact that 

poe AR a HAE NIE. (1.21) N@) = = — 3 — 5 +800), 

where S(y) is a sum very similar to the sum 1. 138. 

It is trivial that 

2 

(1. 211) N(@) = Ee +0(n), 

the area of the triangle, together with an error of the order of the peri- 

meter. The second and third terms of (1.21) occur naturally when we 

consider, instead of A, the similar and similarly situated triangle whose 

vertex is at (1, 1) instead of the origin ; for the area of this triangle is 

ve n nya L 
igen Talat 

But no closer approximation than (1.211) is in any way trivial; and, 

when @ is rational, S(7) is effectively of order 7, so that a universal 

formula, professing to be more precise than (1.211), would necessarily 

be false. 

In § 38 we deduce transformation formule for N and S, which are 

generalisations of a formula given without proof by Lerch, and which 

enable us to study these sums by means of the expression of 0 as a simple 

continued fraction. In § 4 we prove (a) that 

Clip 22) S(y) = o(y) 

for any irrational 0, and (b) that (1.22) is the most that is true for: every 

such irrational. Incidentally we obtain the corresponding results con- 

cerning Problem B: the first of them at any rate is in this case familiar. 
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In §5 we consider more closely cases in which the rate of increase of ‘the 
quotients in the continued fraction is comparatively slow, and in particular 
the case in which they are bounded ; and we prove that in this case 

(1. 23). S(m) = O(log »), 

and that this result too is a best possible result of its kind. There’ are 

naturally analogous results for Problem B; that corresponding to (1.28) ° 

was stated as a new theorem in our communication to the Cambridge 

congress, but had, as was pointed out to us by Prof. Landau, been given 

already by Lerch. . 

Up to this point our argument is entirely elementary, and both methods 

and results are of a kind to be found in our previous papers on Diophantine 

approximation or in those of other writers. We have therefore aimed at 

the maximum of compression and have omitted a good deal of elementary 

algebraical calculation. The concluding section (§ 6) is more novel. In 

it we prove that if 0 is algebraic then 

(1 . 24) S(n) = O(77"), 

where a<1. This result is unlike any which we have been able to prove 

before, and is obtained by entirely different methods, based on the proper- 

ties of the analytic function 

1 

m,r=0 (a+mo-+no’'y’ , 
Ms (1 . 25) 62(s, a, w, ow) = 

This function will be recognised as a degenerate form of the “ Double 

Zeta-function ”’ introduced into analysis by Dr. Barnes.* 

2. Reduction of Problem A. 

2.1. We write 

@.11) t=[7]+, 4=[3]+. 

where cca, 00 Oa a1. 

* BE. W. Barnes, ‘‘ A memoir on the Double-Gamma-function ’’, Phil. Trans, Roy. Soc., 

(A), Vol. 196 (1901), pp. 265-387 ; see in particular pp. 314-349. For a study of some of the 

properties of the degenerate function (for which the ratio w/w’ is real) see G. H. Hardy, oe On 

double Fourier series, and in particular those which represent the double Zeta-function with 

real and incommensurable parameters’, Quarterly Jowrnal, Vol, 37 (1906), pp. 53-79. 

seR. 2. vou. 20. No. 1378. Cc 
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‘Suppose first that there is no lattice- point on the line (1. 141),,or 4B 

of: ‘the figure. ‘Then the number of lattice- points inside OAB 1 is 

em  xo=S [=] =[2][2 +80 
Now [+ oe Dyas where e, is 1 or 0 according as « is or is not. 

an integer; and «@—/’ cannot be an integer, since then y—w would be 

an) integral multiple of »' and there would be a lattice-point on AB. Thus 

@. 13) [f"—m6] = — [W0—f']-1 = — WO (W—F"} 
Seen into (2.12), and using (2.11), we obtain, after a little re- 

duction 
2 

(14) NO) ee oe oy 

where 

ay p= 4ft+hOfa—/) 
and: on 

(2.149) Sin) =F {nosh 

Since ¢ is bounded, the problem is reduced, substantially, to the dis- 

cussion of S(y). 

The'preceding argument requires a trifling modification when there is 

a lattice-point on AB; there cannot be more than one, since @ is irra- 

tional. In this case the sum (2.12) gives N(y)-+1 instead of N(). 

There is one value of » for which u@—/’ is integral, and for this « the 

—+ in (2.13) is changed into 4. The net result is to leave the final 

formule unchanged. 

3. The Transformation Formule. 

3.1. In order to obtain a formula for the transformation of N(y) or of 

S(y), we employ the familiar device of adding together the number of 

lattice-points of the triangles OA B, O'A'B’ of the figure. 

If we take new axes O'X, O'Y, as shown in the figure, it is plain that 

‘e+-Y= [2 ]+1, | x+y = [2 |+1; 
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and the equation of AB, referred to the new axes, is 

(a, £1) wo! X+eY = y+o(1—f)+o'(1—/") = H, 

say. Repeating the arguments of § 2, we find, for the number N’(#) of 

lattice-points of O'A'B’, 

H? WET 
fo 1) NYE) = 5 95 Bot FETS, 

where 
, a if 

(8.121) 6-4ry ft) 
20 

and 

g! ae {¥ Fl (8. 122) S(H)== 4 -F;; 

F' and F" being defined by ; 

(3.123) 7-|#lip, + =(S|+F. 0<F<1, 0<F'<1. 
« 

3.2. We suppose now that w<w', 0<1. A glance at the figure 

shows that 

[e]=-(2} @ w 

Substituting for H in terms of y, frem (8.11), we find at once that 

(8. 21) F' = 6(1-/). 

The same argument shows that 

afl 

(3 . 22) r= ae 

fo) bo 
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where p is an integer; it happens that the value of D is not material to 

the argument. 

It is also clear from the figure that 

(3. 28) Nona) =| ~][ 2 |e 

where ¢ is zero unless there is a lattice point on AB, and then unity. © 

Substituting for N(y) and N’(H) from (2.14) and (3.12), using (2.11), 

(8.11), and (8.21), and reducing, we obtain, finally, 

B24) S48'te=—343 (f+ /) Hf -Pt EP 

3.8. It is important, in view of Problem B, to show that this formula 

includes a formula given by Lerch.* Suppose then in particular that 

wo’ = 1, o= 6<1, and write 
\ 

m y ) 

= Sagi Sa ANA (8 .31) se iuet, s=Zigy: 

where m is the integral part of n0. 

Starting with an arbitrary positive integral , we write nO = M+4, 

where M is an integer and 0 < 6 < 1, and take 

Then fl=0, F=% (mod D), 

by (2.11) and (8.22); and there is no lattice point on AB, so that « = 0. 

Suppose now that q is a positive integer and 

1—6 
Big Sovran et 

1—<s 1—6é 
Then a = 2+ —— 7 =ntqtf, f= Ta wee: 

Also H =7+1+6(1—/) lies between M+2 and M+8. Hence 

(3.32) y= 5 fol =. i {Met} ie 

* M. Lerch, loc. cit. 

+ It is easy to see that (1—5)/@ cannot be integral. 
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and 

| PEI) eile. 13 
eee On) a eo ge, J 8. 23 
Also 

n+q « 

(8.83) S= 2 {uO} = > {uO} = s+ S (ho) = sé, 
= | oa | 

say. And (w+1)0, ..., (w+q)@ have all the integral part M, since 
g8<1—é< (q+ 10. bHonts 

4) 

q « 

@B.B4) Sy) = > (n0+7O—-M—}) = B (r0-+6—2) = 4g q+ 0+ q0—B. 

Substituting from (3.32), (3.321), (3.38), and (8.34) into (8.24), and 
reducing, it will be found that 

6(1—9d) 
(8. 85) sts’ = }6— 30” 

which is the formula of Lerch. 

4. Results concerning an arbitrary irrational 0. 

4.1. THeoreM A1.—IJf @ = o/o! 1s irrational, then 

2 

NG) = 5 — oe Oh 

We may clearly suppose that 9<.1. Suppose that 

1 1 1 
@=—, — ,— (4.11) a, + dg tag +...’ 

1 tea. 
(4.12) ray Ee ee ae Tare 

We have, from (3. 24), 

(4 . 18) S+8' = 0(1/6), 

the constant of the O being independent of both y and 0. 

We write 7 = w€, so that 

5 = 6+01—/)+1—/' = +011), 

and we write f, and «, in S’ instead of F’ and». Then 

Rie (my me Bs ie sa 2: 0 —Si = O()+ 2 1494S} = O11) +8, 
fy =1 ( 
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say ; so that 

(4. 14) § = O(1/4) — 

Similarly, we have 

S, = O(1/0,)— Sa, Sp = O(1/6,) — 3, eee, 

where S,, S;, ... are sums of the types 

£00, £0010. 

So = 2 {M292.—fo}, S3= 2 VsOa—-Yah sees 
B3= 

so that S, = 0(€60,), S;= O(€00,8,), 

It follows that 

1 
(4.151) s=0(4)+ 0 (5- aya +0 (5 ~) +0(€00, . Wns 

and 

sero (4.152) 8=0(G)+0(z)+...+0 (§-) +0(€00, ... 0-18). 

-We shall require both of these equations. 

4.2, We choose v:so that 

(4.521) COO nce Opa 0, ea les LOO ge Ons 

It may be verified at once* that 0,0,., <4 for every s. Hence on the 
one hand 

(4722) G0. Oe On). 

and on the other 

ial 1 i york \ ee 
4 . 23 ——s an Son oe aes — — SS _— /Q—3V (4.28) 5+ 5-+...+g ~ = O(yMaxg-) = 0 (gg 4) = 002-2). 

From (4.151), (4.22), and (4.23), we obtain 

(4. 24) S = 002-#£)+-0(2-”£) = of), 

since v tends to infinity with ¢; and the theorem follows from (2.14) and 

(4.24). 

* See our paper ‘‘Some problems of Diophantine approximation (II) ’”’ ‘[deta Mathe- 
matica, Vol. 37 (1914), pp. 193-238 (p. 212)]. 
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4.3. To Theoren# A1 corresponds, 4D: Problem B, the well known 
theorem : 

TuroreM B1.—/f 6 2s irrational, then 

n 

s(0, n) = > 126} = o(n), 

The proof of this theorem is included in that of Theorem A1. We 
have only to take » = kw’, wher e k is an integer, so that eS == 0. and abo 
write € = y/o = k/0, oe 

4.4. Toeorem A2.—If W(y) ts any function of n which tends steadily 

to infinity with yn, then there is an ee @ such | SUOd: each of the . 
inequalities 

2 7? 

N@—s 5-p gp > ya NO-s-2-3<- mee 
Qu’ — 2w Qo! Wr(n)’ 200’ 20 20’ y(n) 

is satisfied for a sequence of indefinitely increasing values of n. 

Thus Theorem A1 is the best possible theorem of its kind. A ae Be 

Making the transformations indicated in 4.8, we see at once that it 

is enough to prove 

THEoREM B2.—If y(n) is any function of n which tends steadily to 

infinity with n, then there is an irrational 6 such that each oh Ue m- 

equalities 
s(@, n) > —— s(0, n) < — 

Te n)’ 

is satisfied for an infinity of values of n. 

Fo 

To prove this we use Lerch’s formula (8 . 35). Writing 

(4.41) n, =[n0] = nO—6, ng = 1, 0,—46,, «.., M41 = Mr O,— 4, 

d,(t —6s) po NAN) ace yeh i aed (4. 42) (ee ae we d 

we have 

(4.48) s(8;n) = go—8 (5 m) = ho—8(O1, %) = Po— $1 +5 (Og, Ma) 

=... = by— Pit---+(—1)’ br +8 (Or 41, Nrtr)s 

We suppose @,41 even, and aca large in comparison with the pre- 

ceding quotients a, a, ..., dp, and take m, = 44,41. Then m1 = Ogand 
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6, is practically 4, so that 46,(1—é,) is certainly greater than 5. Having 

fixed 7,, we can determine 7,_1, 2,2, --., 7%, ” from the equations (4.41); and 

Die 2s Oho Ae Eton he, i 
SSG PAGO. COR Omega ea On 

It is then plain that, if a,,, is sufficiently large in comparison with the 

_ preceding partial quotients, s(0, 2) will have the sign of (— 1)’, and 

n 

y(n)" 

And, by choosing a @ for which sufficiently violent increments in’ the 

order of magnitude of the quotients occur at an infinity of stages in the 

continued fraction, we can secure the truth of (4.41) for an infinity of 

values of n. 

; 1 Ay +1 (4.41) | 3, ») | > 21 ¢| > a99 > go > 

5. Results concerning special classes of irrationals. 

5.1, Tueorem A3.—I[f the quotients a, m the continued fraction for 
8 = w/w' are bounded, then 

ee 
Ny) = one iy Pie 1, + O(log »). 

ww 2 

THEOREM B3.— Under the same condition, 

s(@, n) = O(log x). 

To prove Theorem A8, we return to the analysis of 4.1 and 4. 2, but 

use (4.152) instead of (4.151). In this case we have plainly 

8=0(4)+0(g)+..+0 (g) = 00 
Since Vier) Casares O (gaea) = O(€), 

we have vy = O(log €) = O(log 7); and the theorem is proved. Theorem B3 

follows a fortiori: this is the theorem which, as we explained in 1.2, was 

claimed as a new theorem in our communication to the Cambridge con- 

gress, but is really due to Lerch. 

It will easily be verified that, if we assume 

An = O(n?) (p > 0), 
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-we obtain an error term of the order 

| S = O{ (log n)P*"} ; 

if we assume @, = Oe"), where p lies below a certain limit, we obtain 

= O(n’) « <1).* 

As so little is known concerning the order of magnitude of the quotients 

in the continued fractions which express irraticnals of particular types, it 

is hardly worth while to go into further detail. 

5.2. THEorEM A4&.— There are values of 0=o/0', with bounded 

quotients, such that each of the inequalities 

2 2 

Ve eae Ee sip «<a Sad Re agen ia ee 7g 
() Qa’ Fa ow’ > K log, N) 200 20 Zw! <— K logs, 

where K ts a positive constant, is satisfied - for a sequence of indefinitely 

increasing values of 7. 

THEorEeM B4.—There are values of 0, with bounded quotients, such that 

each of the inequalities 

s(0, n) > K log n, s(0, n) << — K log n 

is satisfied for an infinity of valyes of n. 

Thus Theorems A3 and B3 are also best possible theorems of 

their kind. To prove this, it is plainly enough to prove Theorem Bé4; 

and this we shall do by considering the simplest irrational of all, viz. 

(en Wek a 
eG aT eT 

Sey yi 
We write C= 4 = ane 

and take the convergents to 6 to be 

FUE alt il Fie lee a a 
Yo Ped P93 2 

Then it is easily verified that 

1 
Cs = Jd (O%t?-+-(—1)° lai Ps = Ys-1- 

Compare p. 214 of our memoir in the Acta Mathematica referred to above (p- 22). 
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5.8. We first take = q, in the formula (3.31). We find. without 

difficulty that [O]=q-v» .6= q0—[q.6] = 6, 

if s is even, and [g:0] = q-1—1, 6 = 1—6**} 

if s is odd; and that in either case 

(Susie * gS 8h 

satisfies the equation 

(5. 82) ie ee ca Goel | 

Using this recurrence equation to express o, in terms of 

oy = {0} = 45-1, 
we find, after reduction, that 

(5 33) a ee —2(— 14161 4 (1) 0. 
° s 2/5 2 V5 sy 

Suppose now that 

ee) s(O,n) = 2 jvO} Gs SN < Gos). 
1 

We can express 7 in one and only one way in the form 

N= GF YF IqF + FI, = etOr 

where §, S}, S, ... ate descending integers differing by at least 2; and 

Qn ta | ae 
s(0,n) =o.+ 2 (qs) 9}. 

oe 

Now q;6 differs from an integer by less than does any u@. Hence 

[(qst m0] = qo--+[u6] 
and — {(qs-+u)0} = q,0—g.-1+u0— [w0]—4 = (—1) Ot 4 {nO 

s(0, n) = o,+(— 16719, +59, 
We now write 

i= Qs +9nt---+9s, = I,+Q2 Q2= Gat Qs 

and so on, and repeat the argument. We thus obtain — 

(5.85) 80,2) =o,+o0,+0,+...+¢, i 
HHP OT OA (— 19 O14 Oa +... F(A 1) 1 Pt Q, 
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5.4. If in (5.35) we substitute the values of the o’s given by (5 . 83), 
the first two terms, of (5.88) will plainly give a contribution bounded for 
all values of s, so that ng 

(5 . 41) to,+... +o, =— Ai ((— I +(— "+... +(—)") + O(1). 

Again 
k 

6.42 = 24,= ae z (6 HE (yt), 

and the sum of the second terms is numerically less than k, and a fortiori 
than s. The sum of. the contributions of all such terms to (5.85) ig 
therefore less in absolute value than 

sO°t*+-s, 0971-4... = O(1). 

These terms, then, may be disregarded. Making this simplification, and 

substituting from (5.41) and (5 . 42) into (5.35), we obtain, finally, 

(5.48) s.0,n= OW— 5 (II. .+(—1)*) 
/5 

+ Dern poet. Om) V5 seis 

(—12 $1 — 82 $1 — 34 31 — 5, Bae (6 a2 trot Oe ©) 

(=D), Dee at SS 

5.5. This formula enables us to study the behaviour of s(0,») for 

different forms of m, and in particular to prove our theorem. Let us take, 

for example, 

A stds = 4k, Sy, = 4h —4, .... 8, 4. 

Then the right-hand side of (5 .43) becomes 

6. d (OO 0 hs FORMA) 5) oe od - {5+ 35 ( a) Olt) = Cs 000), 

; 1 6 eo eae : 

i ai Orage (=a-9) = BOs 

and s(6, ») is negative and greater than a constant multiple of s. Simi- 

larly, if we were to take 

s = 4k+38, 5, = 4k—1, ..., 5, = 3, 
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we should find s (9, ») to be positive and greater than a constant multiple 

of s. Since s is greater than a constant multiple of log , this com- 

pletes the proof of Theorems A4 and B4. 

5.6. We should perhaps, before passing to more transcendental in- 

vestigations, add a word concerning the case, so far excluded, of a rational 

0. It is easy to see that, when @ is rational, no such results as we have 

proved in the irrational case are true: s(6, ») is effectively of order », and 

the oscillatory part of N(y) of order 7. Thus, to take a simple case, the 

series > {2u} is 

R-d-}4+h-}-}43-1-F 4... 
and s(2, n)~ —an. . 

In general, for a fixed rational 6 = p/q, we have s(0, ») ~ Agn, where 

A,—>90 when g>o. 

6. Transcendental methods : results true for all algebraical values of 0. 

6.1. The substance of our concluding section lies somewhat deeper. 

Our goal is to prove 

THroreM A5.—If 0 = w/w! ts an algebraic irrational, then 

2 
BS Eek NG “ 

where a<1. 

THEOREM B5,.— Under the same conditions 

s(@,. 2) ==, O10") (ai 1). 

We require some preliminary lemmas concerning the function 

1 
> —_—— 

m, n=0 (a+ mw+nw’)* i 

where a, », and w’ are positive, and s =o-+it. This function is a de- 

generate form of the double Zeta-function of Dr. E. W. Barnes. Barnes 

considers only the case in which (as in the theory of elliptic functions) the 

ratio 6 = w/o’ is complex. The series (6.11) defines the function in the 

first instance for o > 2. ; 

(6 ° iT) ¢4(s, a, w, w’) = 

6.21. Lemma a.—The function ¢,(s, a, , w') is an analytic function 

of s, regular all over the plane except for simple poles at the points s = 2 
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and s=1, where it behaves like 

eee 
ww’ s—2’ Qo’ s—1 

respectively. 

This is proved by Barnes when 0 is complex, and his proof, depending 
on the formula 

du, Gy e.(s a: @, o) = 29 | e~"(— uy)" 
22 ) dee 

is equally applicable in the case considered here. We should observe that 
(—u)~* = eS Vi8(-),, where log(—w) has its principal value, that the 
contour of integration is the same as in the well-known Riemann-Hankel 
formule for the ordinary Gamma and Zeta functions, and that the formula 
is valid for all values of s except positive integral values. 

6.22. Lesa 8B.—Suppose that 0<a<wto', and that 0= w/o! 
ts an algebraic irrational. Then there is a K such that 

Go! —a)-+4(1—s) x} 
7 

Mw 

{2m 

@ (6.921) 2d oo’) _ 1 > 
s-l as ages (2a) T(1—s) line miceein 

° gin (am (Jo—a)+3(1 —s)m} 

- MoT 
s10-— 

@ 

1 
Sac 

@) ys 
m=1 mm 

for ¢-<—K. : 

To prove this formula we start from the integral (6.211) and integrate 

>————$__—_—— 

(2) 

@) 

(3) 
1 

round the contour shown in the figure. We suppose, as plainly we may, 
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that the horizontal lines (8) pass at a distance greater than a constant 6 

from any pole of the subject. of integration, and that the loop (1) passes 

between the origin and the poles +27t/w; + 277/w' nearest the origin. 

This being so, it is easy to see that the contributions of the rectilinear 

parts of the contour tend to zero when the sides of the rectangle move 

away to infinity, and that 

¢ =. (1i—s) lim. 2R, 

where # is a residue of the integrand. A simple calculation shows that 

the residues yield the. two series required. If 0 = w/o! is algebraic, we 

have | 
— 

) Si 
. Mow! 7 

sin 27 > ie 

where c is a constant depending on the degree of the algebraic equation 

which defines 6. It follows that the two series of the lemma are abso- 

lutely convergent if o is negative and sufficiently large.* We shall 

suppose in what follows that the series are absolutely convergent for 

o<—K. The formula (6.221) may of course hold in a wider region 

than this. 

6.23. Lemma y.—If |t|—> © then 

Ga(8, a, @, wo!) = Ofe'!*)), 

for every. positive «, and uniformly throughout any finite interval of 
values of c. 

Suppose that 7, <o<o. We may suppose the contour of integra- 

tion in (6. 211) deformed in such a manner that 

| ¢| = larg (—u) | < 34+he 

at every point of it, and |p| = 4r+he 

at all distant points. We have then 

| (—wy |< Alw|4 ell < Al ul4 e@rt9!41, 

where 4 is a number depending on a, and oo, 

| T'(1—s)| — O(e7# 4 | t |2-7) — O(e~@7-29 141), 

=O (el |G le | eel) = O(e!4!), 
—e7o | 1 

* It is hardly necessary to give fuller details of the proof, as the substance of the lemma 
is‘contained in the paper of Hardy referred to in the footnote to p. 17. 
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6.24. Lemma y is required only in order to prove a somewhat’ deeper 
lemma, viz. :: 

Lenma 0.*—The function ¢3(s, a, @, w') is of finite order in any half- 
plane o>, and its w-function u(c) satisfies the relations 

(8. 241) wo =0 (6 >2), 

ROR 
(6 . 242) u(c) <a (—K <o < 2), 

(6 . 248) u(c) < $—c (¢o<— kK). 

Of these relations, (6.241) is obvious, since the series (6.11) is 

absolutely convergent for o>2; and (6.248) follows from (6.221), 

since we have : 

Qay7 PA—s) sin | = Goa) 9) x | = 0 fe!" |TA—9)]] 

= O(\t|?-’) 

uniformly in m, and, of course, a similar result in which » and o’ are 

interchanged. Finally, (6.242) follows from (6.241), (6.248), and the 

well-known theorem of Lindelof.t Lemma y is used only to show 

that the conditions of Lindeléf’s theorem are satisfied. — . 

6.25. Our last lemma is of a different character. We write 

(6. 251) atmotno' = ly, 

the numbers J, (no two of which are equal, since @ is irrational) being 

arranged in order of magnitude. We suppose that € is not equal to any 

Z,, and we put TAPS Oe 

Ly<é 

Lema ae Suppose (aime = A, and 6 = ilo) =. Chen 

there exists a number H, independent of T and €, such that 

: e+iT 

we-so Gl) © ds ae 
ea) 

* For explanations concerning the ‘‘ u-function”’ of a function f(s), defined initially by 

a Dirichlet’s series, see G. H. Hardy and M. Riesz, ‘‘The general theory of Dirichlet’s 

series,’ Cambridge Mathematical Tracts, no. 18, 1915, pp. 14-18, 

+ Theorem 14 of the tract referred to above. 
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We have 
' 1 (eriT é eter es ‘ds 

(6.252) W— Dani i 6(s) - ds = W— BER =|. ae) ts 

& 19 C+ ie né s ds = (Lp < £) ) 

Soe Qari io eS s=0 (,>8))’ 

the right-hand side of (6.252) may be written in the form 

> C+0e 

oe \_ +3 mies pe aa me 

, y) La? say. Now* | Up |< 7 oe 

Hence 

(6. 258) [we Saal ateee eer ame 
Qarv a(s S Pee ee | log (€/Zp) | 

If we write 1, =e~*», € =e, the series becomes 
—cr 

(6.254 Seen 
|p—Ap| 

and p= Fg Ag+1): 

Now Bohr,+ generalising a result of Landau,{ has shown that the series 

(6 . 254) is bounded, provided only that 

(C) there is a number 1, positive or zero, such that 

1 é 

—_ (14+ 8) 

Np tase oe Y) 

jor every positive 6; 

and it is easy to verify that the condition (C) is satisfied by our series 

SFr A ate 

Ipgi— ly = a+m'o+n'o'—a—mo—no! = hotko' = o' (k+h6), 

say, and so, since @ is algebraic and J,41: << l,+H, 

Ipsi—lp > (| h | +2)-* > H(|m| +] m'|+2)-2 > Aly, > Hy" (p> py), 

Ap+1—Ap = log (1+ mt) ede lite 
Pp 

* Landau, Handbuch, § 86. 

+ H. Bohr, ‘‘ Hinige Bemerkungen zum Konvergenzproblem der Dirichletscher Reihen’’, 

Rendiconti del Circolo Matematico di Palermo, Vol. 87 (1914), pp. 1-16. 

+ Handbuch, § 235. 
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H, wherever it occurs, denoting a positive constant, not of course the 
same at different occurrences. Thus Bohr’s condition is satisfied, and 
Lemma e follows from (6. 2538). 

6.8. We can now prove our theorems. We take T= &’, where 
O0<y<2. We choose arbitrary positive numbers 6 and e¢, and take 
c = 2+6. 

We then apply Cauchy’s theorem to the integral 

Pies = 
ae | (9 (Ss) = ds, 
270 

taken round the rectangle 

(c—77, e+iT, —K+iT, —K—iT), 

the sides of which, taken in order, we denote by (1), (2), (3), and (4). 

Using Lemma a, we obtain 

ii = os woo’ —2a 
6.381) — | 6(s)=>~ds = Be lS 3 ae SABE (6.31) Fy) Go = ds jot + | he at £+6(0). 

2 ONO) 2a! 

Now 

(6 . 32) | = WE)+0 (=) = UE) OCs sA e*)s 
(1) 

by Lemma ¢e; and 

T K+t+e 
(Geieo) | == (0) | [ei ea ere dt) =9) (= —_ — O(E-K+ K+ art), 

(3) — & 

by Lemma dé. It remains to estimate the contributions of the horizontal 

sides; and it is clear, from Lemma 0, that the contribution of either is of 

the form O( Max o)-1+e) — O(Max €"), 

HELLY 

(4+ K)(2—c) ‘ where n=ot+ {eee} ;yte (-K <0 <2), 

4 =i ay é (aa a 0). 

It is clear that » cannot exceed the greater of its values for o = —K 

and ¢ = 6, Viz. 

—K+(K—t)y+te, 2+6—-yte. 

The possible error-term arising from the first of these values may be 

absorbed into that already present in (6.33). That corresponding to 

smR. 2. vou. 20. No. 1879. D 
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the second, as well as that in (6.82), may be absorbed in a single term 

O(€?**-7**), We have therefore, on collecting our results, 

ote (6.84) We) = SE 4 SEO gy 9 [gemeerrnrte, 4 EttOV9, 
a 

We have still y at our disposal... Taking 

—K+(K+)) y = 240-y, 
: 9+6+K 

we obtain A Y= DEET. 

(which is, as we supposed, positive and less than 2), and 

“y _ 2+9)G+hH)—K 
9+6 SRT a tt 

This is “equal to (1+4)/3+4) <1 when d=0, and is therefore less 

than unity if 6 is ia: ee small. We have therefore 

(6 . 85) Wee) = f+ te 4 et 09, 

where a<1. In order to obtain Theorem A&5, it is only necessary to 

attribute to a the particular value +o! and to replace € by , since W(€) 

then becomes N(y). 

Our argument naturally yields a definite value for a. But it becomes 

,clear, when we consider the particular case of a quadratic 0, that the 

value so obtained is, in the light of Theorem A2, not the best value possible. 

We are therefore content to show that a is in any case less than unity. 

Additional Note (March 18th, 1921). 

We have developed the transcendental method of § 6 considerably 

since this paper was first communicated to the Society. 

Suppose that k>0 and 

Wilé) = i ae i. 
pa 

, Ai Og (gy) ROED LS) gree 
ee KO) = Oe | Sot BUR ae 
ifc > 2. We transform this equation by (1) moving back the path of 

integration to the line ¢ =—q < 0, with the appropriate corrections for the 

residues, (2) substituting for ¢,(s) from (6.221), and (8) integrating term 
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by term. This process can be justified if 9 = w/w’ is algebraic and & and 
g are chosen appropriately, and we obtain an expression for W,(€) in the 
form of an absolutely convergent series. 

We then make use of a lemma which is of some interest in itself, 
viz.: uf there are constants h >1 and H > 0 such that 

(1) n” | sin nOx | > H 

for all positive integral values of n, then the series 

1 

~ n'** |sin nO | 

as convergent for every positive e. 

Using this lemma and our series for W;(€), we are able to show that 

of (1) is true for all positive integral values of n, then 

7? 

(2) N(@) = ree re he) 
ae 2a 

where a = (h—i)/h, for every positive «. This isincluded in Theorem A3 

if h = 1; but is in all other cases considerably more precise than any- 

thing proved in the paper. 

In (2) the index a = (h—1)/h of the power of y is the best possible 

one. For we can also show that if 

(3) n" | sin nOr|< H 

jor an infinity of values of n, then each of the eee 

eNO) 5 at Bo 
4) a eed ne : 

3 a 20! Ao NGI dag araoe! 5a Paes 

where A is a positive constant depending on h and H, is true for a 

sequence of indefinitely increasing values of 7. 

We are further able to obtain an “explicit formula ”’ tor N(y)3 viz. 

n wo +o?+ 3! 
(5) Nw) ==" — Yow! ' Yo or! 1200! 

»); T VT 

cos =" (g—}eo') cos —- (1— Fe) 
1 @) + 

i tos : wl 7 2 WORE 
ae sin DSN a me 
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Here 6 = /o’ is irrational and algebraic, and the series is to be inter- 

preted as meanin ; I 8 lim 
p<ok, v<o'h 

when Ro in an appropriate manner. 

The most difficult of the remaining problems is that of determining 

whether there is any 0 for which the error-term in N(y), or the sum 

s(0, n) is bounded. The answer is in the negative. We can prove, in 

fact, that there exists an A > 0 such that, for every irrational 8, 

|s(0, n)| > A log 

for an infinity of values of n. Further, given K, there exists a 

B= B(K)>0 such that, for every 0 for which a, < K, the inequalities 

s(0,n)> Blogn, s(0,n)<— Blog n, 

are satisfied each for an infunty of values of n. 

The corresponding Cesaro means behave rather differently. It is 

possible to find 6’s for which the first Cesaro mean o(6, n) of s(0, n) is 

bounded, and others for which o(6, »)/log x tends to a limit other than 

Zero. 

We may take this opportunity of correcting a misstatement in our 

communication to the Cambridge Congress referred to on p. 15. It was 

stated there that c 

= {vO}? = ~5n+O0(1) 

for every irrational 06. This is untrue; but the equation holds for very 

general classes of values of 6, and in particular for any @ whose partial 

quotients are bounded. 
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ON SOME SOLUTIONS OF THE WAVE EQUATION 

By H. J. Prrestuey. 

[Received August 4th, 1920.—Read November 11th, 1920.] 

1. Preliminary. 

Referred to coordinates «, ¢, @ defined by the equations 

a = a (1—p*) (1+ ¢?) cos 0, 

y = a(1—p?)? (1+ ¢?)? sin 0, 

z= aps, 

the wave equation takes the form 

SLO Salt Selo+o + Las acee ae 
= ey (u? + ¢?) a 

C 

This equation is satisfied by 

Va = M (u) A (©) e! nes DO” 

provided that M and Z satisfy the equations 

d 7,[a-« Aes | u= = ka? (1—p?) M, (1) 

ae +6) 2 |—[natn— aa] 2 = — Pat @I+EZ, 2) 
i+? 

where & = p/e and n is any constant. 

"2. Solution of an auxiliary differential equation. 

Equations (1) and (2) are of the type 

d[pdy aS : Le aan Qy = Ry, (3) 
dx 
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where P, Q, R are known functions of x, X is constant, and the solutions 

of 

fl p&|+0y =0, (4) 
are known. 

Let ¥,(x), yo(x) be solutions of (4), and assume that 

, y (x) = U(x) yy (a) +0 (2) Yo(x) 
is a solution of (8). 

Assume further that 

du dv 
ig Ga 0. (5) 

du tiie dv “ta st 
Then alae aba pi AR [ wy, + vy]. (6) 

Now, from (5), — rake aa oly. (7) 

If each of these be put equal to Z, (6) becomes 

d d 4 
Me ly aa Yo a = AR [uy tvye]. (8) 

But, since y,, Ys are solutions of (4), 

P The dy 
di Yo dx = G, (9) 

where C is independent of 2. 

Therefore, if Rw/C be written for Z in (8), that equation becomes 

w= r(uy,+ vy), (10) 

showing that zw is a solution of (8). 

: du a 
Now, since Aaa ale wy. xe = ¥,Rw/C, 

u(r) = A— al Bt) w(t) yo(d dt, (11) 

il v 

v(a) = B+G | RO wo mae (1) 

where A, B and a are arbitrary constants. 
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On substituting these values in (10) it appears that w(x) satisfies: the 
Volterra equation 

Y\(@), Yo(x) 
neta tie 2 

+yiQ, Yyo(t) m oe 
wa) = x@)— + | Ro 

where x(x) is a solution of (4). 

Different solutions of (3) can be obtained from (12) by varying the 
function x(x), or, what amounts to the same thing, changing the limit a. 

3. The odd and even solutions of (12) when P and R are even. 

iinet ay is an even function, it follows from (9) that (4) cannot have 

two independent solutions which are both odd or both even. Hence there 

must be an odd solution 2,(x) and an even solution 29(z). 

Tf y,(z), yo(z) are not these solutions they are linear functions of 

them, and therefore 

Ay(0t), Z(t) 
Z(t), (0) 

Yy (@), Yo(x) 
is a multiple of 

yi), Yo t) 

From this it follows that 

Yi (x), Yo (2) yi(— 2), Yo(— 2x) 

| 
y(t), Yo (0) y;(—2), Yo(—?) 

Consequently, if K(x, ¢) denotes the kernel of the integral equation (12), 

when R(t) is an even function 

K(a, t) =—K(—2, —?). 

Now consider the function w,(z) defined by the integral equation 

W1(x) = 4 (x) — al K(a, t) w,(O) dt 

On changing the sign of x the equation becomes 

w,(—“) = a t) w, (0) dt 

Pe — 10) — 3 |. K(c, t) 0,(—# at. 
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From this it is clear that w,(«) and —w ,(—) satisfy the same Volterra 

equation. 

It is known that the solution of such an equation is unique. 

Hence W(t) = — w(—2); 

2.€. W,(x) is an odd function. 

Similarly, it can be shown that w.(z), defined by 

aN z 

Wa (iL) == 2 (t)— rel i K (a, t) wo(t) dt, 

is an even function. 

It follows from the equations defining w, (x) and w.(x) that at the origin 

y CDi Og di nd ae 
=. ie ee 

ep te he Gi + da dx 

Hence at the origin 

dw dw da dt 

Uperege C pe aa oe Y2 an 

But each of these functions is a constant multiple of [P(x)]"’. 
Hence they are always equal. 

4, Application of the foregoing to equation (1) above. 

Solutions of 

2 

5, [a—u) 2 |+[no+n- 75] =0 
are Pe (ee: deat Ne where* 

1 

MD) II(—m) 
(ite)" Fi[n+1, —n, —m+1, $(1—p)]. 

When m is an integer these solutions are not independent, but a second 
solution is then obtained by considering the limit as m tends to the 
integral value, of + 

Q)" (u) = 47 cosec mr | cos mia P™(u)— 
I(--m) mn TO 

* Hobson, Phil. Trans., (A) 187, p. 473. 

+ Macdonald, Proc. London Math. Soc., Ser. 1, Vol. xx, p. 274. 
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In the present paper P7”(u), Q™(u) will be used as the independent 
solutions. 

Dougall* has shown that 

PAG); P(e) 
el mee a = — (2/7) sin mz ; eo ae) pees 

from which it follows that 

n (tt) A) 

Cle ee obey y = — cos m7. 
du Qi (u), ea a Uh) 

| Note.—In Dougall’s notation the function P”(u), which Hobson de- 

fines as above, is denoted by P7™(u). | 

Now consider the integral equation 

(1 — js") —3m w.™ (un) 

io __ 72\ am 

= (122) Pru) +a seem | i K"(u, )(—2)-" We" (edt, 

am my, Ve (u) 

where Kegs, ) = Ae) | 
QO? Ox* P, 

The kernal (1—?*)?” (1—”) 2" K™(u, 0) is finite throughout the range 

— tn et <1. 

Also (1—p?)-”" P>™(u) is finite for —l<u <1. 

Hence, unless m is half an odd integer, the equation determines a 

function W(u)/(1—p?)?" which is finite throughout the range 

—i<e<1. 

But the equation can be written 

W,”(u) = PZ") +a? sec mr { Kee, =) We ide: (18) 

Therefore it follows from the discussion in §2 that W7’"(u) is a solution 

of the equation (8). 

* Dougall, Proc. Edin. Math, Soc., Vol. 18, p, 49. 
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5. The odd and even solutions of (3). 

Macdonald* has shown that | 

P®(—p) = cos (m+n) 7 Pu) — (2/77) sin (n+ mM) 7 Qz (uw). 

From this it follows that 

[cos $(n-+-m) 7 P™ (u) — (2/77) sind (n+-m) rQr (u)|cos ma is even 

and [sin 4(n-+-m) 7P™(u)-+(2/7) cos 4 (n-+m) 7 Q??(u)| cos m7 is odd. 

On substituting for P”(u) in these expressions it is easily shown that 

they reduce to 

™(u) = cos ¥(m-+n) a {IT (n+m)/IL(n—m) | Pu) 

+ (2/7) sin $(m—n) 7 Qu) 

and W"(u) = sin} (m+n) a {0 (n+m)/IL(n—m)} PZ” (u) 

+ (2/7) cos $}(m—n) 7 Q™(u). 

From these are derived U?’(u), V?(u), even and odd solutions of (8) by 

means of the Volterra equations 

Uy) = pi (u) + Ha? see ma { Ku, ) UM dt, (14) 
0 

VE) =P) + Hee see me |" Ke, ) Veco de (15) 
0 

In general U""(u), V"(u) will be infinite at «—+1. If, however, the 

equations are written as integral equations in 

(l—?)2" U@(u), (L—w?)" VE (u), 

it is easily shown by an argument similar to that used for W>™(u)/(1—2)i" 

that (l—y?)" U™(u) and (lL—p?)?"V™(u) are finite. 

The argument has to be modified slightly in the case when m = 0. 

The infinities in ¢,(u), Kn(u, 4 are logarithmic, and the integral 

equation for U,(u)/log(1—,) has to be discussed. The logarithm intro- 

duces a complication at the origin, but the trouble can be avoided by dis- 

cussing solutions of (3) obtained by writing in turn a and @ in place of 0 

as the lower limit in the integral. The solutions so obtained are inde- 

* Toc. cut. 
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pendent, and the ratio of each to log(1—,) tends to a finite limit as js 
tends to unity. U,(u) and V,(u) are linear functions of these solutions, 
and consequently U,,(u)/log(l1—«), V,,(u)/log(1—p) are finite at «= +1. 

6. Hapression of W,,"(u) in terms of U(u) and Vi(u). 
nv 

Equation (13) can be written in the form 

W” (u) — ka? sec ma { K™(u, )W," (at 
0 

1 

ay ites) [1 +a? sec mr | (1—??) Or (t) W,,™(6) at| 
0 

if 

—Q" (u) k?a? see ma | (1—#) PZ") Wz" (tat 
0 

= a 6% (u) + BeW? (ux), (16) 

where cos m7 a” = cos 4(m—n) 7 I,4+sin 4 (m+n) I, 

cos ma 8” = sin 3(n—m)z I,—cos 4(m+n)z L,, 

IL (n—m) 2.2 i pag} m —m ] od are Sree [1+ i see ma | (1—#) Qn Wzm(b ae | 

\ 
i! 

I, = 4 ka? sec ma | (1—#) P75” () W,™ (at. 
0 

But on multiplying (14) by a™, (15) by 8%, and adding, it is clear that 

ea OU (a) eee a) 

satisfies equation (16). 

It is known, moreover, that the solution of the Volterra equation is 

unique. 

Hence the required relation is 

, Wa? (u) 2 0” UF a) +8" Vir (u). (17) 

[Note.—If m and m are integers and m is less than m, ¢,'(u), and con- 
m 

sequently U”"(u), vanishes when m—n is even; Y;'(u), and consequently 

V"(u), vanishes when m—v7 is odd. ] 
Uj 
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In the former case it follows from the relation 

[I (n—m)]-? = 27'W(m—n—1) sin (m—n)z, 

that $”(u) cosec $(m—n)z does not vanish. 

Consequently U7"(u) cosec 4 (m—n)z does not vanish. 

The relation (17) becomes 

W-"(u) = [a sin $(m—n) 7] [ U7" (u) cosec 4(m—n) 7 ]+ 8% Vi?(u). 

In a similar way y;"(u) sec 3 4(m —n)7 can be used in place of ye (uw) when 

m—n is odd. 

7. Case when +. Write Calin = 0. 

If - W,,”"(u) =0 at « = 0 the following theorems are true :— 

(I) W;"(u) is an even function of pu. 

(II) W;"(u) is the solution of a homogeneous Fredholm integral 

equation with symmetric kernal. 

(III) If m is real the values of » are real and separate. 

(IV) The values of are infinite in number. 

(V) Any function of u, F'(u) which with its first two derived functions 

is continuous over the range 0 < u« <1, and which satisfies the condition 

o RW =0 when n=O, 
[us 

can be expanded in an absolutely and uniformly convergent series 

= 6, W,,™ (uw); where 
nu 

eA FG) W,, "¢ pac /|, [W,, (t)]* dt. 

The proofs of these theorems are given below. 

() W,™(u) is an even function of mu. 

Since W,™(u) and U" (a) are solutions of the equation (1), it follows 

that 

Us (u), Wi” (uw) 
(1—p’) 

4 Ym (u), 5 Wate) | 
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d : d 
is constant. Since ae U"'(u) and x W,,”(u) both vanish at « = 0, the 

determinant must vanish for all values of u. Therefore We (a) ase 8, 
multiple of U7(u), which proves the proposition. 

(II) W;”(u) is the solution of a homogeneous Fredholm equation. 

The function H™(u, £) defined by 

AM, t) = Wr™(u) UM) (t< mw), 

A? (u, t) = UP(u) Wr™(t) (E> pw), 

is a continuous solution of 

O 0 : 
<[a-# SP) +[ rot 1)- | ¢ = ka (1—?) ¢, 

which satisfies the three conditions 

(a) re.) as tite at. 4-1. 

[Note.—Unless m = 0, H™u,t) = 0 at t= 1.] 

Gifs 6) = AM u, ) =0 at t= 0. 

(2) Samu, t) is continuous throughout the range 0< ¢ <1, except 

at ¢ = yw, where 

oe ea II 
(1—p?) py, P(e) r = — (2/7) B™ Te 008" mtr. 

It follows in the usual way that W"(u) satisfies the Fredholm 

equation* 
1 

W,™(e) = a—nNt+r+)/or I H”(u, t) Wz" (t) dt, 

: Me eee One 
where 6” denotes the discontinuity in (l—w’) as PE 0) abet 

(III) When m is real the values of for which ae W,,”(u) vanishes at 

mw = 0 are real and distinct. 

* Hilbert, Grundziige einer Allgemeinen Theorie der Linearen Entegralgleichungen, Kap. 7. 
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The value of » in Theorem (II) may be taken as real since the only 

restriction on the choice of r is that 6% must not vanish. 

Hence the argument used in my note on the values of m which make 

= P,,(u) vanish, may be applied to establish the present theorem. * 

([V) The values of are infinite in number. 

Suppose g(¢) is a continuous function such that 

1 

| Hu, 0 9(0 at = 0. 
0 

Me i 

Then W-"(u) \ U"(t) g(t) dt-+ umn) | W (t) g(t) dt 

1 

=| Hew, dg dt =o. 
0 

Differentiation of this equation leads to 

d M d 1 si 
tis ieee | U™ t t dt paws. (ie | yy é — t Ae aR : (t) 9 (t) FD rua) | Wirt) gO dt 0) 

Wr (u), Uy (u) 

Since | g d does not vanish, it follows that 
Pe CLO) 
du du 

BM 

\ U2O 90 at —0 
0 

1 

and | Woo dea 0. 
Me 

Hence git) = 0. 

It is known that under the condition just proved, the integral equation 
has an infinite number of characteristic constants+ ),. 

The values of » are the roots of the quadratic equations 

(Wi—7)@-+-P--1y Ae, XS = 1, 8) 

Hence there are an infinite number of values of 2. 

* Proc. London Math. Soc., December 1919, 

{ Lalesco, Introduction a la Théorie des Equations Intégrales, p. 70. 

¥ 
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(VY) Any function F(u) satisfying the conditions stated above can be 
expanded in a series of W”(u). 

Hilbert* has shown that if the equation 

1 

| Hu, Og() at =0, 
0 

where g (¢) is continuous, implies that g(t) = 0, then any function of « 

which can be expressed in the form 

\ H" (u, t) f (t) dt, 
0 

where /(¢) is continuous, can be expanded in an absolutely and uniformly 

convergent series ~ c,W,W,"(u), the coefficients being found in the 

Fourier manner. F 

He has proved alsot that if F(¢) and its first two derived functions are 

continuous, and if £(¢) satisfies the same boundary conditions as H’" (pu, ¢), 

then a function f(¢) can be found such that 

1 1 ; 2 

| [Fw—| Ae, fat | dp <e, 
0 9 

where e is any positive quantity. 

Hence he deduces? that any continuous function of « which satisfies 

the boundary conditions, and which has continuous first and second 

derived functions, can be expanded as above. 

This proves the theorem. 

8. Case when W,,”(0) = 0. 

Analogous theorems can be proved for the function W,"(u) when 

W,"(u) = 0 at np = 0. 

/ 

9. Solutions of equation (2). 

Fee ah a a) dy) 1 a 
aeee first rs [a +2”) dat aja. 0, 

* Loc. cit., VII, p. 24. 

+ Loc. cit., XI (Corollary), p. 47. 

£ Loe. cit., XV, p. dl. 
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On writing « = tan z, this becomes 

dy aa ty = 

of which solutions are sinz and cos Z. 

From these are found, by the methods of § 2, solutions of 

a 2 A e2 BS aloe 2 fate) 4 ee = Peto) 

The detailed work is as follows :— 

The substitution « = tan z reduces the equation to 

ay i nD yD 4 Geen eee Sec” 2, ¥, 

of which a solution y(z) is given by the Volterra equation 

cos Zz, sinz ee ee gS 2 42 4 y (2) = sinz+k*a [sec t nore Gene y(t) at. 

The solution of the integral equation is 

= (ka)? A,(2), 
0 

where AZ) =sin-e, 

_\* 4% | cos2, sin:2 
Ae) = \ sec’ t one een A,(t)dt. 

The integrations are easily effected and lead to 

A, (2) = (—1)" sin z tan” 2/(Q2r7+1)!. 

Therefore y(z) = (ka) cos z sin (ka tan 2). 

On dropping the factor (ka)~* and returning to the original variable x, it 

is clear that uy (2) = (1-+2”)-! sin hax 

is a solution of the equation. 

From the known solution can be derived a second solution 

Us (x) = (1+2*)>? eos hax. 
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By means of the functions u,(¢), u2(€), Volterra equations are derived 
for the solution of (2). 

Uy (), Uz (€) 

Since (1+ ¢?) 7 ey) 
de Uy (¢), a Uy (¢) is 

and pa Uy(€) be sinka(¢—t) . 

M(t), uf) | A +E AEP’ 

the equations are 

¢ 
01 (0) = uw (6) + (ka)? | G"(€, 6 v,(b dé, (18) 

x ¢ 
Vo (§) = uy + (ha) | Gn, t) v4(6) dé, (19) 

where G? (¢, t) denotes 

m—17 sin ka (€—2) 

[potn— Ta] deere 
and a is independent of ¢. 

Now, if w (€) = (1+ 6%) », (6), 

w (¢) = sin ka¢+ as 4 (TS) exe t) w(t) dt (20) 
ka}, \1+2 Ee cael cal 

* | A+? ae At t 
But ( 7) G”( ‘ihe — sot! 

. |, | 1+?) 7” $9) | a . \, 1+? A cokes; 

where M is finite. 

1+7 

G. C. Evans* has shown that under this condition the lhmit a in the 

integral equation (20) may be made infinite. 

Consequently a may be made infinite in (18) and similarly in (19). 

Pa) cD 

Hence \ (ee Gi“ (¢, t)dt is absolutely convergent. 
g 

* Evans, ‘* Sopra l’equazione integrale di Volterra,’’ Atti Lincei, 1911. 

sEg.2. vou. 20. wo. 1380. bE 



50 ON SOME SOLUTIONS OF THE WAVE EQUATION. 

The functions 04(¢), v,(€) are then solutions of (2) which approximate 

respectively to sin ka¢/¢ and cos ka¢/¢ as ¢ tends to infinity. 

From these is derived the solution 

LZ," (©) = n(O—-m ©, 

which approximates to e~*"$/¢ as ¢ tends to infinity: , 

I hope, in a subsequent communication, to discuss the application of 

these solutions to some problems in connection with Sound and Hlectro- 

magnetic Waves. It maybe noted that methods similar to those employed 

above can be employed to discuss the wave equation referred to ag 

cylindrical coordinates. . 
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ADDRESS BY THE RETIRING PRESIDENT :* SOME PROBLEMS 

IN WIRELESS TELEGRAPHY 

By Prof. H. M. Macponatp. 

[Read November 14th, 1918. ] 

Tue aim of mathematical physics is the application of mathematics to 
the phenomena of physics to obtain an intelligible representation of these 
phenomena. Different types of problems can be recognised and of these 

the first is the selection of the particular problem which promises to 

admit of successful mathematical treatment, and at the same time to pre- 

serve the most essential features of the phenomena to be represented. 

This involves the careful comparison of the available observations con- 

nected with the phenomena under consideration, with the view of ascer- 

taining the most outstanding resemblances between these observations, 

and thence deducing the most likely underlying physical source of the 

phenomena. The problem having been strictly defined on the physical 

side, the next step is to choose the geometrical setting ; and if the results 

obtained by the solution of the problem thus selected are in sufficient 

agreement with the observations, the primary problem can be regarded 

as solved. There then remain the other types of problems to be solved, 

viz. those obtained by varying the geometrical setting and those that re- 

sult from taking into account other physical causes. In illustrating the 

foregoing remarks the problems of electrostatics may be cited. The 

primary problem is that of the perfectly conducting sphere in an indefi- 

nitely extended vacuum. When the solution of this problem had been 

obtained, the next object of investigation was the effect on the result of 

altering the shape of the conducting body, and this led to the discussion 

of the case of the ellipsoid, the circular disc, a body with a sharp edge 

such as a spherical bowl, a ring shaped body such as an anchor ring, and 

so on. ‘There are further. the problems which result from substituting 

for the perfectly conducting body an imperfectly conducting body or re- 

* The publication of this address, delivered at the Annual General Meeting of November 

14th, 1918, has been unavoidably delayed. 

BE 2 
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placing the vacuum outside the body by some dielectric medium either 

homogeneous or non-homogeneous. 

The form in which the solution of a mathematical physical problem is 

presented is of considerable importance, when it is remembered that com- 

parison has to be made with the results of observation ; and the ideal 

solution is one which gives a simple picture of the phenomena and at the 

same time admits of rapid reduction to numerical units. The problem of 

the point charge outside a perfectly conducting sphere affords a perfect 

example, the effect of the induced distribution in the sphere being equi- 

valent to that of a point charge placed at a definite point inside the 

sphere. 
The particular problems which it is proposed to examine from the 

above point of view are those of wireless telegraphy, viz. the problems of 

the emission of electric radiation from a sending station, its reception at 

another station, and of its transmission from the one to the other. 

There are three distinct types of problems connected with the oscilla- 

tion of a vibrating system; the case of a vibrating system from which 

there is no loss of energy; the case of a vibrating system from which 

energy is being radiated freely ; and the case of a vibrating system through 

which the loss of energy by radiation is being made good at exactly the 

game rate as the energy is being radiated from the system, so that the 

radiation is steady. Examples of the three different types are the vibra- 

tion of a gas in the space bounded by a closed surface such as a sphere; 

the radiation from a nearly closed surface, such as a sphere with an 

aperture in the surface, of the energy of a disturbance set up in the air 

inside ; and the radiation from such a space when the energy inside is 

being maintained. The first problem has been completely solved in the 

case of the sphere; and the result is that any possible system of vibration 

in the space can be expressed in terms of certain normal types unlimited 

in number, any one of which can exist separately. The problem of free 

radiation from the space such as that inside a spherical bowl has not been 

solved, but it can be predicted that the solution will involve oscillations of 

different periods and different rates of decay, and further that the oscilla- 

tions of a particular period cannot necessarily exist separately. 

If in the case of the spherical bowl the aperture is small, the periods 

of the different oscillations will differ but slightly from the periods of 

oscillations of the air in the closed sphere, and the rates of decay will be 

small; but it may be expected that, as the aperture is increased in size, 
the periods will differ more and more from those of the oscillations in the 
closed space, and at the same time the rates of decay will increase. 

The problem of a radiating system, when the loss of energy is being 
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replaced so that the radiation is steady, admits of being solved at least 
approximately in several cases, for example the case of the sphere with a 
circular aperture. The problem to be solved in such a case is that of 
finding the periods of the oscillation which are most easily maintained, 
ae. the periods of resonance ; and if the aperture is small the periods will 
differ but slightly from those of the free oscillations in the closed space, 
but as the aperture is increased the periods will differ appreciably both 
from those of the free oscillations in the closed spaces and those of the 
second problem when the energy is being freely radiated without being 
replaced. The difference between the periods in the three cases can be 
illustrated from the case of a simple vibrating system with one period 
27/n when there is no decay of energy; if this system loses energy and 
the rate of decay is m, the period of the free oscillation is 2a//(n?—4m?), 

and the period of the oscillation to which the system resonates is 

2a/4/(n*—4m"), from which it appears that when the rate of decay is 

appreciable the difference between the corresponding periods may be con- 

siderable. It should be observed that in the case of maintained oscilla- 

tions the oscillations of a particular period can be treated separately. It 

should not however be concluded that any radiating system can act effect- 
ively as a resonator; certain conditions have to be satisfied. Taking the 

case of the sphere with an aperture, it is clear that, if the energy of the 

oscillation is maintained by a source placed inside the sphere, it would be 

po:sible to replace the single aperture by a number of apertures in the 

surface, the total radiation outwards remaining the same; but, if the 

source maintaining the oscillations is outside the sphere, the effects of 

the different apertures will not generally reinforce each other, but will 

interfere, and resonance will not take place. A necessary condition there- 

fore for effective resonance is that the radiating system which is to be 

used as a resonator is such that the radiation given out by it is concen- 

trated. Further a radiating system which is to be effective as a source 

for the emission of radiation must be one for which the rate of decay is 

appreciable. 
These two conditions must be satisfied by any electrical system which 

is to be efficient for the emission and detection of electrical radiation, and 

it is therefore necessary to consider the problem of radiation from a con- 

ducting body with these conditions in view. The problem of radiation 

from a perfectly conducting sphere has been completely solved, and taking 

the simplest case, viz. that in which the initial electrical distribution on 

the surface is specified by a spherical harmonic of the first order, it appears 

that in the immediate neighbourhood of the surface the transfer of energy 

outwards from the sphere takes place from the equator. This result ad- 
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mits of generalisation for the case of any perfectly conducting body ; for 

the electrical force is everywhere normal to the surface of the body at the 

surface, and therefore the energy in the immediate neighbourhood of the 

surface can only flow along the surface at any place where the electric 

force is finite; hence the energy in the immediate neighbourhood of the 

surface can only leave the surface at places where the electric force 

vanishes. Applying this to the case of an ovary ellipsoid of revolution, 

the initial distribution being one which vanishes only at the equator, the 

radiation will always take place from the equator; and as the ellipsoid 

approaches to the form of a straight rod, terminated at both ends, the 

wave length of the oscillations approximates to double the length of the 

rod, while at the same time the rate of decay of the oscillations tends to 

zero. It therefore follows that a straight conducting rod for which the 

conditions presupposed in this solution, viz. that the surrounding medium 

can support the electric forces everywhere at the surface, are satisfied, 

cannot be effective for the emission or detection of oscillations. It should 

however be observed that as the ellipsoid approaches the form of a straight 

rod the amplitude of the electric force in the immediate neighbourhood of 

the ends increases, ultimately being indefinitely great; and when the 

surrounding medium is air it may be expected that, as in the correspond- 

ing case of a charged conductor with a sharp point or edge, electric dis- 

charge will take place from the ends. This was first observed by Sarasin 

and Birkeland, and an examination of their observations shows that radia- 

tion is taking place from the end of the wire. An exact solution of the 

problem of radiation from a freely radiating perfectly conducting straight 

rod would require a knowledge of the mechanism of the discharge at the 

ends which is not so far available; but if, as in the experiments above 

referred to, the energy radiated away is replaced so that the radiation is 

steady, the flow of energy outwards from the rod cannot differ essentially 

from the flow from a simple electric oscillator. The problem then admits 

of solution, and the result is that the wave length of the oscillation of 

longest period is two and a half times the length of the rod. The deter- 

mination of the wave length of the radiation from a straight rod has been 

the subject of experimental investigation by a number of different ob- 

servers, who have obtained results which range from double the length of 
the rod to two and a half times its length; but an examination of the con- 
ditions, where these have been sufficiently detailed, would seem to show 
that these differences are to be accounted for by the fact that the arrange- 
ments are different and that different phenomena are being observed. 

In some of the experiments the arrangements are clearly such that the 
energy associated with the distribution which has been set up on the rod 
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by the external oscillation is practically being freely radiated away, and 
therefore the observed wave length is neither that which corresponds to 
steady radiation, when the energy is maintained, nor that which corre- 
sponds to the case of a rod where the surrounding medium is such that 
no radiation takes place from the ends. In other cases the arrangements 
are such that radiation from the ends is prevented, as for example when 
the rod is immersed in some non-conducting oil. 

The wave length corresponding to the other possible periods are 

readily obtained ; and it is important to observe that in these cases the 

distance between successive nodes along the rod is the wave length of the 

oscillations in question, a result which has been verified for wires by 

various observers. The solution of the problem for the case of an imper- 

fectly conducting rod can be obtained; and the result is that (if the 

specific resistance can be assumed to be approximately the same in the 

case of oscillation as that for metallic conductors in which there are steady 

currents) the relation between the wave lengths of the oscillation and the 

length of the rod only differs by very small quantities from the relation 

between the wave lengths and the length of the rod when the rod is per- 

fectly conducting. This assumes that the magnetic permeability of the 

material of the rod is the same as that of the surrounding medium or does 

not differ greatly from it. If the magnetic permeability of the material of 

the rod is of the same order as that of iron, the difference in the relation 

would be appreciable. These results are in agreement with observation ; 

in particular it has been observed that for copper wires the difference be- 

tween successive nodes along the wire is equal to the wave length of the 

oscillation, while the distance between successive nodes along an iron 

wire differs from the wave length by an amount which, though small, is 

appreciable. 

It follows from the above that the difference between the observed 

- wave lengths for the straight rod and double its length cannot be referred 

to imperfect conductivity for two reasons, viz. that the effect of imperfect 

conductivity is too small if it is of the same order as in the case of a 

steady current, and that the distance between successive nodes along the 
rod does not differ appreciably from the wave length of the oscillations. 

An idea of the magnitude of the rate of radiation from the rod, when it is 

radiating steadily, can be obtained by comparing it with a simple vibrating 

system ; in such a system the amplitude of the oscillations would diminish 

by approximately one-fourteenth for each oscillation when radiating freely, 

if the relation between the wave length when there is no radiation and 

when the radiation is steady were as 4 to 5. Hence it may be concluded 

that the radiation from the rod is not small; and as, further, this radia- 



56 H. M. Macponap [Nov. 14, 

tion takes place from the ends, the rod can act effectively both for the 

emission of radiation and for resonating to radiation from other sources. 

The simplest arrangement of a sending or receiving station consists 

essentially of a vertical antenna in which the radiation is emitted or 

collected by the free end; and the presence of points or angles from 

which radiation can take place is an essential feature of the arrange- 

ments of all wireless telegraph stations. It has been observed that the 

effective distance of a station depends on the height of the antenna, both 

at the sending station and at the receiving station; and in particular for 

the case of umbrella stations that the height which is effective is the 

height of the extremities of the ribs of the umbrella above the conduct- 

ing surface, thus showing that the radiation is emitted and received at the 

extremities of the ribs. 

An important problem in this connection is the determination of the 

wave length of the oscillations which are most effective for transmitting 

signals. When it is remembered that each signal occupies a time which 

is very great compared with the period of an oscillation, it is clear that 

the production of a signal requires a train of waves containing very many 

oscillations, and, that being so, the problem to be solved is approximately 

the problem of radiation from the sending station when the radiation is 

steady ; and, as has been seen, this problem admits of solution in certain 

cases. For example, in the case of the simple vertical antenna, the re- 

quired wave length is that belonging to a straight conducting rod radiating 

steadily, the length of the rod being double the height of the antenna, so 

that the fundamental wave length in this case is five times the height of 

the antenna. This result agrees with observation. The solution of the 

problem in more complicated arrangements has not so far been solved, 

but the same method with the necessary slight modifications would 
apply. 

Difficulties have arisen in connection with the measurements of the 

effect at a distance from the sending station. It has usually been assumed 
by observers that the observed disturbance is expressible in terms of the 
square of the amplitude of the oscillation. The reason for this assumption 
is not clear; but it may have been suggested by the expression for the 
intensity of sound or the expectation that it depended simply on the energy. 
The essential feature of any detecting arrangement would appear to be that 
the resistance in a portion of a circuit is not constant, but that the re- 
sistance diminishes when the electric force increases above a certain 
magnitude. Accurate information is not available to enable the problem 
of any particular arrangement being stated in accurate terms, so as to be 
submitted to analysis ; but it is comparatively easy to state a mathematical 
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problem which involves the essential fact that the resistance is not con- 
stant and which admits of solution. For example, assuming that the 
resistance is constant when the electric force is less than E,, while, when 
it is greater than E,, the change in the conductivity is proportional to its 
excess over H, when the electric force is in one direction, with correspond- 
ing conditions when the electric force is in the other direction, the electric 
force for which the conductivity begins to vary in this case being E,, a 
relation can be obtained between the resultant current in the detecting 
circuit and H# the amplitude of the electric force in the incident waves. 
When # is less than Z, and EH, the resultant current is proportional to E, 
and when #H is greater than E, and H,, the expression for the resultant 

current tends to the form aH+b2H?”, ultimately tending to bE”. 
It follows that the relation between the amplitude of the oscillations 

and the current in the receiving telephone is in general not a simple rela- 

tion, although it may be expected that, as in the above formula when 

# is small, as it will be at a considerable distance, the current in the 

telephone circuit is approximately proportionally to the amplitude of the 

electric force. This agrees with the result of observation. 

The remaining problems are those connected with the transmission of 

signals to a distance around the earth’s surface. The primary problem in 

this connection is to select the simplest arrangement which possesses the 

essential features ; and when the portion of the earth’s surface that inter- 

venes between the two stations is covered by the sea, the problem is at 

once simplified by assuming the surface to be perfectly conducting. 

Further when it is remembered that the electric force is everywhere per- 

pendicular to a perfectly conducting surface, it is clear that the essential 

features of the problem are preserved if the source of the waves is taken 

to be a simple oscillator whose axis is perpendicular to the surface. This 

problem admits of solution, and it has been shown that the results ob- 

tained agree with the observed results at a considerable distance. The 

explanation provided by this theory, known as the diffraction theory, 

accounts for the most important features of the transmission of signals. 

Probably the reluctance to adopt it owes in some measure its origin to 

comparison with optical phenomena; but it should be observed that as 

the ratio of the wave length used in wireless telegraphy to the earth’s 

radius is of the order 107%, the size of the corresponding sphere in the 

case of light is indefinitely small, and the observed results in the case of 

optical phenomena do not provide a true analogy. The remaining pyro- 

blems connected with the transmission of signals are first the effect of 

‘imperfect conduction and second the effect of the atmosphere. 

In the case of the transmission over the surface of the sea, the effect 
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of imperfect conduction is, as might have been expected, negligible, and 

not greater than the possible errors of observations at the distances in- 

volved. With regard to the effect of the atmosphere, there is not at 

present sufficient detailed observation to enable the problem to be sub- 

mitted to accurate mathematical analysis. The main question to be 

answered would appear to be the effect of change of atmospheric condi- 

tions at sending stations or at the receiving stations, that is whether the 

intensity of the radiation from a station depends on the atmospheric con- 

ditions at that station. Further there is the question as to whether there 

is reflection of the waves from the upper atmosphere, and whether there 

may not be absorption under certain conditions. There are indications 

that under certain circumstances reflection does take place in the atmo- 

sphere, but until more information is available as tothe conditions ob- 

taining in the atmosphere at different heights above the earth’s surface, 

an approximate estimate of the effect to be expected cannot be obtained. 
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1. In a recent paper* Col. R. L. Hippisley gives a theorem for a three- 
bar curve which may be stated thus :—If P is any point on the curve, and 
if PD, PE, PF are the perpendiculars from P on to the sides BO, CA, 

AB of the triangle of foci, then D, E, F are at constant distances from a 

variable point 7. He further proposes a linkage involving nine Peaucellier 

cells (and needing 69 moving links in all) in order to reproduce the sextic 

in a mechanical manner by use of the theorem. He finds that P’, the 

image of P in T, is another point on the sextic, and, on the basis of cer- 

tain equations, he credits the locus of T with degree 24 (subject to a 

tentative reduction to 12). 

The first purpose of the following notes is to point out a simple but 

unregarded property of the triple-generation mechanism of Roberts which 

furnishes a raison d’étre for the pedal theorem in question, and for the 

association of the points P, P’ and T: to indicate what appear other 

ways, more natural and economical, in which the geometrical theorem 

may assume a mechanical aspect: and to show that the locus of T' is 

nothing but a cubic. 

The further and more extensive purpose of the notes is to put into a 

concise and symmetrical form some of the cardinal results due to Cayley, 

to bring the analysis of Darboux; into intimate relation with the sextic 

curve, and to add to the known theorems some noteworthy properties of 

the figure. So fundamental is the three-bar movement in the theory of 

mechanisms that any pains are well spent that may tend to develop the 

significant features of the associated geometry; and the intention has 

here been to exclude all gratuitous additions and to set forth only such 

material as seems inevitably bound up with the simple mechanism itself. 

* Proc. London Math. Soc., Ser. 2, Vol. 18 (1919), pp. 1386-140. 

+ Proc. London Math. Soc., Ser. 1, Vol. 7 (1876), pp. 136-166 and 166-172. 

{ Bulletin des Sciences Mathématiques, 1879, pp. 109-128. 
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2. The triple-generation mechanism consists (Fig. 1) of three directly 

similar triangular plates 4,B,C,, 4,B,Cz, A,B,C, with the vertices A), 

A 

B B, 0; C 

Fig. 1.—The triple-generation mechanism in its zero form (@, = 0, 6 = 0, 6; = 0) 

showing notation. 

Bz, Cz united at P, together with three pairs of links completing the 
parallelograms A,PA,A, B,;PB,B, C,PC,0. For all variations of the 
angles of the parallelograms the triangle ABC remains directly similar to 
each of the triangular plates; and if ABC is itself kept fixed and invariable 
there arises the triple-generation of the locus of P (Fig. 2). The ratios 



1920.] THE THREE-BAR SEXTIC CURVE. 61 

Seis gt = | ae Se Oe 

Fic. 2.—The triple-generation mechanism in a pair of corresponding positions 

(6, 6, 6. and — 9), —62, — 63). 
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of the sides of the plates to the corresponding sides of the triangle ABC 

are then constant quantities ky, k,, k,; and the corresponding angles of 

inclination are variable angles 0,, 45, 63. The angles are so related that 

the sum of the vectors (k,, 0,), (ko, 92), (kg, 93) is a vector (1, 0) of unit 

length with direction-angle zero. The quadrilateral linkworks BB,C,C, 

CC, A,A, AA,B;B represent each the same vector summation, but with 

linear (scalar) multipliers BC, CA, AB respectively. 

It is apparent therefore that, to any position of the mechanism, there 

corresponds another position for which 6,0,0; have their signs all re- 

versed ; and that these pairs of positions give pairs:of points P and P’ on 

the three-bar sextie curve. The points P and P’ may be called “ corre- 

sponding points,’’ and the line PP’ may be called a “ principal chord” of 

the sextic. If the two corresponding forms of the mechanism are shown 

in the one figure (Fig. 2) the three three-bar linkages BBiCiC, CC2A2A 

and 4A3B3B are images of BB,C,C, CC0,4,A, AA; B;B in BC, CA, AB 

respectively. But the triangles P’B{ Ci, PB,C, are directly and not re- 

versely equal: and hence Q, the image of P in B,C,, which is a point of 

the plate PR, C,, coincides with the image of P’ in BC. (Fig. 3.) Thus 

P and Q, mutually images in B,C,, describe reversely equal sextics which 

are images in BC ; and the points P, Q “correspond” as P and P’ when 

either sextic is reflected to coincide with the other. Similarly, if Q’ is 

the image of P’ in BC} it is also the image of P in BC; so that BC per- 

pendicularly bisects PQ’ at D and P’Q at D’ (Fig. 8). If T is the middle 

point of the principal chord PP’ of the sextic, TD is parallel to and equal 

to half of P’Q’, and so equal to PD,, which is constant, Similar results 

hold#for.CA and AB)” Thisal’D =P), five ee eal 

constant lengths, and the image relationships take the form of the pedal 

theorem, that 7’ is at constant distances from the feet of the perpendiculars 

PD, PE, PF. The corresponding point P’ gives rise to the same point 

' T and the same constant lengths. In its simplest mechanical aspect the 

theorem involves simply the constancy of PQ, and the description by P 

and (), images in B,Cj, of reversely equal sextics, images in BC. 

3. If the figure of the mechanism associated with P’ and TZ” (coinci- 

dent with 7) receives a translational displacement such as to bring P’ to 

T and T" to P, then the two figures exhibit a number of simple relations. 

Notably the points Dj H,F3D'E'F’, feet of the perpendiculars from P’ on 

to the sides, are brought to the positions DEFD,E,F,;; so that P’D}, 

P'E;, P'F; coincide with TD, TH, TF, conformably with the pedal 

theorem. Reciprocally the perpendiculars PD,, PE, PF’; coincide with 
T'D', T'E', T'F"; so that the feet of the perpendiculars of the triangular 
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plates of either figure lie on the sides of the focal triangle of the other 

figure. 

\ 

Rs 5 Ee SMW 0" 

Fic. 3.—A three-bar mechanism in a pair of corresponding positions 

(€;, 9) 4, and —6,, —0:, — 63). 
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4. Another mechanical aspect may be given to the geometry by 

supposing that an inextensible thread passes geodesically from P to P’ 

vid BC. If PQ and P’Q' cut BC in U (Fig. 8), then the thread lies along 

PU and UP’ and has constant length equal to PQ, that is 2PD,. If the 

two points PP’ are connected by three such threads PUP’, PVP’, PWP’, 

all constant and geodesic and each visiting one side of the triangle ABC, 

then P and P’ describe each the same three-bar curve, and on this curve 

P and P’ are corresponding points. The theorem associates itself with 

those of Graves and Staude for confocal conics and quadrics, and others 

of this special geodesic type. It may be noticed that the effect of the 

threads is to cause P and P’ to be the foci of three different conics, each 

with a given length for its major axis, and each touching one side of the 

triangle ABC. (It is plain that the thread representation is limited to 

the case of ellipses and the summation of lengths; hyperbolas and differ- 

ences precluding mechanical simplicity.) 

5. The locus of 7’ may now be found. Let B,C, and Bi Cj, images in 

BO, have B,C, as their projection on BC, and let them meet BC in X, 

(Fig. 3.) Then with X, the centre of the circle PP’QQ', as centre of ro- 

tation, and 20, as angle of rotation, the triangle P’B,C; can be brought 

to coincide with PB,C,. The points T, B,, C, bisect the displacements 

P'P, Bi B,, CC, of the vertices; hence 7'B,C, is similar to each triangle 

and therefore also to ABC. Hence TB, and TO, are parallel to AB and 

AC. With other like results included it follows that each line through T 

parallel to a side of the triangle ABC meets the other two sides in points 

which are the orthogonal projections of vertices (other than P) of the tri- 

angular plates : 1B; Co, CPA As Bry that 1s, ane parallel to BC, CA, AB 

and meet in J’. The ranges given by these six variable points are similar 

in pairs and such that a (2, 2)-correspondence holds for any two of the 

others, with the infinity element self-corresponding on each side. The 

concurrent sets of parallels B;C,, C,A3, A,B, have the same property ; 

and so it follows that the locus of 7 is a cubic curve having its asymptotes 

parallel to the sides BC, CA, AB. 

Another property of the point 7’ may be noticed. As D,T is parallel 

to (and half of) P’Q it is normal to BC. So lines perpendicular to BO, 

CA, AB through D,, Hs, 3; (the moving feet of the perpendiculars PD,, 

PE,, PFs of the triangular plates) remain always concurrent, and meet 

in the point 7. 

6. If may be noticed incidentally that the figure presented by the 



920. | THE THREE-BAR SEXTIC CURVE, 65 

points P and P’, with Q, R, S the images of P’ in BC, CA, AB, gives 
rise to a three-position theorem. Two rigid configurations, that is, are 
supposed to occupy in turn three different relative positions: the triangle 
ABC with the point P represents one plate, and the images of P’ and of 

this plate in BC, CA, AB represent the three positions of the other plate. 

So PQ, PR, PS are the distances apart of the selfsame points, one of each 

plate, on the three occasions. If these distances are given, then the 

points P, P’ (as has been seen) are corresponding points of a three-bar 

sextic; and hence the points, one in each plate, lie on reversely equal 

sexties. at points which “correspond” (but do net coincide) on reflection 

of the sextics into coincidence. 

7. Some properties of the mechanism are unnecessarily restricted by 

the supposition that 4 BC is a fixed triangle, and remain true with two 

degrees of internal freedom given to the mechanism in place of one. The 

pedal theorem is a case in point: for the lengths TD, TH, TF remain 

constant and equal to PD,, PE,, PF; not merely for one sextic locus of P 

with ABC fixed, but for all sizes of the triangle ABC as well. From this 

enlarged point of view a locus for T does not arise. 

8. The notes now following, put in a moderately condensed form 

sufficient for their purpose, will give av analytical account of the geometry 

of the three-bar curve in terms of areal coordinates having the focal tri- 

angle as triangle of reference. 

It is convenient to use quantities A, u, v defined by equations 

apt, Porth, & =A+h, (1) 

so that -cos 4 =A/be, sin 4 =dé/be, = Zur, op = — Ap, (2) 

where 46 is the area of the triangle, and p is the squared radius of the 

polar circle. The squared distance between two points is then D(e—2')?, 

and the circular points at infinity have equation 

Q = DA(m—n)? = 0. (3) 

The angles 6,, 62, 63 are reckoned in the sense of circulation of the points 

ABC. Being the directions of vectors of lengths k,, k,, k3; with vector 

sunt unity in direction zero, they satisfy the equations 

k, cos 0,+k2 cos 6: +k; cos 0; = 1, (4) 

k, sin 0, +4, sin 6,.+4 sin 6; = 0. (5) 

SER. 2. VOL, 20, No, 1381. I" 
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With these may be associated other forms of equation derived from them 

ky the cos O4-+k3 cos 03; = cos 4, (6) 

ky sin 0,,—k3 sin 03, = sin 4, (7) 

ky 608 0,-+ ky kg C08 Og, = $ (1+43—k3— ki), (8) 

and D kok COS O93 = $ (1— Zhi) (9) 

where 65, = 0,;—43, ete. 

The coordinates of P take the form 

i = k, cos 0,—(uk, sin 0,—vkzg sin O5)/6, ete., (10) 

and, changing the signs of 0,, 9, 03 for P’, 

x! = ky cos 0,+ (uk, sin 0,—vks sin 85) /d. (11) 

The point 7 midway between P and P’ is therefore 

=k; cea Oy yf Shy 008 Oy, a= Lecos OF (12) 

giving e+y+z = 1 in virtue of (4);. and, from (5), 

(ki — 2) +(k— y+ (kg—2")? = 0 (13) 

is the equation of its locus.* In rationalized form the resulting aR 

> (a? — k?)P? 23 (y?— k2) (?—k2) = 0 (14) 

has the line infinity as a factor, and the remaining cubic locus has equation 

(—a2+yt+z2)(e@—ytz2) (aty—2) —22k? Sa? +4>dh2 2? 

+ (hy + hat hs) (— hy + ko+kg) (hy — hath) (ky +Ahkg—ks) = 0. (15) 

The asymptotes are 

=430+h), y=s0+h), 2 =3(1+h3), (16) 

parallel to the sides of the focal triangle. 
The cubic (15) cuts the sides of the focal triangle at points correspond- 

ing to a value 37 (mod 7) for any one of the three angles 0,, 02, 033 i.e. 
when one link of each three-bar linkage is perpendicular to the fixed base- 
link. 

* This, and any later equation not homogeneous in 2, y, z, may be rendered homogeneous 
by use of the unit factor ~+y+z= t. 
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9. Calculation of the length PP’ from (10)-(11) gives 

FPP RE Sep SNE sin! 0,. (17) 

If O is orthoeentre of ABC with coordinates (—p/A, —p/u, —p/v); 

OT? = ZAK? cos? 0,+p. (18) 

So OT?+ TP? = a+ p a constant, (19) 

= 08% o =D | (20) 
It follows that a fixed circle having O as centre and «+p as squared 

radius, cuts the circle on PP’ as diameter at the ends of another dia- 

meter; or cuts orthogonally the circle centre T and radius i7P. The 

equation of this fixed circle may be written in the form 

d (Pk) +6 Yh) +y PKs) = 0. oe 

10. The line PP’ has equation 

Ak, sin 0,.z+ uk, sin 0,.y+vks sin 03.2 = EAKj sin 0, cos6,. (22) 

The parallel through O is 

Ak, sin 6,. z+uk,sin 6,.y+vk3sin@,.2=0, ~ (23) 

and the area of the triangle POP’ is DAkj{ sin 6, cos 0,. The line TXYZ, 

say A, perpendicularly bisecting PP’ is 

(sin O95/K,) -+(sin O;/K) y+(sin O4o/k3) 2 = 0, (24) 

passing through T (12) and meeting the line infinity at the point 

k, sin 0,. 1+, sin 0,.m+3 sin 63. = 0. (25) 

Any point on this line A has coordinates of the form 

x = k, (cos 0,+7' sin 6,), ete. (26) 

where 7 is arbitrary. If r= —cot6, the point X is obtained as 

(0, kin 9,,/sin 0,, —kKg sin 93;/sin 6,), and similarly for Y and Z. 

The squared distance of the point (26) from T is equal to r°Ak} sin’ 6, ; 

and hence (17), if 7? =—1 the antipoints IH, II’ of P, P’ are obtained, 

with coordinates 

Ce es RE he CH he, (27) 

and gt yen, y= ge, = Tego, (28) 

2 
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The envelope equation of these two points is 

D2 P+ AZkoks cos Ogg.mn = 0. (29) 

The pairs of points P, P’ and I, Il’ and the circular points at infinity «, 0’ 

are the pairs of vertices of a quadrilateral ; and II, II’ are imaginary when 

P, P' are real and conversely. The coordinates of either II or I’ satisfy 

the equations 
i == || aE Y : (30) 

and kia+h/y+h/2 = 1) 

Hence the locus of the points II, Il’ is the cubic curve 

H= rye—kyz—Izx—Ricy == (81) 

ft passes through the vertices of the focal triangle and through the points 

at infinity on the sides. The asymptotes are 

s—-he=0, y—B=0, 2—k, = 0, (32) 

parallel to the sides of the focal triangle. 

The asymptotes (16) of the cubic (15) are midway between the 

asymptotes (32) of the cubic H (31) and the opposite vertices of the tri- 

angle. 

This cubic H is the Hessian of the cubic 

C= Hk +y/kK+2/kh—-1=0, (83) 

and is also the Jacobian of the three pairs of parallels 

2’—ke=0, y—-kR=0, 2—k=0, (84) 

which are polar conics of the vertices of the focal triangle. 

11. It thus appears that the theory of the three-bar sextic is co- 

extensive with the metrical geometry of a unique cubic curve U, which 

may be called “ the representative cubic’’, from which the sextic curve is 

derivable. The cubic U determines pairs of corresponding points I, II’ 

on the Hessian of U, each point having as polar conic with regard to Ua 

line-pair through the other point ; and P, P’, the antipoints of II, Tl’ in 

regard to the circular points at infinity, generate the sextic. Darboux* 

has used expressions and equations equivalent to (27) and (30), thus rest- 

ing the two reiations among the angles 6,, 0,, 0; upon an auxiliary cubic 

* Toc. cut., pp. 109, 110, 
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curve. But here the cubic H appears in explicit and intimate relation 
with the sextic curve itself; and a cubic U, one of the three eubics having 
H as Hessian, stands as parent of all the curves and of the correspondence 
of the point-pairs. An arbitrary cubic curve involves nine parameters ; 
and the three-bar sextic, as here specified, needs six parameters for the 
focal triangle and three for the values of k,, ka, ky. 

Alternatively, the polar conics of the cubic U form a net of conics 

which generate the figure without use of the cubic. If a line A cuts the 

conics in an involution of points, the double points of the involution are 

II, Il’, and the antipoints P, P’ of II, II’ generate the sextic. In other 

terms, if A cuts the conics in an elliptic involution, then the circles having 

the chords of the conics on A as diameters have P, P’ as common points. 

Any three conics serve to determine the net, and most simply the three 

pairs of parallels (84); and the corresponding circles have X, Y, Z as 

centres. As two parallel lines involve three parameters the determination 

of the system again depends on nine parameters. 

12. The special types of conic of the net may now be examined in 

their relation to the sextic. 

The polar conic of the cubic U (83) for the point (Yo 2%) 18 

x HON en On om 7 OV. 6204 o1 po ‘ e (a°—k)+ ke G—ks)+ ie (—k,) — 0, (35) 

with (ki /29, k3/yo, %3/Z9) proportional to the coordinates of the centre. 

This conic becomes a line-pair when its Hessian is zero; and hence 

when (2p ¥Y 2) lies on the cubic H (31), so that 

ki ay k3/yo+hs/% = 1. (36) 

This equation and 2)+%)+2% = 1 hold simultaneously (and exchangeably) 

for the point H(xz,)y)%) on H and for. the corresponding point 

Il (K2/ay k2/ yo k3/%) through which pass the line-pair polar of LL. 

The line-pairs which are polars of the points at infinity on the sides 

of the focal triangle ABC are 

ylke—2/kt = 0, #/ki—a7/k? = 0, 27 /ki—y? [kz = 0. (37) 

These are pairs of sides of the quadrangle of points 

a] = oP fh = 2/1, (38) 
through which points pass the polar conics of all points on the line 

infinity. 
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The polar conics of A, B; C are the line-pairs (84). 

Each pair of these parallels has a side of the focal ieee pee 

between them. 

13. One conic of the net (85) is a circle. Its equation is 

(2? — #2) +n¢?—k)+1(—k) = 0, © (39) 

which has already appeared (21). It is concentric with the polar circle 

ha*+uy?+ve? = 0. (40) 

The conjugacy of Hf and I’ makes the cirele on ILII’ as diameter 

orthogonal to the net circle; and hence, for the antipoints, the circle on 

PP’ (any principal chord of the sextic) as diameter is cut at the ends 

of another diameter by the net circle centred at the orthocentre of the 

focal. triangle. 

The net circle (39) cuts. the tricircular sextic three times at each 

circular point at infinity, and hence in six finite points. For each of 

these six points the corresponding point must also lie on the net circle; 

hence the net circle cuts the sextic at the ends of three principal chords. 

The lines A corresponding to these three principal chords pass all through 

the orthocentre O. - 

14. Among the net of conics (35) occur a single infinity of parabolas. 

They are the polar conics of points on the conic 

Keyztkizat+kizy = 0, | (41) 

which itself is the polar conic of the point | 

K = Pi+km+kn = 0, (42) 

with regard to the triangle nye =, 

So any one of the parabolas is given by equation (35) subject to the 
condition ke Jato th? /yo th? /z9 = 0. (43) 

Among the par abolas ¢ occur the parallels (84), polars of the vertices of the 
focal triangle. : 

The envelope of the parabolas is 

E (a? —h2?—23 (y?—k3) (2° —k) = 0, (44) 

which (14) consists of the line infinity and the cubie locus of the middle 

point 7 of principal chords PP’. Each parabola touches the cubic at 
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three points. The parabola touching at 7 (12) is oe ere 

> (x*— k})/k, sin 6, =.0, (45) 

the tangent being >(x cos 6,—k,)/sin 0, = 0, (46) 

and the line A, with infinity point } : 

k, sin @,./+, sin €..m+k 3 sin 63.2 = 0 

on the parabola, is the diameter through T, 

The chord joining the other two contact-points is 

> (sin 63/ #3)? x —42 sin O93/k, . = (sin Oo3/%,) x = 0, (48) 

which cuts A (24) on the line 

> (sin O53/K;)? 2 = 0, (49) 

at the point w, say. The point w has coordinates 

z = — kj sin 63, sin 0,./sin 0, sin 03, etc., (50) 

and lies on the cubic H, being the third point of the curve on the line 

IW’. The corresponding point on the cubic has coordinates 

x = —sin 8, sin 4;/sin 03; sin 6,9, ete., (51) 

and is the point of intersection of tangents at II and II’. 

Further a unique parabola touches the sides of the focal triangle and 

the line A. Its equation is 

sin 6, sin 62; mn-+sin 6, sin 05, n/-+sin 3 sin 81. lm = 0, (52) 

and it touches the line A at the same point aw. 

Moreover, as two triangles whose sides touch a conic have their ver- 

tices on another conie, it follows that the parabola circumscribing ABC 

and having A as diameter passes through w. Its equation is 

k? sin? 0, . yz +k} sin? 6,.z2a+k} sin? 0;.xy = 0, (58) 

and it has as tangent at @ the line (49). 

15. Among the net of conics (35) occur a single infinity of rectangular 

hyperbolas. The apolarity of (85) and the circular points 2 = 0 gives 

(a?/ki) Lo +(07/k3) YoH(c?/k3) 2 = 0, (54) 

so that the rectangular hyperbolas are pone conics of points on the line 

(a?/k?) e+ (b?/k2) yA(C/k3)z =0, (55) 
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and their centres lie on the Gacummcirele 

eyzt+bzr+eay = 0. (56) 

The hyperbolas pass through four common points : 

(2? —k?2)/a? = (y?—k3) 0? = (2? —k2)/c?, (57) 

forming a quadrangle of orthocentrie points, say [)J, 1,13, with diagonal 

triangle N,N,Ns3, of which J)-is the centre of the inscribed cirele and 

I, I,J, the centres of the escribed circles. 

Three of the rectangular hyperbolas degenerate into line-pairs and 

become the pairs of sides of the quadrangle such as N,J,J, and N,J1,J;, 

the angle-bisectors of the triangle N,N,N; at N. The conic (85) becomes 

two lines when (2) 7%) and the centre of the conic are both on the cubic 

H. Hence the line (55) cuts the cubic H in three points whose polars are 

the orthogonal line-pairs through the corresponding points N,N,N3. The 

points N,N.Ns, along with the centres of all the other rectangular hyper- 

bolas, lie on the focal circle (56). 

The point ki pyl +k: ppmt+k2p,n = 0 (58) 

at infinity on the line (55) has as its polar conic the special hyperbola 

pyre’ tpoy?+psv = 0, (59) 

where p =U, py=ci—at, py = a2—b?, (60) 

with the identities LA py == 0, hp 0. (61) 

‘ 5) These quantities p,, p2, ps are named the ‘“ moduli’’ of the mechanism by 

Cayley. With regard to this unique rectangular hyperbola of the net the 

focal triangle is self-polar as well as the triangle N,N,N; It may be 

called “the principal rectangular hyperbola” of the net. It passes 

through the centres 

VEU ph) go [mk hd (62) 

of the inscribed and escribed circles of the focal triangle (as well as 

through those of the triangle N,N, N;). It passes also through the 
four points 

wi lky = y"fhiy = 2°/ hi. (63) 

Its centre is the point J = l/py+m/p.+n/p; = 0 (64) 

on the circumceircle. 

The polar conies of the points in which (55) meets the sides of the 
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focal triangle are the three rectangular hyperbolas 

cy —b’2+p, = 0, ete. (65) 

The first of these has 4 as centre, the angle-bisectors at A as asymp- 

totes, and cireumscribes the parallelogram of line-pairs (84) 

y? =k; ry a — ke = 0, 

and similarly for the other two. 

16. As I, ll’ are conjugate with regard to every conic of the net, they 

are so with regard to all the rectangular hyperbolas of the net. So also 

are the circular points at infinity; and hence the points P, P’, the third 

pair of vertices of the imaginary quadrilateral, are also conjugate. Hence 

not only tbe pairs of points II, II’ are isogonal conjugates with regard to 

the triangle N,N,N; but P and P’ are isogonal conjugates also. 

The isogonal conjugacy of two points with regard to the triangle 

N,N,N; corresponds to a transformation such that the points are con- 

jugate with regard to every conic of the pencil given by (35) and (54). 

Hence the correspondence is given by 

(va’ —k*)/a? = (yy' —k))/0 = (zz'— kpc. (66) 

Solving these equations and putting - 

S = @yztb'a+Cxy, (67) 

A = cyz—kiyz—kyza— kay, (68) 

the common value of the fractions (66) is H/S, and the coordinates of LP’ 

are Fn Os Co — a, 2 = sl 0, (69) 

where S, = @yzt+poy—ps2 > 

S, = O'za+ ps2 —pit (70) 

oa PR Hee Sey) 

Identities occurring among these functions are 

Si:+8,+8; = 8, (71) 

pre@S,+p2ySo+p3283 = 0, (72) 

fees, = ais (73) 

aS,—2?S = @WH, (74) 
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and these exhibit the equations (69)-as equivalent to the reciprocal equa- 

y08F x = Si/S', y= S/S! 2 = SYS’. (75) 
The conics S, = 0, S,=0, S,;=0 are the loci of points isogonal to: 

points on the sides of the focal triangle. Hach is a hyperbola cireum- 

scribing the triangle N,N,N; and having its asymptotes parallel to two of 

the sides of the focal triangle. 

Bach conic S;, 82, S3 cuts the circle S in the points Ny, No, Nz and in- 

one of the foci A, B, C. The cubic A cuts the circle S in all six of these 

points. 

17. The envelope equation of the isogonal pair of points is 

& = (xl t+-ym+en)(S,l+S,m+S3n) = 0. (76) 

The equation of the antipoints is 

0f— 0/0 =. 0, (77) 

where © is the invariant of degrees 1 and 2 in the coefficients of ® and Q 

respectively ; and reversely for 0’. Hence 
= 

0=66S and —40’= W= 2YA(«eS—S,); (78) 

and hence the antipoints of the point-pair ® are. 

' 4°S6+ WQ = 0. (79) 

If now the point (xyz) is P, so that (76) is the pair PP’, and (79) the pair 

I[II’, it is only necessary to make the latter pair conjugate with regard to 

any conic of the net (other than the rectangular hyperbolas to which they 

are already conjugate) in order to get the equation of the locus of P and 

P’. Sufficiently and most simply the point-pair (79) may be made apolar 

to the line-pair x?—k{ = 0 (34). The apolar invariant for this line-pair 

and ® is aH; and for the line-pair and Q it is a®. Hence the equation 

of the three-bar sextic is 

4°SH+W = 0. (80) 

If in this equation the suppressed line atinfinity ¢ = x+y+z 1s restored,. 

the equation is 

4°tSH+W = 0, (81) 

where H = syz—kiyat—k3zat—kiavyt, (82) 

W = Yd(eS—tS))’. (83) 

Of the factors in the first term, ¢ is the line infinity, S is the cireumcircle 
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of as foci, and H is the Jacobian cubic locus of point-pairs conjugate to 
the parallels (84). The equation W = 0 is the locus of point-pairs which 
are isogonal conjugates of the triangle N,N,N; and have a distance be- 
tween them that is analytically zero. The points P, P’ are collinear with 
one or other of the circular points , w’. If PP’ are collinear, the cubic 
locus of P and P’ is 

eS, ety | 

ly So ry =—"(), (84) 

le es — To | 

It passes through both w and e’, and touches the line infinity at w; it is 

an imaginary circular parabolic cubic. The companion cubic (with reverse 

sign for 7) passes through » and @’ and touches ¢ at w’. The nine common 

points of the two cubics consist of the three points N,N.Ns, the four 

points IJ, I,J; (self-isogonal points) and the circular points w, w’. The 

product of the two cubies (85) is identically a W. 

Further, each imaginary cubic is self-isogonal, so also is the cubic H, 

and ¢ and § are one isogonal. So the imaginary cubic touching ¢ 

at » touches S at ’, and the other imaginary cubic touches ¢ at »’ and 8 

at. The six points in which each imaginary cubic cuts the circle S are 

the points N, N,N; and the circular points, one counted twice. 

It is apparent now from the form of equation (81), since S and H and 

both imaginary cubics pass through N,N,N3, that the sextic curve has 

double points at N, N,N3. Thus the orthogonal line-pairs of the net in- 

tersect at the nodes of the three-bar sextic, and the triangle N,N.N3, 

hitherto described merely as the self-polar triangle of the pencil of rect- 

angular hyperbolas of the net, may now be called the nodal triangle of 

the three-bar sextic. Further, the sextic cuts the line infinity ¢ in the 

same points as do the eubic-pair W, and so each of the circular points is 

a triple point of the sextic. 

The equation of the sextic in the form (80) may be regarded as repre- 

senting the constancy of the length P’Q’ from P’ to the image of P in 

BC (§ 2), conjointly with the isogonality of the pair PP’ in regard to the 

nodal triangle N,N.N3. For if P is (zyz), then P’ is (S,/S, S2/S, 83/8), 

and the image of P in BC is 

Q' (—2, y+2va/a?, 24+2ux/a°). 

Fhen P'Q” =[W-+ (40?/a@) eSS8,]/S ; | | (86) 

and putting for P’Q’ the proper value 2dh,/a (§ 2), the equation (86) re- 
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duces to (80). The application of Ptolemy’s theorem to the trapezium 

PP'QQ’ (Fig. 8) leads to the same result, by a slightly different route. 

18. The sextic W (78) may be put into a fresh form by expansion, 

and use of the identity 

VALS, = otS+26°H, (87) 

derivable from (71), (74). The sextic equation (81) then takes the form 

S?[DAaw?—Qet?] + PDAS? = 0. 

In this equation, besides S? and ¢, the squares of the focal circle and the 

line infinity, there appear two fresh loci. The equation 

YrAx?— Act? = O (89) 

gives a circle concentric with the polar circle of the focal triangle (40) and 

the net circle (89). ‘The squared radius of the net circle is the mean- 

square of the radi of the other two; so that a circle drawn with any point 

on the net circle as centre to cut the polar circle orthogonally is cut at 

the ends of a diameter by the circle (89), or conversely. Or, as equi- 

valent, the powers of any point on the net circle with regard to the other 

two circles are equal and opposite. 

The equation SNS tO (90) 

is the quartic curve generated by points isogonal, with regard to the nodal 

triangle, to points of the polar circle (40) of the focal triangle. It is a 

circular quartic curve and has a node at each vertex of the nodal triangle ; 

it cuts the circumeircle twice at each node and once at each circular point. 

The equation (88) may be written in the form 

DX (a? —k?) + DA (S?/S?—k?) = 0, (91) 

with the immediate meaning that the powers of isogonal points P and P’ 

(66, 69) with regard to the net circle (89) are equal and opposite. This 

is equivalent to the equation 

OP? OP" = 2i@= p); (92) 

which has appeared in the form (19), and to the other geometrical inter- 

pretation there given. The three-bar sextic in the form (88) or (91) thus 

appears as the locus of a pair of points that are isogonal with regard to a 

given triangle, and that have equal and opposite powers with regard to a 

given circle. (The parameters involved are nine.) 
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19. Conies (written as envelopes) apolar to the net of conics (35) form 

a web of conics associated with the three-bar curve. If 

(A, B, G, F, G, HV imnY = 0 (98) 

is a conie of the web, it is only necessary that it should be apolar to any 
three conics of the net, and most simply to the parallels (34). Hence . 

A/k? = B/k?2 = C/k2 = 3(A+2F), (94) 
and the web conics are given by (98), (94). The point-pairs of the web 
are the points II, II’ conjugate with respect to all conics of the net. The 
envelope of the lines IIII’ is the Jacobian of the web conics, and is 

LR1(n—D)(l—m) +lmn = 0, (95) 

this being identical with the Cayleyan of the cubic U (88), the representative 
cubic of the net. The web conics, correlatively, are derivable as polar 

conics of a class-cubic. Its Hessian is (95) the envelope of the lines A. 

It may be calculated as being lineally related to its first and second 

Hessians, or as productive of the polar conics (98, 94); but most funda- 

mentally from the correlative cubic U, directly, as the eliminant of x, y, z 

from the ten equations . 

atin: oU 
ae = 0) ete., 7 = 0, ete., and (xl+ym-+zn)? = 0, (96) 

as being linear in the ten cubic products 2°, xyz, yz’, y°z, ete. It may be 
put in the form 

(8K, K,K,—(=K,)7| 2K, pe eee ee =, (97) 

where 1/K, =1+R—R—R, etc. ~ 

The Cayleyan and Hessian of (97) are respectively the Hessian and 

Cayleyan of U (38), 

20. Among the conics of the web occur four circles. The orthogonal 

line-pairs of the net are conjugate with regard to each circle; the centres 

of the circles are the orthocentric points IyJ,IpI;. Each circle, associated 

with any conic of the net, has an infinity of circumscribed triangles self- 

polar with regard to the net conic. Association specially with the net 

circle having centre O shows the squared radius of the web circle having 

centre I, to be (O17? —p—s); where p+co is the squared radius of the 

net circle; and similarly for the web circles having centres 1, [o,1;. Three 

arbitrary circles (nine parameters) might be taken as web circles definitive 

of the whole figure. 
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21. Among the conics of the web are a sheaf of parabolas, given by 

ea veuone Fmn+Gnil+ Alm = 0, (98) 

F+G+H=0, (99) 

consistently with (94). These are the parabolas inscribed in the focal 

triangle. The focus 

(a?/F) l+(0?/G) m+(?/H) n = 0 (100) 

lies on the circumeirele. Specially the parabola 

apmn+ bp .nl+c?p3lm = 0 (101) 

has focus J = Ipyt+m/p.tn/p3 = 0, (102) 

coincident with the centre of thé principal rectangular hyperbola (64). 

This is the parabola, examined by Cayley, which is inscribed, as will 

presently be seen (106), in the nodal triangle’as well as in the focal tri- 

angle. 

Among the parabolas are to be included the point-pairs 

lim—n) = 0, mn—)=O0, n(l~—m) = 0, (103) 

each consisting of a vertex, 4, B or C, and the point at infinity on the 

opposite side. The sides of the focal triangle and the line at infinity form 

a quadrilateral whose pairs of vertices are corresponding points of the 

cubic H. . 

Each pair of these points are isogonal conjugates with regard to the 

nodal triangle. All points at infinity have isogonal conjugates on the 

circumcirele ; but for the focal triangle the points at infinity on the sides 

have the opposite vertices themselves as isogonal conjugates. These 

three conditions are equivalent to a single one, namely, the known pro- 

perty, for the six points on the circle, that the sum of the central vectorial 

angles for the foci is the same (mod 277) as that of the nodes. 

22. The general equation of all conics inscribed in the nodal triangle 

(whose sides and vertices individually have irrational equations) may be 

obtained by taking any two of the rectangular hyperbolas of the net, 

written as envelopes, together with the equation of an arbitrary point, and 

forming their Jacobian. Among conics so obtained are three of the form 

V, = l(m—n) — (p,/82e2) Q = 0, (104) 

and three of the form 

Ey = pam (po—p3+a?) mn— pan? +(psp9/0?c2)Q = 0... (108) 
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The first (104) is a parabola having A as focus and axis parallel to BC. 
The equations of the three parabolas have a zero sum, and they belong 
to the sheaf of parabolas inscribed in the nodal triangle. One parabola of 
the sheaf is 

> (k?/a?) l(m—n) = 0, (106) 

which is identical with (101). Hence this parabola, which may be called 
“the principal parabola” of the web, is inscribed in the nodal triangle as 
well as in the focal triangle. This parabola and the cireumcircle of the 
focal triangle are polar reciprocals with regard to the rectangular hyper- 
bola (59) of the net. As the nodal triangle and the focal triangle are both 
seli-polar with regard to the hyperbola the results are consistent and 
equivalent. ; 

The conic (105) has a pair of fo@i on BC given by the equation 

p3m + (p.—p3+a?) mn—pyn? = 0, (107) 

or’by 2=0, poy +(po—p3+@) Y2— paz —= ils (108) 

which is the Jacobian of 

C2+p(ytz? =O and wy?—ps3(yt+z2)? = 0. (109) 

Hence the foci of the conic are the limiting points of the circles 

(—po) = Cax?+2urz+a°2’+ py = 0, (110) 

(+p 3) = 02? + 2vxy+a°y?—p, = 0, (111) 

with B and C as centres and squared radii —p, and +p3. There are two 

of these circles associated with each vertex. The ends of the links A Ag, 

AA, describe two circles, say (4,), (A;), with centre A and radii b3, c; 

and the circles (+ ,,) and (—p,) with centre A are such that the circle 

(A,) is the orthoptic locus of (43) and (+ ,), and (4;) is the orthoptic locus 

of (A,) and (—p,). The three pairs of circles (+ ,), (—p,), ete., may be 

called the ‘‘ modular circles”. The two modular circles, with centres B 

and C, whose limiting points are the foci of the conic Z,, have a symmetric 

(and not a skew) relation to B and C. They have as orthoptic circles, 

when associated with the circles described by B; and C,, the circles 

vdésctibad by B, and C, (Fig. 2). | 

The limiting points, being foci of a conic inscribed in the nodal tri- 

angle, are also isogonal conjugates with respect to the nodal triangle; and 

the conic S, (70) cuts BC in the same points (108). 

23. If the equations (105) are added after multiplication by pi, p> Pp: 

the conic Sa2p?mn+  popyl.Epi(m—n) = 0 (112) 
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appears as one of those inscribed in the nodal triangle. In this equation 

2 Popa = 0 (113) 

is the point J on the circle S, focus of the principal parabola (101), (102). 

The point =p, (m—n) = 0 (114) 

is the point at infinity J on the line 

Pil + poy + p3% = 9, (115) 

and this is the polar of J with regard to the focal triangle (regarded as a 

cubic). It passes through the symmedian point I of the focal triangle 

wl+b?mtge7n = 0, (116) 

as do the triangular polars of all points on the circle S. On the line is 

also the point K=Ki+tkm+kin = 0. (117) 

The conic La*po?mn = 0 (118) 

is inscribed in the focal triangle and touches the line (115) at the 

symmedian point I’. And this conic and the conic (112) inscribed in 

the nodal triangle have the same tangents from J and J. Consequently, 

regarding A as an arbitrary point determined by the ratios (only) of the 

parameters k,k,k3, the line KT joining it to the symmedian point of the 

focal triangle has triangular pole J on the circumcirele S. A unique 

conic may be inscribed in ABC to touch KI at I’; and then a conic is 

found to touch seven lines, namely, AI’ and the tangent parallel thereto, 

the two tangents from J, and the three sides of the nodal. triangle. 

The point J also lies on the conic (41), the polar conic of K with re- 

gard to the triangle. 

24. If triradial coordinates are used for P, say AP=u, BP =v, 
Dee ayp @ 
OC Begeinstnen cos BPC = (v?+w?—a?)/2Qvw, (119) 

and as three such angles have the sum 27 the identical relation among 
the coordinates may be written 

Lu? (v?+ w?—a’)?— I (v?-+ w?— a?) — 4070"? = 0, (120) 

where = and II are sum- and product-symbols. 

Similarly (Fig. 2) 

cos (A —6,4+6,) = (w?—b3}—c?)/2b5 cg, (121) 
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and as three such angles have sum z the triradial equation of the sextic is 

Lay (w—b3;—c2)+ Tl (w’’—b2— 2) — 4020202 = 0. (122) 

It should be noticed that this equation connecting PA, PB, PC holds 
good not only for the single infinity of configurations with ABC fixed, but 

for the complete double infinity arising when the triangle 4 BC varies in 
size. 

The focal circle is given by the equation 

Q = autbo+cw = 0, (123) 

expressing Ptolemy’s theorem algebraically. The chords w= AP, 

a= BC, ete., have their signs determined by attributing a cyclic sense 

to the circle and placing an arbitrary barrier point on the curve; the sign 

of the chord being taken to agree with that of the arc that does not pass 

the barrier point. 

The identity (120) when used conjointly with (123) may be replaced by 

avwt+ bwutcuvtabe = 0, . (124) 

representing the zero sum of the areas of the triangles of the quadrangle 

ABCP. 

The points in which the sextic cuts the circle (123) may be got by 

putting (122) into the identically equivalent form 

, (www +b, c,u)?+Q=z Qau—Q)(kiw+kzkja’) = 0, (125) 

so that for each of the nodes of the sextic 

uvw +b, ¢,utedgvtdazb,w = 0. (126) 

The same equation is also directly obtainable from the equations (67), (68). 

For when P is on the circle S, 

2=—vwlbe, y=—wulca, 2=—uv/abdb. (127) 

With these relations between u, v, w and «, 2, 

z+y+z=1 transforms into (124), 

S = @yz+bzae+Cry = 0 transforms into (123), 

and * H = ayz—keyz—kezxz—k3zy = 0 transforms into (126), 

with the additional factor wow giving the foci. Each of the conics 

S,, Sa, S3 (70) converts into the same nodal equation (126) with the addi- 

tional factors w, v, w respectively. 

spr. 2. vou. 20. No. 1382. G 
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25. The nodal equation may be put into trigonometric form, 

sin(@—a) sin(¢—8) sin(¢—y) + kj sin(y—a) sin(a— 8) sin(p—a) = 0, 

(128) 

where chords from an arbitrary point of the circle to 4, B, C and any one 

node have directions a, 8, y, ¢. Asa cubic in tan ¢ it is of the form 

(tan ¢—tan a)(tan ¢—tan 8)(tan ¢—tan y)+ (tan? ¢+1)(L tangd+M) = 0, 

(129) 

so that ditdotd; = at6+y (mod 7), (130) 

the well-known relation (§ 21) connecting the positions of the vertices of 

the focal and nodal triangles. 

Further relations may be derived analytically from (128), but may be 

attached more immediately to the geometry of the parabolas. It any 

parabola is inscribed in the triangle of reference, with focus at (yz) on 

the circumcircle of diameter D, its parameter (quarter latus-rectum) is 

equal to (d/D)(—xyz)?; and if w, v, w are the radial coordinates of the 

focus, then (127) the parameter is wvw/D°*.* The principal parabola 

(101) is inscribed in both the focal and nodal triangles; and hence for its 

Hed JA SB. IC = IN,.IN,.INs (181) 

The parabola Y, (104) is inscribed in the nodal triangle, and has A for 

focus, and axis parallel to BC. Its parameter equals dp,/Dbc, and hence 

three equations of the form 

AN ANG ANS = Api. (182) 

[Equations (131) and (132) are given by Cayley, but not (126) nor (128). ] 

If the equations (182) are written 

AN,. AN,. AN; = +BC. p,, &e., | (133) 

then they all hold algebraically for the upper signs if the barrier point is 

taken on any one of three alternate ares of the six into which the circle 

is divided by the foci and nodes; and if the barrier point is placed on one 

of the other three arcs the lower signs are to be taken. The signs are 

collectively and not individually ambiguous. 

As alternative to the parabolas, any conic through the inscribed and 

escribed centres of triangle ABC is a rectangular hyperbola with centre 

* Cf. S. Roberts, Quarterly Jowrnal of Mathematics, Vol. 15 (1878), pp. 52-55. 
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(xyz) on the circumcirele, and the square of its semi-axis is d Cop 
which is equal to wow/D. The principal rectangular hyperbola (59) 
passes through these points, and hence gives the result (131). And 
similarly the net hyperbola (65) with centre 4 has a squared semi-axis 
equal to ap,/D, and hence gives equation (132). 

26. If the concyclic foci and nodes are given, with the condition (130) 

observed, there remains one parameter undetermined for the three-bar 

curve. The values of the moduli p;,, ps, ps are determined (133), but the 

values of Xj, k2, k; have one degree of indeterminacy. Each may be increased 

by any multiple of a’, b?, and c?, respectively. This adds to (126) a 
multiple of (123) only; and adds to (128) a multiple of the zero 

> sin (8—y)sin(¢—a). For the same change the point K (117), repre- 

senting the ratios of kj, k3, k3, moves along the fixed line [7 (115), which 

is determined by the ratios of p,, pa, ps. 

If the foci A, B, C are given and only the ratios of 1, ps, p3, With the 

condition Yap; =O (seven parameters), the principal parabola (101) is 

determined and the nodal triangle is any one of the single infinity which, 

like the focal triangle, are inscribed in the circle and circumscribed to 

the principal parabola; and with each of these nodal triangles the point 

K may be taken arbitrarily on the fixed line I'J. 

27. Four vectors with a zero sum have a certain simple property in 

regard to the ranges got by projecting any one of the three closed quadri- 

laterals on to any line. If the projection is made by lines parallel to one 

of the sides, four different triads of points are thus got; and it may be 

shown that there exists a range of four points which, by threes, are similar 

to the four three-point ranges. If the vectors are (/,, 01), (Ka, 2), (hs, 93), 

(k,, 9,), with the conditions 

Dk, 0080, = 0' and 2k, sin 0, = 0, (134) 

the segments of the three-point ranges represent the terms of the equa- 

Bons ky sin 0,,+k sin 04,+%3 sin 0;, = 0, etc., (185) 

and a range of four points R,, R,, Rs, Ry, may be taken on a line so that 

BR, = heokz 810 0.5, Rah, = hk, sin Oy, ete. (136) 

The range R, RR; Rk, may be called a “ similitude range” of the vectors. 

If the vectors are placed to form a pencil, the range has the same cross- 

ratio as the pencil, and may be obtained from a transversal of the pencil 

uniquely determinable in direction. Sucha transversal, cutting the pencil 

G 2 
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in a similitude range, may be called a “ principal transversal” of the 

pencil. If Ois the vertex of the pencil, the four vectors are then pro- 

portional to OR, + #,R,.R,R;.R, Ry, ete. 

As the triple-generation mechanism depends intrinsically on the zero 

sum of four vectors it is natural that the above property should appear in 

the figure. A bare indication may suffice :— 

¢ 

(i) The lines joining P to X, Y, Z and to the infinity point on A form 

a pencil giving the angles 0,, 02, 03, 0 for the vectors (k,6,), (kz), (4393), 

(—1, 0) of the mechanism. 

(ii) Parallel lines through A, B,C and T, all with the direction of 

the line A, are cut by any line in a similitude range. 

(iii) The principal transversals of the pencil (i), cutting the pencil in 

similitude ranges, are parallel to Pa ; where w is the point already dis- 

tinguished by various properties (49), (52), (53). 

(iv) The points of the similitude range (ii) on PP’, joined to the corre- 

sponding points of the similitude range on A, give tangents to a rect- 

angular hyperbola with w as centre and A as one asymptote. 
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ON THE USE OF A PROPERTY OF JACOBIANS TO DETERMINE 

THE CHARACTER OF ANY SOLUTION OF AN ORDINARY 

DIFFERENTIAL EQUATION OF THE FIRST ORDER OR OF 

A LINEAR PARTIAL DIFFERENTIAL EQUATION OF THE 

FIRST ORDER 

By Prof. M. J. M. Hitz. 

{Received and Read November 14th, 1918.] 

Introduction. 

1. In two recent papers* I have employed the two simplest cases of 

the property of Jacobians discussed in this paper to determine the character 

of the solutions of an ordinary differential equation of the first order, and 

of a linear partial differential equation of the first order, with one depen- 

dent and two independent variables. 

The property here proved is as follows :— 

Let there be +1 dependent variables 1, wt, ..., Un, w and n+1 in- 

dependent variables £,, %, ..., Z,, £; and let J be the Jacobian 

~ 

Dy Uy +01 Un» W) , 
DG eT er eh 

then, if J vanish when z is such a function of 2, 2, ..., 2, a8 to make w 

vanish, it can be proved that a function of the remaining dependent 

variables 2,, wo, ..., UW, exists which will vanish when w vanishes. 

In applying this property to determine the character of an integral 

u = 0 of a differential equation it is supposed that w= a, Up = dg, ...; 

Un = Gn (where a, do, ..., My are arbitrary constants) are n independent 

ordinary integrals of the equation, and that 2, ue, ..., U, are taken in such 

a form that none of them are infinite when u = 0. 
7 

* ‘On the Classification of the Integrals of Linear Partial Differential Equations of the 

First Order,’? Proc. London Math. Soc., Ser. 2, Vol. 16 (1917), p. 219; ‘On the Singular 

Solutions of Ordinary Differential Equations of the First Order with Transcendental Co- 

 efficients,’? Proc. London Math. Soc., Ser. 2, Vol. 17 (1918), p. 149. 
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There are then three cases :— 

(i) If J vanish identically, then w is a function Of ty, Ma, ---1 Mas and 

u = 0 is an ordinary integral. 

(ii) If J vanish when wz vanishes, then some function of 2, tg, ..-, Un 

exists, say ¢ (wd, Ug, ..-, Un), Such that the equation 

Gy (ets Megs sss ta = 0 

is satisfied when 2 is such a function of 2), %o, ..., 2» as to make w vanish. 

In this case although w is not a function of wz, we, .... Ua, the integral 

u = 0 is included in the integral 

gd (ty, Ug, ..., Un) = O, 

and is to be regarded as a particular integral. 

(iii) If J does not vanish when zw vanishes, then no funetion of the 

form (21, Us, ..., Mn) exists such that 

(Uy, Ug, ..., Un) =O 

includes the integral w= 0. 

In this case the integral w = 0 is regarded in this paper as a Singular 

Integral, although it does not satisfy the definition which Darboux gives 

of a singular integral in his memoir “ Sur les solutions singulieres des 

équations aux dérivées partielles du premier ordre’ (Wémotres présentés 

par divers savants «© UAcadémie des Sciences de UInstitut de France, 

Tome 27, Deuxieme Série, No. 2, 1883). No partial differential equation 

of the first order, which is Hes can satisfy Darboux’s definition. My 

reasons for regarding the solutions discussed in this paper under this third 

heading as singular are (i) that they possess the envelope property, and 

(ii) that they are not in general obtainable from the ordinary integrals by 

giving special values to the arbitrary constants involved in the ordinary 

integrals. 

2. To prove the above-mentioned property of the Jacobian observe that 

= DG ts ee 

Dig aye 

s a function of 2, ..., 2, z. 

Now let « be determined as a function of 2, ..., , which makes x 

vanish, and suppose that when this value of zx is inserted in w, ..., u,, 

they become 2%, ..., wv, respectively. 
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Let 0 denote partial differentiation with regard to %, ..., 2; whilst D 

denotes partial differentiation with regard to 2, ..., Un # 

Then it will be proved that 

DG, Un) OC, a.) te) De 

NE Cee Bee) 0 (@, Ae ee aos 

piel Dy, Du, Ox 
Since Sa ailia.” Desoe for all integral values of 7 and s between 1 

and 7 inclusive, and since 

9 = Du 4 Du oe 
lee ALD a 0%, 

for all integral values of s between 1 and m inclusive, we see that if we take 

Diu, Du, Da, | 

ee ire Ses 

J =| Dun Di, Dui, | 
Re ee cee Liat Dy 

he Du Du 
ey | eee RE 

and multiply the constituents in the last column by dz/ox, and add to the 

corresponding constituents in the s-th column, and if we do this for all 

values of s from 1 to » inclusive, then J takes the form 

Oty Oth Du, | 
Ox,” Pay Onn Dz 

VOR ea 
hy — = = . : 
OUn ttn Dtn| ~ O(a, ..., Bn) Det 
On; eerie On, Da 

0 0 Du | 

‘ es ( Dx 

3. Since by the hypothesis the equation w =O determines x as a 

function of 2, ..., Zn, it follows that Du/Dz does not vanish identically. 

Hence, if J vanishes when w vanishes, 

E76 ae 
SCN pees a 

e 

0, 
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when z is such a function of 2,..., % as to make wu vanish. But 

Uj, .-., Un do not contain #. 

Oise stn) 

OCs) 

Hence some relation of the form 

pb (Ua, erie ony nO 

Hence vanishes identically. 

exists. 

Take now the function ¢ (#4, ..., %), and suppose that # is taken to be . 

such a function of 2%, ..., Z, as to make wu vanish; then ¢ (2%, ..., Un) be- 

comes ¢ (2, ..., Un) = 0. Hence the integral w= 0 is wcluded in the 

equation p (Uy, «++5 Un) = 9, 

but w is not itself of the form (2%, ..., Un). Consequently “w= 0 is not 

an ordinary integral of the differential equation, but it is a particular 

integral. 

4. If J donot vanish when « is such a function of 2, ..., Zn as to 

make w vanish, it follows that 

Oi ereesetln) 

MOP eri) 
does not then vanish. 

Hence no relation of the form 

Day se Uae OU 

exists, and therefore no equation of the form 

UAC i ceope ee (U 

exists which would be satisfied if x were chosen such a function of 

Ly, .++, Zn, as to make w vanish. The integral «=O is not therefore in- 
cluded in the form P (hy, 20.5, Un) = 0. 

It is not therefore an ordinary integral. It will be regarded in this 
paper as a singular integral. 

The following examples will illustrate the theory. 

Example I. 

5. Consider the differential equation 

(e+ ba, & +a) — 2a (7+ a2,) (a+ bx,) + 2a? (x+ a2) (= +0) = 0, 
alt 

where a, 0 are fixed constants. 
8 
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Its complete primitive is 

(x+az,) exp [—2z?/(x+ b2,)7] = const. 

Also x-++ax, = 0 is an integral of the equation. Taking 

u=2+an,, 

y= (2+ az)) exp [—2}/(e+b2,)"] ’ 

it follows that 

J = — 22, (x+az,)? (x+ bx) exp [—2?/(xv+ba,)"]. 

Hence J = 0 when u=0. 

In this case w= 0 is a particular case of the primitive a, = const., 

viz. : it is obtained by taking the arbitrary constant to vanish. 

In this case the quantity wu, (obtained by choosing a relation between 

x and x, which will make w vanish) is identically zero. 

The relation corresponding to 

D (thy, Ugy.-.-, Uy) = 0 

is now wv, = 0, and this is satisfied when wu = 0. 

Ezample I. 

6. Consider the differential equation 

23 (2—24—2.)? é —1) + (23-22, x.) (= —1) +4 (%—2,)(@—2—X_) = 0. 
Oxy 

The ordinary integrals are 

Uy = @%+2,(r—2,—2,)' = wy, 

Ug = 2? +23(x—2,—2q)? = Ay. 

Another integralis u= 2—2z2,—2, = 0, 

_ Dw, Us, uw) _ ae PE 
= D(a, Loy ZL) Ca 2 (ay 24) (x ay Zo) ‘ J 

Hence J vanishes when w vanishes. 

Now w is not itself expressible as a function of uw, and w. But, by 

§ 3, some function of w, and wu, exists which when equated to zero includes 

w= 0. 

. oe Fe, ES In this case Uy hy Uy 2}. 

Therefore Ug—U; = 0. 
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The relation in question is therefore 

Ug—u? = 0. 

This gives Iq (2 — ay — 2’) | @g— 20, —U%_(“@— 41 —Xy)*] = O. 

The first factor, giving z, = 0, does not lead to a relation determining x 

as a function of x, and xp. 

The next factor gives L—2X,—2L, = 0, 

4.€. to); 

Another solution is given by the remaining factor, which gives 

(c—a,—2@)? = 1—(22,/z,). 

Putting U == (€—4,—Xo)?—-14+(42,/2x,), 

it follows that J = —x,(%—2x,—2x_) 7? [(@— 2, — Xo)? —1—(22,/z) |, 

and so J vanishes if w vanishes. 

Hence in accordance with § 3, « = 0 is a particular integral. 

Hzample II. 

7. Consider the differential equation 

He eee (<2 -2) = 0. 
a 

Oat 
Ox, 

In this case take i 

Uy = 2—2(x—2,—2Xo)? = Ag, 

i — =F —2— Of 
And now J = 1. 

No function of wu, and wu, exists from which the relation «=O can be 

derived. 

; Ou: 
In this case a2 = 14+(¢—2,—2,)-}, 

O21 

OUsg he 
A = 0-2, — ha) Oly ( 1 2) ’ 

Ou 
2 = —(4—2,—2,)~*. 

Ox 

The parts of these differential coefficients, which are infinite on the 
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4q ay 

locus —a,—z, = 0, i.e. w= 0, are proportional to cue <“ and oy : On,’ 024 Ox 
v.€. to —1, —1, 1. 

Hence the surfaces vw, =a, touch the surface w= 0 where they 
meet it. 

In the Jacobian the constituents in one row are proportional to the 
constituents of another row at points on the envelope, yet the Jacobian 
does not vanish. 

8. It will now be proved that, if w= a, represents a family of surfaces 

P : ee E : Du, Du, Duy 
which satisfy the differential equation, then Deena 

where the surfaces meet the envelope of the family. 

Take the surfaces in the form 

are infinite 

F (@,; Lg, L, A,) = 0. 

If this be equivalent to vw, = a,, then w, is determined by the equation 

D (tasitgs Ct) — Os 

SA Sha Dire. 5 
Oi Os Dir” 

therefore 

Ji ig Celina 
CE en Dr ee ie 

of of Dw _ 4 

66 du, Dra,’ 

where 6 denotes partial differentiation with regard to x,, 2, and %. 

es cr Di, Du, Di; Since at a point on the envelope ae 0, it follows that Dee Ds De 

are in general all infinite at points where the surfaces ~, = a, meet the 

envelope. 

9. The transformation of the Jacobian given in § 2 is a particular case 

of the following :— 

Let there be 7+ independent variables 

ee wa Lip tll igen Yas 

and i+ dependent variables 

Ut, or) Ui» Vy, sey Ve 
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Choose y,, ..., yz such functions of 2, ..., a; as to make v,, ..., v; all 

vanish, and suppose that when these values of y,,...,y, have been sub- 

stituted in 2, ..., w; they become %, ..., % respectively, then, if D denote 

partial differentiation with regard to 2, ...,%i, Yy, ++.» Yx, and if 0 denote 

partial differentiation with regard to x,, ..., x;, it may be shown that 

£ Dy, set Dy ids Ops + OC, xc, WE DCs ca On) 

Dei tele) OC aD Ge andn 

from which the conclusion may be drawn that, if J vanish when yj, Ya, ---, Yi 

are such functions of 2, Zo, ..., % as to make vj, U9, ..., vz all vanish, then 

some function of 21, wg, ..., uw; exists which will vanish when y), yo, ..., Yi 

are replaced by the above-mentioned functions of 2, 2, ..., Zi. 

D (Oi eiacy Bp) 

Dy, srelely Yn) 

then the equations v;=0, »%=O0, ..., v,=O9O would not determine 

Yi, Yo, .<«, Yx a8 functions of 2, Xo, ..., Vie 

The demonstration is similar to that given in § 2, so that it is not 

worth while to set it out. 

The determinant does not vanish identically, for if it did, 
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ON PLANE CURVES OF DEGREE » WITH A MULTIPLE POINT 

OF ORDER n—1 AND A CONIC OF 2n-POINT CONTACT 

By Haroup Hinton. 

1. We have considered elsewhere the properties of a plane algebraic 

curve of degree n (an n-ic) with tangents of n-point contact (Messenger of 

Mathematics, 1920). The case of an n-ic with a conic or conics of 2n- 

point contact at once suggests itself. It will be found immediately that 

an n-ic meeting y = x in 2n-points coinciding with the origin (which is 

not a double point) has an equation of the form (y—2”) w%,-2 = y", where 

Un—2 = 0 is some (n—2)-ic. Then, by a change of axes, we have the re- 

sult that an n-ic meeting the conic w. = 0 2n times at the point of con- 

tact of its tangent w, = 0 has the equation 

Ugtn—2 = Uy 

2. In this paper we confine ourselves to the case of an n-ic with a 

multiple point B of order »—1 [an (n—1)-ple point] meeting a conic = 

2n times at C. 

Let the polar of B with respect to 2 meet the tangent at C in A, and 

meet BC in O. Let BC meet > again at D. 

There are two cases to consider. In §§ 8-8 we discuss the case in 

which B is outside >, and in § 9 the case in which B is inside &. 

3. Let B be outside &. 

We shall find the following notation useful later on. 

Let U, V be points on BC conjugate with respect to 2, and such that 

the cross-ratio UB. CD/UD.CB of the range (UBCD) is 2/(n+1), and 

therefore the cross-ratio of (VBCD) is 2n/(n+1). Let AO meet > in 

E, F, and let AV meet the tangents BH, BF from B to = in J, J. Let 

W, X be the points on BC such that the cross-ratio of (WBCD) is 

8n/(2n+1)?, and the cross-ratio of (XBCD) is 4n/(Qn+1). Let (BO, XY) 

be a harmonic range. 

It is possible to project = into the circle z*+y°=y, A being the 
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point (©, 0), B being (0, ©), and C the origin; while the axes of refer- 

ence CA, CB are perpendicular. 

Then E, F become (+4, 4); I,J become [+ 4, (n—1)/2n]; D becomes 

(0, 1); O becomes (0, 4); V becomes [0, (»—1)/2n]; U becomes 

(0, —4(n—1)]; W becomes [0, —(2n—1)?/8n]; X becomes [0, (2n—1)/42]; 

and Y becomes [0, (2n-+1)/47]. 

By § 1 the n-ic becomes 

(@+y?—y) Un» = y" 

and since B is an (»—1)-ple point, the coefficients of y?, y?, ..., y” are 

zero in this equation. From this fact the coefficients in w,-, may be 

calculated, and the equation of the n-ic is found to be 

y(1—"-?2C a? +"2C, a4...) = 22 (L—" 80, 2? +°-4C,at—...). 

The equation may also be written 

ie Dae Es o 
Te es ae ee Us! a 

n—1 convergents of the continued fraction being taken. 

For an indirect but less laborious method of obtaining this result, 

see § 12. 

From (ii) we get, when 427 >1 

zr=-tsecgd, y= 4 sin (n—1)¢ cosecng¢ sec 4, (i11) 

and, when 42? < 1, 

z=+4sech¢, y=4sinh (n—1) 4 cosech n¢ sech ¢. (iv) 

If @ =0, these points coincide with I or J. 

Many geometrical properties of the m-ic follow from the fact that (ii) is 

symmetrical about x = 0. Other properties are given below. 

The tangents at B are all real, being given by ¢ = sz/n, 

§ 12, ee ea) 

in (ili) when n is odd, and by 

s= 1, 2, ..., + (w—2), 4+), ..., —1) 

when 7 is even, while in the latter case AB is also a tangent at B. 

When v is odd, AU touches the n-ie at A. 

Every line meets the curve in ” or (n—2) real points. 

The curve (i) consists of a single circuit with 2—1 branches when n 

is even, and 2 branches when » is odd. 
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The values of ¢ giving the intersections of the curve with AC, AD, 
AO are at once obtained; and the same is true for the intersections with 

the conics (y = x and y = 22”) through B having four-point contact 
with = at C, and through B, E, F, C touching AC at C. For instance, 

the intersections with 4D are given by Oo sr/ Gtk) s Ie os, .n; Mi 

4. The condition that the tangent to the n-ic at the point of § 3 (ii) 

passes through (0, c) is 

(2n-+4 2c— 1) sin = sin 2nd cos 6+ (2c—1) cos 2n¢ sin ¢. (i) 

Eliminating ¢ and n¢ from this and § 8 (iii), we get 

2 (n+2c—1)a?+2ny? = Qn—Dy-+e. (ii) 

Hence the points of contact of the 2(n—1) tangents to the n-ic from a 

point on BC lie on a conic through EL, F, I, J. 

In particular, the tangents to the n-ic at its intersections with HF and 

IJ (other than J, J) all pass through U. Similarly the tangents to the 

n-ic at its intersections with XJ, XJ (other than (/, J) all pass through W. 

5. The 3 (n—2) inflexions of § 3 (ili) are given by 

4n? cot nf sin? ¢ = nsin 2p+sin 2nd. (i) 

Of these »—2 are real. If » is odd, one of these real inflexions is 

at A. 

Eliminating ¢ and n¢ from (i) and § 8 (iii), we get 

2(1—2Qy) = n{Qn(1—2y)—1} (@’+y?—y). (ii) 

Hence all the inflexions of the 7-ic lie on the 8-ic (ii) which touches 

the n-ic at C, I, J. This 3-ic touches the conic = at C, D, and cuts it at 

E, F. lt touches AX at X and passes through the intersections of AY 

with BI, BJ. 

If Ax +uy+1=0 is the tangent to the n-ic at the point of § 3 (iil) 

r ay a = if 

9 (sin2Qnd—nsin2p) 4singsin?nd (2n—1)sind—sin(Qn—l) 

(iii) 

Eliminating ¢ and n¢@ from (i) and (iii), we have 

dN? {(Qn—1)? w—8n} = 16n(u+1){(~—1)u—2}. (iv) 

Hence all the inflexional tangents touch the curve (iv) of class 38 and 

degree 6. It touches AC, AD, AU at C, D,U. It also touches the given 
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n-ic at I, J. It passes through H# and F, the tangents at these points 

being +4nrz+2y+2n—-1=0. It touches BI and BJ where 

y = (8n+1)/16n. The line BC is a cuspidal tangent at the cusp W. 

6. If the point of § 3 ii) lies on y = (p—1)/2p, tannd = p tan ¢. 

Eliminating ¢ and n@ from this and § 5 (ili), we get 

2 {(1—p)(p—n—np)u—2p"} = {(M—Lu—2}{(1—p)u—2p}* @ 

We conclude that, in general :— 

The tangents to the n-ic at its intersections with a line through 4 all 

touch a curve of class 8 and degree 4, having the line as bitangent. The 

curve touches BI, BJ and touches AU at U. 

The following special cases may be noted :— 

If the line is AV (p =n) or AO (p= @), the curve degenerates into 

three points, as is evident from § 4. 

If the line is AC (p= 1) or AD (p =—1), the tangents touch a 

conic. 

If the line is AU (mp = 1), the tangents touch a cuspidal cubic with 

cusp at U. 

7. We may show similarly that, in general, the tangents to the m-1c¢ at 

its intersections with a conic touching AB and AC at B and C (other 

than the tangents at B and C) all touch a curve of class 4. 

But if the conic goes through J and J, the tangents (other than the 

tangents at B, C, I, J) all touch a conic touching AB and AC at B and C. 

Another similar result is :— | 

The tangents to the n-ic at the points given by tannd=c, c being 

any given constant, all touch a curve of class 4. The curve degenerates 
if ¢=0 or ©. 

Or, again :— 

The tangents to the n-ic at its intersections with a line through O all 

touch a curve of class 6. 

8. If x’, y', 2, y are connected by the birational relations 

‘am inig) mid bol 
then § 8 (ili) gives 

a =gsech, y' =4sin (n—2)¢ cosec (n—1)¢ sec ¢. 
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Hence (z’, y’) traces out the same curve as (x, y) but with n—1 in- 
stead of n. This enables us to derive properties of the n-ic we are con- 
sidering from properties of the corresponding (n—1)-ic. 

For instance, we proved in § 4 that the tangents to the (n—1)-ie at 
its intersections with y=4, y= (n—2)/(Q2n—2) all pass through 
(0, 1—4n). We deduce that :-— 

If conics are drawn through B touching the n-ic at C, and at an in- 
tersection of the -ic with either of the conics which touch the n-ic at C 
and pass through B, EZ, F or B, I, J, then they all osculate at C. 

9. Now suppose B lies inside the conic >. 

As in $3 we may project } into 22—y? = y, and we find that the 
equation of the m-ic is that given in § 8 (i) or (ii) with all the minus signs 

replaced by plus. 

If » is odd, the curve is the locus of 

es bo|H oO oO nm (a) Q = C- y = 4 sinh(n—1)¢ sech n¢ cosech ¢. 

lf m is even, the curve is the locus of 

z—=tcosech¢, y= 4cosh (n—1)¢ cosech n¢ cosech ¢. 

If n is odd, the curve consists of the isolated (n—1)-ple point B anda 

single branch having three real collinear inflexions, one of which is A. 

Every line (not through B) meets the branch in one or three real points. 

If n is even, the curve consists of a single inflexionless branch touch- 

ing AB at B. Every line meets the curve in two real points or none. 

If a line through A meets the n-ic in real points P and Q, and meets 

-BC in H, (PQ, AH) is a harmonic range. 

If we project = into a circle and B into its centre, the equation of the 

n-ic becomes in polar coordinates . 

(—1)” tan®*” 30 = (a—1r)/(a4+7). 

The n-ic has 2”-point contact with the circle r = a. 

10. Asin § 1, we may show that an m-ie touching the conic u,= 0 

n times at each intersection with the line w, = 0 has an equation of the 

form UgUn—2 = U”. 

Suppose the n-ic has an (»—1)-ple point B, and has n-point contact 

with the conic > at two points H, K. Let the polar of B with respect to 

> meet HK at A, and let (AC, HK) be a harmonic range. Then pro- 

spR. 2, vou. 20. No. 1383. H 
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jecting AB to infinity and taking B on the axis of y, the equation of >> 

can be put in the form 

(a?—y) + (y’—k) = 0. (i) 

Taking the upper sign, the equation of the n-ic becomes 

(2@+y?—y—k) tn-2 = y”. 

Choosing the coefficients of w,—2 so that no terms involving=y’, y’, ..., y” 

occur in this equation, we find for the equation of the curve 

Yfu—1 = (0° —k) fay (ii) 

where (supposing “C, = 1 for all values of q) 

Fe = Vp, oF kp, 1+ 0p-2, a+ Ups, at-..; (iii) 

ie p= "OC! 70," 3G ee Ce 0 Orr ee) 

This is the standard curve into which may be projected any »-ic with 

an (n—1)-ple point B having n-point contact with a conic > (not enclosing 

B) at two points (see also § 12). 

Taking & = 0, we have the curve of §§ 3-8. 

The equation (1) may also be written 

_@—k wk wk 

dire yee i are ee ) 

n—1 convergents of the continued fraction being taken. 

Any point on the curve is 

x = (k+4 sec? ¢)?, y= 4sin(n—1)¢ cosec n¢ sec ¢, 

i" a’ > k+4; 

xz = (k+4 sech? ¢)}, y= 4sinh(n—1)¢ cosech n¢ sech ¢, 

if [Soe ee Hee IE 

a = (k—4 cosech? ¢)3, y = — 4cosh(n— eh: cosech ¢ for n even, 

y = — 4 sinh(n—1)¢ sech n¢ cosech ¢ for n odd, 

if ee ee 

An alternative is to put 

x = 4(1+4k)? cos g, &c. 

Results similar to those of §§ 8 to 7, but less simple, may be obtained 
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for the curve (ii). For instance, the conic of $ 4 (ii) is replaced by the 
quartic 

(m+ 2c¢—1) 2? —(2e—1) k} (40° —4k4—1)+(4k+1) (x? —k) Qy—1) 

tnx? (2y—1) = 0. 

If k = —1, the n-ic is of the type discussed elsewhere (Messenger of 
Mathematics, 1920), having an (n—1)-ple point and two tangents of 
N-point contact. 

The transformation of § 8 is to be replaced by 

27 , y =1-—(2?—h)/y. 

11. Ii B is inside the conic ¥, we take the lower sign in § 10 (i), and 

prove similarly that the equation of the n-ic is 

ae ne et+k x#+k 

ee ete 

to n—1 convergents. This is the same as 

(i) 

pa = (x?-+k) fn—2, 

the minus signs in § 10 (iv), being replaced by plus. 

If we project = into the circle y =a and B into its centre, the equa- 

tion of the curve in polar coordinates becomes 

es Se ee 
a+r a aecan : 

Since B lies outside ©, 1+4k > 0. 

More generally, the n-ic with an (n—1)-ple point at the pole meeting 

r =a at its intersections with 7 cos(@—a,) = kia ((= 1, 2, ..., n) is 

be 4 cos pared 

attr ne (O—o) +h] * 

12. Another method of obtaining the equations of § 3 (i) and (il), 

§ 10 Gi) and (v), § 11 @, is the following. 

First, we notice that the number of conditions which the curves dis- 

cussed have to satisfy is just enough to determine them uniquely, so we 

need only verify that the curves given by these equations have the pro- 

perties stated. 

This follows from the result that, if f and # are polynomials in z, 

H 2 
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MY = fdn—1 meets the curve y(¢+y) =f only where y=0; fqn—1/Qn 

being the n-th convergent of the continued fraction 

I ie er 
g+o+ ort...’ 

go that Fn = o"+"""C, pr? f+" CO, p?—4 f2 +" C3 Gia eae \ 

In fact, since Gn = OFn-1 +f dn~2, 

QnY —fAn-1 = In-1 [YO +y)—f | —Y¥ Gn-1¥ —SQn-2) 5 

from which the result follows at once by induction. 

Taking ¢—1 and f=2’+k, we get the result of $11 (i), and 

similarly in the other cases. 
The reader will find the case ¢ = 1, f = ~ of interest. 
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RELATION BETWEEN APOLARITY AND THE PIPPIAN-QUIPPIAN 

SYZYGETIC PENCIL 

By Wiuu1am P. Mine and D. G. Tavytor. 

With a Note on Apolarity by H. W. Ricumonp. 

[Received April 12th, 1920.—Read April 23rd, 1920.] 

Caytey in his “ Third Memoir on Quantics ” [Philosophical Transac- 

tions of the Royal Society of London, Vol. 146 (1856), pp. 627-647] ob- 

tained two contravariants of the cubic curve, which he denoted by 

P= k(P+m3+n')+ (1—4k) lmn, 

Q = (1—10k*) (P+ m?+n*) — 64?(5 + 4h) Imn, 

for the case of the canonical equation 

U = # +y7+2+4+ 6kayz = 0, 

and which he called respectively the “‘ Pippian ” and the ‘“‘ Quippian.” In 

a subsequent paper entitled ‘‘Memoir on Curves of the Third Order” 

[Philosophical Transactions of the Royal Socvety of London, Vol. 147 

(1857), pp. 415-446], Cayley investigated the geometrical interpretation 

of the concomitants he had obtained, and makes the following statement 

which we quote verbatim :— 

‘“*T have not succeeded in obtaining any good geometrical definition of 

the Quippian and the following is only given for want of something better. 

The curve 

T.PU {|P6H(aU+68HU)} 

} —P(6HU) {T(aU+6BHU).P(aU+66HU)| = 0, 

which is derived in what may be taken to be a known manner from the 

cubic, is in general a curve of the sixth class. But if the syzygetic cubic 

aU+6GHU = 0 be properly selected, viz. if this curve be such that its 
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Hessian breaks up into three lines, then both the Pippian of the cubic 

aU+6@8HU = 0, and the Pippian of its Hessian will break up into the 

same three points, which will be a portion of the curve of the sixth class, 

and discarding these three points the curve will sink down to one of the 

third class, and will in fact be the Quippian of the cubic.” 

‘Subsequent writers have to a large extent discarded the term 

‘‘ Pippian ”’ and use the name ‘“‘ Cayleyan”’ instead. Salmon and Elliott 

define P and @ as the first evectants of the invariants S and T' of the 

cubic, but neither of them give convenient geometrical definitions. 

Clebsch defines the Quippian as the envelope of lines whose polar-conics 

with respect to the Cayleyan are apolar to their polo-conics with respect 

to the original cubic (the polo-conic of a line being defined as the locus 

of points whose polar-conics with respect to the original cubic touch that 

line). 

We have not been able to find, however, in previous papers dealing 

with the cubic curve any geometrical definition of the Pippian-Quippian 

pencil of class-cubics, which derives this system simply and concisely, 

member by member, from the fundamental syzygetic pencil of cubics 

through the intersections of a given cubic and its Hessian. This de- 

sideratum is furnished, however, by the extension of the results of our 

joint-paper on “ The Significance of Apolar Triangles in Elliptic Function 

Theory ” (Proc. London Math. Soc., Ser. 2, Vol. 18, pp. 375-884) to the 

case when the apolar triangle becomes a collinear triad of points. 

In the above paper we showed that if DMN be a triangle inscribed in 

a cubic curve, one, and only one, member of the pencil of curves through 

the points of inflexion is apolar to LMN; and that if L, M, N be pro- 

jected through any point T of the cubic curve on to the curve again, so 

that the points ZL’, M’, N’ are obtained, the triangle L’M'N’ remains 

apolar to the same member of the syzygetic pencil. We proceed to con- 

sider this property when the triad of points L, M, N are collinear. 
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Let L, M, N be three points nearly collinear on a cubic curve U, and 
let U' be that member of the flex-pencil to which the triad L, M,N is 
apolar. Let the line LM meet the curve in Z. Then it is a known pro- 
perty that the bipolar (or mixed polar) line of Z, M with respect to U' 
passes through Z. This bipolar line also passes through N since the 
triad L, M, N is apolar to U’. Hence proceeding to the limit when N 
moves up to coincidence with Z, we see that the bipolar line of L, M with 
respect to U’ is the tangent at N with respect to U. Similarly it may be 
shown that the bipolar line of W/, N with respect to U’ touches U at L, 

and that the bipolar line of Z, N with respect to U' touches U at M. 

If now we take as lines of reference the line ZMN, and the tangents 

to the polo-conic of LN with respect to U at the points where this conic 

meets UMN, the equation to the cubic U reduces to the form 

U = ax’+ by? +c2? + 8¢,2°a+ 8e,27y+ 6hayz = 0. 

The equation to the cubic U’ passing through the points of inflexion 

of U, and such that the bipolar-line of any two of the points LZ, MW, N with 

respect to U’ touches U at the third, is easily found to be 

"= )U+ 7 = 0, 

where H is the Hessian whose equation is given in expanded form by 

Salmon in his Higher Plane Curves, and 

We 10k? —abe 
tT: 18k 

If we compute the equation to the Cayleyan or Pippian (.e. the first 

avectant of the Invariant S) we see that the coefficient of n° is abk, using 

l, m, n as tangential coordinates. 

Also the coefficient of * in the case of the Quippian (v.e. the first 

evectant of the Invariant 7) is 

Qab(abc—10k*) = — 36adknX. 

Hence plainly the contravariant curve 36A\P+@=0 touches the 

line ‘LMN. 

We have therefore the following general result :— 

If L, M,N be three collinear points on a cubic curve U constituting 

a triad apolar to \U+-H =0, a member of the flex-pencil of U, the line 
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LMN envelops the member 86X\P+Q=0 of the Pippian-Quippian 

syzygetic pencil of class-cubvcs. 

The following particular cases of the above general theorem are of 

great importance :— 

If L, M, N be three collinear points on a cubte curve constituting a 

triad apolar to the curve itself, the line LMN eiwelops the Cayleyan 

(Pippran). 

This result had already been obtained from an entirely different stand- 

point in the Proc. London Math. Soc., Ser. 2, Vol. 9, pp. 285-243. 

If L, M, N be three collinear points on a cubic curve constituting a 

triad apolar to the Hessian, the line LMN envelops the Quippian. 

The foregoing results are also easily obtained by means of Elliptic 

Functions, and thus serve to throw additional light on the significance of 

Apolarity in Elliptic Function theory. 

Let Ug, = 129(a) e(B) Py) —=8' (8B) @' (-y) —92.20 (a) — 393, 

Hapy = 2(a) @'(B) P' (y)—g_2(P) Py) —893 29 (a)—493. 

If a, 8, y be collinear both the above expressions vanish identically, 

and hence the condition for apolarity with respect to \U+-H = 0, has to 

be satisfied by either a+da, 8, y or a, B+066, y or a, 8, y+dy, from 

which we deduce at once by addition the required condition in a sym- 

metrical form, viz. 

OU apy OU .e OU. OH apy ols bes OF wey 1 

ee eT sel Aue aa matt) = 0. 

It is thereafter easy to show that this expression is equal to 86’\P+Q, 

where P and Q are the tangential forms for the Pippian and Quippian re- 

spectively in Weierstrassian canonical form. The required result follows 

at once. 

We also obtain the following property :— 

If A, B, C be any three points on a cubic curve, and if these three 

points be projected through a point of the curve on to the curve again so 

that a collinear triad is obtained, the lines of the nine collinear triads 

thus found all touch the same member of the Pippian-Quippian pencil. 

For all the nine lines cut the original cubic U in triads of points 
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apolar to the same member \U+H to which ABC is apolar, Abo hence 
touch 86AP+Q. 

A Note on Apolarity by H. W. Ricumonp. 

[Received September 25th, 1920.} 

An Apolar Triad of points (P, Q, R) on a cubic curve (C) is a set of 

three points apolar with respect to one of the pencil of cubics based upon 

C and its Hessian. The relation which connects the coordinates of three 

such points 

(1) is symmetrical ; 

(2) is linear in the coordinates of each point, so that when two (P, Q) 

of the three points are given, R is constrained to lie on a definite straight 

line ; 

(3) is such that the line passes through the pomt N of C collinear 

with Pand QY. Thus, if P and Q are given, there are two positions of R 

on C (N being now excluded). 

Recently, Prof. Milne and Dr. D. G. Taylor have shown that when the 

coordinates of points on C are expressed by elliptic functions of a para- 

meter, the relation between the parameters of P, (@, R depends only on 

the differences of the parameters. I wish to-point out that this is a 

necessary consequence of the facts (1), (2), (3), stated above. 

Let w, v, w be the parameters of P, Y, &. Let PQ cut C in N (para- 

meter —u—v), and let NR cut C in R’ (parameter w+v—w). Then, as 

stated above, P, Q, R’ form another apolar triad, their parameters being 

u, v, and-w’, where 
de i w' = u+v—w. (1) 

By the same reasoning v, w’ and v-+w'—u, we. 

utz, ot+z, w+z, where z=v—w, (2) 

also form an Apolar Triad. 

The process can be repeated, and it follows that if wu, v, w form an 

Apolar Triad, so also do the points w+z, v-+z, w+42, where 2 has any of 

the values r(v—w)+s(u—w), 
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r, 8 being integers positive or negative. Except when both v—w and 

u—w are in a rational ratio to a period, z has an infinite number of 

values. Since two of wv, v, w can be chosen arbitrarily, the condition of 

apolarity must be satisfied generally, and therefore universally, by all 

values of z. 

By including the result (1), we can assert that if the points w, v, w 

form an Apolar Triad, so also do the points 

Z2-u, z2+v, 2+, 

and zZ—U 

whatever be the value of z. 
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RELATION BETWEEN APOLARITY AND A CERTAIN PORISM 
OF THE CUBIC CURVE 

By Prof. W. P. Miune. 

[Received June 1st, 1920.—Read June 10th, 1920.] 

1. Introduction. 

In two papers in Lowville’s Jowrnal— Mémoire sur les courbes du 

troisieme ordre’ (tome ix, 1844) and ‘Nouvelles remarques sur les 

courbes du troisieme ordre’ (tome x, 1845)—Cayley developed at con- 

siderable length the properties of ‘corresponding points” on a cubic 

curve, the definition of “ corresponding points” being that the tangents 
thereat should meet on the curve. 

Since then much attention has been given to the study of “ corre- 

sponding points on the Hessian,” regarded as conjugate points with 

respect to all the polar conics of a cubic curve. This problem has 

in later years been generalised to include the case of conics apolar to 

all the polar conics of a cubic curve. The object of the present com- 

munication is to study in greater detail generalisations of the properties 

of “ corresponding points on the Hessian,” regarded as degenerate conics 

apolar to the net of polar conics of a given cubic. It will be found that 

in the case of many fundamental properties, conics subjected to the con- 

dition of being apolar to the polar-conic net cannot be regarded as 

direct generalisations of “corresponding points on the Hessian,” but 

must in essence be regarded as satisfying two further conditions (see 

§ 7 below). 

Incidentally, the paper throws a good deal of light on the properties of 

the pencil of cubic curves through the nine points of intersection of the 

sides of two triangles. Caporali discusses the general properties and co- 

variant loci of any pencil of cubic curves in a communication, ‘‘ Teoremi 

sui fasci di curve del terzo ordine,”’ reprinted on p. 52 of his Memorie di 

Geometria, while Salmon deals with the particular case of the pencil’ 

defined by two triangles (as explained above) in his treatise on Higher 

Plane Curves. He devotes considerable attention to the “ critical 
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centres,” 7.¢c. the nodes of the rational members of the pencil. He does 

not discuss, however, the case where both triangles are circumscribed to 

the same conic. This problem is investigated in the present communi- 

cation, and was suggested by the attempt to extend and generalise the 

results obtained in my paper on “‘ Determinantal Systems of Co-Apolar 

Triads on a Cubic Curve” (Proc. London Math. Soc., Ser. 2, Vol. 18, 

pp. 274-279). It is inevitable to consult also in this connexion the papers 

on the porismatic character of polygrams circumscribed to a conic and 

inscribed in other curves by Darboux (‘Sur une classe remarquable de 

courbes et de surfaces algébriques’’) and by Clifford (On the Transfor- 

mation of Elliptic Functions,’ Proc. London Math. Soc., Vol. 7). 

There is also an important paper ‘‘ On Polygons Circumscribed about a 

Conie and Inscribed in a Cubic” (Proc. London Math. Soc., Ser. 2, 

Vol. 17, pp. 158-171), by R. A. Roberts, who develops the subject from 

the algebraic standpoint and obtains several of the results obtained by the 

methods of synthetic geometry in the present paper. In particular, a 

complete generalisation is obtained of a theorem due to Dr. William L. 

Marr (Proc. Edin. Math. Soc., Vol. 37, p. 72), viz. that if a conic touches 

the line of flexes of a nodal cubic and also the three inflexional tan- 

gents, corresponding pairs of triangles can be circumscribed to the conic, 

the nine intersections of whose sides lie on the cubic. 

The two chief results obtained in the present paper are, however, the 

following :— 

The conditions that a conic must satisfy im order that corresponding 

pairs of triangles may be found circumscribed to the conic and having the 

nine intersections of their sides lying on a given cubic, can be expressed 

simply in terms of apolar properties of the cubic curve. 

If two straight lines cut a cubic curve and if the points of intersection 

be joined, two and two, by straight lines cutting the cubic again, it is 

well known that these further points of intersection lie three by three on 

six straight lines. The condition that these six straight lines shall touch 

a conic can be expressed very simply in terms of apolar properties of the 

cubte curve. 

It will be found that the configuration of the two triangles mentioned 

above, and with which we shall have principally to deal, is a particular 

case, possessing very special and fundamental properties, of the configur- 

ation discussed by Dr. W. Franz Meyer (Apolaritét und Rationale 

Curven, p. 222, § 26), consisting of the complete hexagon circumscribed 

to a conic and having the fifteen triangles formed by the intersections of 
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its sides, taken three by three, so that no two lie on the same side of the 
hexagon, apolar to a cubie curve. 

2. Preliminary Definitions and Properties. 

We shall frequently use the following definition :-— 

If a conic-envelope be apolar to every member of the net of polar-conies 
ot a given cubic, the conic-envelope is said to be apolar to the given cubic. 

The subjoined results were established in the present volume of the 

Proc. London Math. Soc., pp. 101-104, and will often be required : 

(1) If a straight line cut a cubic curve S in three points L, M, N, such 

that the bipolar (or mixed polar) line of M, N with respect to a member 

U of the pencil of cubies through the flexes of S touches S at L, this pro- 

perty ws symmetrical with respect to L, M, N. 

(2) The triad L, M, N is said to be a collinear triad apolar to U, and 

possesses all the properties of a non-collinear triad apolar to U (Proce. 

London Math. Soc., Ser. 2, Vol. 18, pp. 375-884). 

(3) If U be the curve S itself, the line LMN envelopes the Pippian 

(Cayleyan). 

If U be the Hessian of S, the line LMN envelopes the Quippian (a 

contravariant of the third degree of the cubic curve, discovered by Cayley 

and so designated; see Salmon’s Higher Plane Curves or Elliott’s 

Invariants). 

If U be any given member of the syzygetic flex-pencil, the line LMN 

envelopes a corresponding member Y of the Pippian-Quippian pencil of 

class-cubies. 

Consider now Fig. 1 on page 110. 

Let ABC and DEF be two triangles, the nine intersections of whose 

sides are typified by the points P, Q, R, as shown above. We shall refer 

to the above nine intersections as a “ Determinantal System of points ” 

(see Proc. London Math. Soc., Ser. 2, Vol. 18, pp. 274-279), and we shall 

denote them by the determinantal form 

ay (8 rh Ps 

Qi G Qs 
Ry, Ry, fz 

or more briefly by POR. 
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We shall mainly be concerned with the properties of the triads of 

points denoted by the six terms of the expansion of the above determi- 

nantal form, and inasmuch as the triads defined by the positive terms of 

the expansion differ in properties from the triads defined by the negative, 

we shall refer to them as “‘ positive and negative ’”’ triads respectively. 

Ps 

Fires 1 

We proceed to establish the following thedrem :— 

If 8, and 8, denote the sides of the triangles ABC and DEF, and af 

Ny S,+A,S_ be any member of the pencil of cubics through the nine points 

| PQR| of the intersections of their sides, the three ‘“ positive triads” are 
each apolar to the same member U of the pencil of cubics through the 

flexes of 1S -+AgSq, and similarly the “ negatwe triads” are each apolar 

to another member U' of the syzygetic pencil. 

Consider Fig. 2 below, and let the cubic A,S,;+A,S, = S, and let U 

be that cubic through its points of inflexion which is apolar to the triad 

P,Q... {Then the triad obtained by projecting P,Q.R3 through the 

point P, on to the cubic S again remains apolar to U (Proc. London Math. 

Soc., Ser. 2, Vol. 18, pp. 375-884). Thus P,0 FR, is apolar to.U where the 

line P,, meets the curve again in L, and hence the bipolar line of P3, R, 

with respect to U passes through LZ. Let the line P;R, meet the cubic 

again in M. Then we know that the bipolar line of P;, R, passes through 



1920.] | ApoLanITy AND A CERTAIN PORISM OF THE CUBIC CURVE. 111 

M, and hence is LM. Consider now the four points P,, P,, Rs, Ry. One 
conic through them consists of the two lines P,R,, P3;R3, and cuts the 
cubic again in the two points Q2,Q3. The chord Q,Q3 intersects the curve 
in the third point Q,. Hence the conic consisting of the two lines P,Rz, 
P;R, cuts the cubic again in a chord which passes through Q,. Thus 
LM, the bipolar line of P;, R, with respect to U, passes through Q,. 
Hence P;(, R, is a triad apolar to U, and similarly with regard to P,Q3R,. 

In precisely the same way it can be proved that P,Q3R., PsQoR,, PQ, Rs; 

are each apolar to another cubic U' of the syzygetic pencil of S. 

We note that if S, and S, each consist of three concurrent lines whose 

points of concurrency are H and K respectively, then all the triads of 

| PQR| are apolar to every cubic \,8;+A,S,, and the degenerate class- 

conic H, K is apolar to every cubic of the pencil A, S,+A,_,S_ (Proc. London 

Math. Soc., Ser. 2, Vol. 9). We proceed to generalise this theorem. 

3. Fundamental Theorem. 

If, as before, \y8,+A,8S, = S be a member of the pencil of cubics 

through the nine points of intersection of the sides of the triangles 

S,; = ABC and S, = DEF, and wf both the“ positive” and “ negative”’ 

triads of the system of points | PQR| be apolar to the same member U 

of the syzygetic pencil of S, this property is poristic in that every member 

of the pencil \1S;+r,S_ possesses the same property, and the necessary 

and sufficient condition is that the six sides of the triangles ABC and 

DEF shall all touch the same conic. 

We shall give two proofs, one by the methods of analytical geometry, 

and one by the use of elliptic functions. 

The locus of the points of inflexion of the cubics of the pencil 

\, S81 +A2S_ is easily found to be the sextic curve 

S; U,+S8, U,; = Ay S189, 

where A, is the invariant whose vanishing denotes that the sides of S; and 

S, shall touch the same conic, and where Uj, U, are the equianharmonic 

cubies having the triangles S,, S, as base triangles, and cutting the sides 

of S, and S, in triads apolar to P,P2P;, Q:Q2Q3, Bi Rohs, P,Q, fi, 

P.QoR2, P3Q3R3. This sextic may be considered as being generated by 

corresponding members of the cubic-pencils 

A, Sy +AQS2 = O; 

No U,—~Ay U;, = Ag Ay So. 
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Hence the general equation to the pencil of cubics through the flexes of 

Ay Sy +A, S85 a (0) is 

(Ag U,—Ay U,— Ag A, So) +p (A; S, +A, So) = 0, 

1.€. (Ag Us—”ry U;) +pr, Si +A, (p — Ay) Se = 0. (1) 

Since U,, U, can be expressed as the sum of the cubes of the sides of Sj, 

S, respectively, and since the six triads of points of | PQR| can each be 

regarded as a degenerate class-cubic inscribed in S, and S,, we see that 

the lineo-linear invariants of P,Q.R3, &c., and U,, U, vanish identically. 

Furthermore, the condition that P,Q:R3 shall be apolar to S;, Sj, being 

the vanishing of the discriminants A,, A, respectively, we see from (1) 

that the conditions that the “positive” and “negative triads” shall be 

each apolar to the cubic (1) are respectively 

PAA, +Ag(p—Ay) Ap = 0, 

pr, A, —Ag(p— Aj) A, = 0, 

from which we deduce at once that p =0 and A, = 0. 

The fundamental proposition is thus established; but we can deduce it 

in another way, by means of elliptic functions, for which I am indebted 

to Mr. C. W. Gilham. 

P R P 

L rep _M 

Liste! Dp 

Let us use the above figure described in § 2. 

The necessary and sufficient condition that the six lines P, P;, R, Rs, 

P, Rs, P3 Rs, P: Qi, O3Q1 Shall all touch the same conic is that the three 

pairs of lines Q, A3, VQ, Po; Qilte, V:1Ps; Q1P1, Q1Q5 shall form an invo- 

lution. This condition is satisfied if LM be the bipolar line of P,, R; and 

P3, Fz with respect to the same member U of the Hessian pencil of S. 
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For, in the Weierstrassian notation, x= (u), y = p’ (@w), Ww P, = a, 

fz =a', P3;= 8, R,=8’, the condition that the lines 

Ab Poe BOs VP Ral 

shall be corresponding pairs in an involution is 

o(a+28) ¢(8+2a') o(a’ +28") o(8"+2a) 

= ¢(2a+8) o(28+a') oa’ +’) o(28'+4+a). (2) 

Again, the condition that P,Q,R3 and P;Q,R, shall be each apolar to 

the same member U of the Hessian-pencil of S is (see Proc. London 

Math. Soc., Ser. 2, Vol. 18, p. 378) 

e(a' +B+8') 2 (at+8+8')+e(t+ B48") 2’ (a +848") 
9 (a’ +8+6')+e'(a+8+ 8) . 

_ (ata +8) eat’ +B)+e(a+a'+8)e'(ata'+B) 3 
eata' +B) +" +a +B) Ne 

It is easy to show that the conditions (2) and (8) are equivalent, which 

establishes the required result. 

We therefore see that the sides of the two triangles S,; and S, must 

all touch the same conic ©, and that the property is poristic. 

We next proceed to show that the conic = is apolar to the cubic 

U = Ay Uy—)ze Up. 

Since the degenerate class-conics P:, R; and P;, R, are each apolar to 

the polar-conic of Q, with respect to U, therefore the conic X which be- 

longs to the pencil (P,, R,)+u (Ps3, &,) = 0 must also be apolar to the 

polar conic of Q,. Similarly 2 is apolar to the polar-conics of P, and Rs, 

and must therefore be apolar to the cubic U. We therefore have the 

following result :— 

If S be a cubic through the nine points of intersection |PQR| of the 

sides of the triangles ABC and DEF, aid if U be a member of its 

Hessian-pencil such that the triads defined by the terms in the expansion 

of the determinantal form 'PQR | are each apolar to U, the sides of the 

triangles ABC aid DEF must all touch the same conic X, and X will be 

_ aconic apolar to the cubic U. The property is poristic inasmuch as of 

one cubic S of the pencil exist so that all the siz triads of |PQR| are 

apolar to a member U of tts Hessian-pencil, then all the members 8 

sER. 2. vou. 20. No. 1384. 
I 
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possess the property that each has a corresponding cubic U belonging to 

its Hessian-pencil to which all the triads of |PQR| are apolar. In 

general, if two triangles ABC and DEF be given arbitrarily no cubic S 

of the pencil defined by their points of intersection possesses this property. 

The necessary and sufficient condition for the porism to exist is that the 

sides of the two given triangles shall all touch the same conic. 

4. Theorem on Two Chords of a Cubie Curve. 

It is an elementary property of the cubic curve that if the points of 

intersection of two lines z and y with the curve be joined in pairs so as 

to cut the curve again in three points, these three points lie on a straight 

line, and that if this be done in every possible way, six straight lines in 

all are obtained. We proceed to find the condition that these six lines 

shall touch a conic. 

Let the lines x and y cut the cubic S in the points L, M, N and L’, 

M', N’ respectively. Let the third point of intersection of the chord LL’ 

be denoted by (ZL') and so on. We thus obtain the following deter- 

minantal configuration of points :— 

(LL'), (MM"), (NN’), 

(MN'), (NL’), (LM’), 

(NM), (END, (ML'). 

The rows represent one set of three lines and the columns the other set 

of three lines. 

Since the above six lines touch a conic, the six triads of the deter- 

minantal system of points are each apolar to the same member U of the 

Hessian-pencil. Hence the three points (LL'), (NL’), (ML') constitute a 

triad apolar to U. But if these three points be projected through L’ on 

to the cubic S again, the three points L, M, N also constitute a collinear 

triad apolar to U by § 2. Similarly, the three points L', M’, N’ form a 

collinear triad apolar to U. Hence the two lines # and y on which these 

triads lie must each touch the same member of the Pippian-Quippian 

pencil of class-cubics. We therefore have the following ‘result. 

If « and y be two lines cutting the cubic curve S in points which, 

joined two and two, cut the curve 8 again in nine points lying three by 

three on siz lines that touch a conic, the necessary and sufficient condition 
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is that x and y shall each touch the same member of the Pippian- 
Quippian pencil of class-cubics. 

This is a direct extension of the results obtained in my paper on 

“ Determinantal Systems of Co-Apolar Triads on a Cubic Curve” (Proc. 

London Math. Soc., Ser. 2, Vol. 18). 

We proceed to investigate further properties of the conic >. 

5. The Intersections of S and =. 

Let J,, ;, 1; and m,, m., m3 be the sides of two triangles touching the 

conic = and having their nine points of intersection on the cubic S, and 

let U be that cubie through the points of inflexion of S to which © is 

apolar. Then it is known that the above configuration is poristic. In 

fact, if we take any arbitrary tangent lj of the conic >, and from the 

points of intersection of Jj with S draw the tangents mj, m5, m3 to Z, the 

remaining six points of intersection of mj, m4, ms with S will lie on two 

other tangents 15, 1; of the conic >. We thus see that S and 2 are so 

related that an infinite number of corresponding pairs of triangles can be 

found touching = and having the nine points of intersection of their sides 

lying on the cubic S. The property is a porism inasnwuch as of one par 

of such triangles can be found, an infinite number exist. The six triads 

of any of the determinantal systems of points thus defined possess the 

property of being apolar to a fixed member U of the Hessian-pencil of S, 

namely, that member U to which = is apolar. 

Consider now the tangent to = at one of the points of intersection of 

the conic with S. If we express S in the form 

L, l,l, + km,m,m, = 0, 

(Q, i) 
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it is easy to see that the tangents drawn from the remaining two points of 

intersection of this line with S touch Y at two further points of imtersec- 

tion of S with ©. We thus see that S cuts = in two triads of points, each 

possessing the property that the tangents to Y at the points of each 

triad of intersection form two triangles whose vertices lie on the elven 

cubic S. 

Let, for example, P; be one of the points of intersection of S and %, 

in which case the two tangents from P,; to 2 become coincident. Let us 

suppose that Q, coincides with P, and R, with P3, it being known that 

P, P,P; and P,Q,R, are the two tangents from P,; to 2. Then the tan- 

gent from P, to &, other than P, P,P; is P,Q.R,, and the tangent from 

Q, to 2 other than P,Q, FR, is GiQ2Q3. Hence we see that the tangent 

from the point of coincidence of P, and Q, to } touches at Q, and meets | 

the cubic again at R,. Similarly with &,, P3;. The cubic curve therefore 

passes through the vertices of the above triangle (Qs, Rg), (Ry, Ps), (Pa, Oy) 

and also through the three points where the sides are touched by =. But 

it is known from the theory of conics that the straight lines joining the 

vertices of a triangle to the points of contact of the opposite sides with 

an inscribed conic are concurrent. Also it is known from the theory of 

cubic curves that if a cubic circumscribe a triangle and cut the opposite 

sides in three points which, joined respectively to the opposite vertices, are 

concurrent, then the tangents at the vertices of the triangle to the cubic 

are concurrent. Hence the tangents to S at the points (Qs, Ry), (R,, Ps), 

(Pz, Q;) are concurrent. We therefore have the following results :— 

If any of the three tangents from an arbitrary point O to a cubic 

curve S be taken, and their three points of contact (Qs, Re), (Ry, Ps), 

(Pz, Q;) gommed so as to cut the curve again in the three points P,, Qs, Rs 

the triangles (Q3R,), (R,P3), (P2Q.), and (P,Q.Rs) are each apolar 

to the same member U of the syzygetic pencil of cubics through the 

jiexes of S. Also, of X, Y, Z be the tangential points of (Qs, Ro), 

(Ri, Ps), (Po, Q,) with respect to S, the lines XPi, YQo, ZRz are the 

polar-lines of (Qs, Ry), (R,, Ps), (Po, Q1) respectively with respect to U. 

The conic & which touches the sides of the triangle (Qs, R2), (Ry, Ps), 

(Po, Q:) at Pi, Qo, Rs is also apolar to U and cuts S in three further 

points PiQs Rs, which form another triad apolar to U and possess the 

property that the tangents at PQs R34 to D form a triangle inscribed in 8, 

the tangents at whose vertices are concurrent. 

Also, let any three tangents from an arbitrary point O to S be taken, 

and their three points of contact joined so as to cut the curve again in 
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the three points P,, Qo, Rg. Let the conic > be drawn touching at these 
pownts the sides of the triangle whose vertices are the potnts of contact. 
= possesses the property that corresponding pairs of triangles can be 

° found circumscribed to =, and such that their nine points of intersec- 
tuon lie on the cubic S. These nine points form a determinantal system 
whose siz triads are each apolar to that cubic U, of the Hessian-pencil of 
S, to which X is apolar. 

The main result of the above enunciation can easily be verified as 
follows. Let = be taken in the form x= ?#, y = 1, z = 2t, and let us 

_ consider the triangle formed by the tangents to at the points whose 
parameters are given by #+1=0. The general equation to any cubic S 
through the vertices of the triangle formed by the tangents, and also 

through their points of contact with &, is 

S = 2ax®+2by?+ (a+b) P—6px2y+3q222+ Bpy2z—bgy2x+ Bp22z 

+38922y —3 (a+b) ayz = 0. 

The point [4¢, 1, (@+¢)] will lie on this cubie $ if 

(P+1 (ag?+8q¢?+8pp+b) +(¢°+1)(a+3q0+3p0+4) = 0, 

showing that a singly-infinite system of corresponding pairs of triangles 

circumscribing } can be found whose nine points of intersection le on 

the cubic S. 
It will thus be seen that = is a direct generalisation of the degenerate 

conic formed by H, K, where H and K are corresponding points on the 

Hessian. The conic-locus which is the reciprocal of the conic envelope 

H, K is the line HK taken twice over. In this case we start from a 

point O on the Hessian, the points of contact (Q3, Re), (Ry, Ps), (Pa, Q,) of 

three of the tangents from which are collinear and lie on the line HK. 

It is plain from Fig. 3 and the nature of the construction that in this case 

P, coincides with (Q3, R,), Q, with (R,, Ps), and R; with (P,, Q,). Also 

in this case the three further points of intersection Pi} @Q}R3 of the conic- 

locus = (HK)? and the cubic S become coincident with P,, Ys, Rs re- 

spectively. 

. 

6. The Common Tangents of S and X. 

Suppose next that in Fig. 1 the line P,Q,f, 1s one of the common 

tangents of S and 2; let P, coincide with @, in the limit and hence be 
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the point of contact of the line P,Q,R, with S. Then plainly the two 

lines P, P, P3 and Q, Qo Qs coincide, and the lines P,Q Ri, P.Q2Fs, Ps Qs hs 

become the tangents to S at the points (Py, Qi), (Pa Qs), (Ps, Qs) respec- 

tively. Also R,R,R, becomes the “ satellite” of the line (Py, Qi), (Ps, Qs), 

(P3, Qs) according to the usual definition. The bipolar line of Py, Q, with 

respect to U passes through Rs, and hence in this particular case, when 

the line P,Q, i.e. P,P, cuts S in the third point P3, is the line P; Rs, 7.¢. 

the tangent at P; to S. Hence the collinear triad of points P, P,P; must 

be regarded as being apolar to U, and the line P, P,P; must touch the 

corresponding member VY of the Pippian-Quippian pencil. The following 

result is now evident : — 

Tf any line 1 be taken cutting the cubic S in the three points P, PoP 

and if U’ be its “ satellute-line,” then the conic & which touches the five 

lines l, l' and the three tangents to S at P, P)P; possesses the property of 

being apolar to a certain member U of the syzygelic pencil of cubics 

through the flexes of S. The bipolar lines of P,P3, P3P,, P,P, with re- 

spect to U are respectively the tangents to S at. P,P,P3. Also, corre- 

sponding parrs of triangles can be fownd circumscribed to X, such that 

their nine points |PQR| of intersection lie on S, and possessing the pro- 

perty that the sia triads of points corresponding to the expansion of the 

determinantal form |PQR| are each apolar to U. 

Furthermore, when the two lines P,P,P,; and @Q,Q2Q3 become co- 

incident, their points of contact with the conic { become coincident, and 

hence the line must be regarded as touching 2 at one of the points of the 

Jacobian-tetrad of the involution of triads defined by the points of contact 

of the triangles circumscribed to 2 and having their nine points of inter- 

section lying on S. Now.the cubic S and the conic = have twelve tan- 

gents in common, and it is plain from the above that these common 

tangents have their points of contact with S lying three by three on four 

lines which touch the conic 2 at the Jacobian-points of the given involu- 

tion of circumscribing triangles. Furthermore, these four Jacobian- 

tangents each cut S in collinear triads of points apolar to U, and hence 

the four Jacobian-tangents each touch the same member © of the 
Pippian-Quippian pencil. 

It will be once again evident that = is a direct generalisation of the 
conic formed by H, K, two corresponding points on the Hessian. For 
the common tangents to the conic H, K and the cubic S are the six tan- 
gents drawn from H and & to S, whose points of contact lie three by 
three on four lines passing through AK and H respectively, and all these 
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four lines are known to touch the same member of the syzygetic pencil of 
elass-cubies, viz. the Cayleyan (Pippian). 

If we combine the results obtained in the present article with those 
of § 5, we obtain the following properties :— 

If a triangle be inscribed to S such that the tangents to S at its ver; 
tices are concurrent, and if the conic > be described touching the sides of 
this triangle at their third points of intersection with S, the points of 
contact with S of the twelve common tangents of S and = lie three by 
three on four lines, each touching © and the same member ¥ of the 

Pippian-Quippian pencil. 

7. Conditions for the Porism. 

We have already obtained in several forms the necessary and sufficient 

conditions that the conic Y must satisfy in order that corresponding pairs 

of triangles can be found, circumscribed to = and having the nine points 

of intersection of their sides lying on the cubic 8S. The following are the 

two most important forms which these conditions assume :— 

(I) A triangle is taken with its vertices on the cubic S, and such that 

the tangents to S at the vertices are concurrent. ~ touches the sides of 

this triangle at the points where they cut the cubic again. 

(II) Z is any line and /’ is its satellite with respect to the cubic 8S. = 

touches 7, 7’ and the tangents to S at its points of intersection with J. 

We proceed now to express these conditions in terms of apolarity. 

If > satisfies the conditions (II), we have seen that Y is apolar to that 

member U of the Hessian-pencil to which the three points of intersection 

of 7 and S constitute a collinear apolar triad. Conversely : 

The necessary and sufficient conditions that a conic X must satisfy in 

order that corresponding pairs of triangles can be found circumscribing = 

and having their nine points of intersection on a cubic S are: (1) that = 

shall be apolar to a member U of the Hessian-pencil of S ; (2) that X shall 

touch a line 1 and its satellite l’, where | cuts 8 in a collinear triad of 

points apolar to U. 

We wish to show that these conditions are independent and therefore 

uniquely define a conic . Consider the pencil of class-conics apolar to 
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U and touching J. Let Fig. 4 represent the four lines touched by all the 

members of the pencil. Then X, X'; Y, Y’; Z, Z’ are the three de- 

xX Y l Zz 

generate members of the pencil, and hence the points X, X’, Y, Y’, Z, Z’ 

lie on the Hessian of U. Now the satellite 2’ of 7 is not identical with 

any of the four lines of Fig. 4; for, if possible, let it be identical with 

Y'Z' and hence pass through X. But we have seen that X lies on the 

Hessian of U, which is a curve of the form S+pH=0, A being the 

Hessian of S. Hence, on the above supposition, / must intersect its 

satellite J’ in a point lying on the curve S+pH. But Cayley has proved 

in ‘A Memoir on Curves of the Third Order” (Philosophical Transactions 

of the Royal Society of London, Vol. 147 (1857), pp. 415-446) that if a 

line Z intersects its satellite-line /’ on the curve S+pH, J must envelop 

the curve ’+pP? = 0, where F is the tangential equation to S and P is 

the tangential equation to the Cayleyan (Pippian). But / satisfies no 

condition except that of intersecting S in a collinear triad of points apolar 

to U, and hence touching a definite member YW of the Pippian-Quippian 

pencil. 7’ is therefore not identical in general with any one of the four 

lines of Fig. 4, and hence a unique conic 2 can be found apolar to U and 

touching the lines 7 and /'. Consider next the conic ~’ touching J, J’ 

and the tangents to S at its points of intersection with 7. It has already 

been proved that >’ is apolar to U as well as touching 7 and Jl’. Hence 

the conics = and 2’ are identical. But by (ID) of this article, &’ possesses 

the property that pairs of triangles can be circumscribed to ~’ whose points 

of intersection lie on S. Hence 2 being identical with >’ satisfies the 
necessary and sufficient conditions for the porism. 

The following is an immediate corollary to (II) above, and is an ex- 



1920.] ApoLaRITY AND A CERTAIN PORISM OF THE CUBIC CURVE. 121 

tension of a particular case established by Dr. W.L. Marr in connection 
with the nodal eubie (Proc. Edin. Math. Soc., Vol. 37, Session 1918-19, 
p. 72) : 

All the members of the pencil of class-conics touching the line joining 
three collinear points of inflexion on a cubic curve, and the tangents at 
these points of injlexion, possess the property that corresponding pairs of 
triangles can be found circumscribing the conic and having their nine 

points of intersection lying on the cubic, since in this case the line and its 

satellite are coincident. 

Many particular theorems as to the nature of the intersections of a 

cubic and a conic touching a line of flexes, and the corresponding in- 

flexional tangents,-follow at once from the general properties investigated 

in this paper. 

8. Critical Centres of the Pencil ,S,;+A, 8S, = 0. 

Salmon in his Higher Plane Curves has discussed the “ critical 

centres’ (7.e. the nodal points) of the pencil of cubics through the nine 

points of intersection of the sides of two triangles, and Cayley has studied 

exhaustively the case when two of the sides of one triangle become coin- 

cident in a paper in Vol. 11 (1864) of the Transactions of the Cambridge 

Philosophical Society. The foregoing theory leads naturally to the case 

when the sides of the two triangles touch the same conic >. Jet the 

Jacobian-tetrad of the involution of triads defined by the points of contact 

of the sides of the triangles S, and S, with > be denoted by Jj, Jo, Jz, J4, 

and let j;, ja, Ja Js be the respective tangents to = at these points. Let 

Jy. denote the point of intersection of 7, and j,, and soon. Consider the 

eubic S = A, S,+A_,S2 which pass through the point Jj. Then, by § 6, 

the line 7, meets S in three points, the tangents from which to = intersect 

S in two coincident points at each of the intersections of 7; with S. Hence 

jo meets S in two coincident points at Jj. Similarly, 7, meets S in two 

coincident points at Jy. Hence Jy, is a node of the curve S. We there- 

fore have the following result :— 

If two triangles are circumscribed to a conic, the nodal cubics through 

the nine points of intersection of the sides of these triangles have their 

nodes at the meeting-points of the tangents to the conic at the Jacobvan- 

tetrad of points relative to the involution of triads defined by the two 

triads of points at which the sides of the two triangles touch the conic. 
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In other words, if two triangles are circumscribed to the same conic, therr 

“critical centres” lie three by three on four lines that touch the conic. 

Nore 1.—The nodal tangents at Jy, harmonically separate j, and jo. 

Norg I].—Let &, >’ be respectively the conics inscribed, curcwmscribed 

to the above two triangles, and let X, be the conic to which they are each 

self-conjugate. Let the lines Ji, Jo, Jy, Ja vecuprocate with respect to 2X 

into Ji, J, Js, J, respectively. Then the common polar-lines, with respect 

to the given triangles, of the “ critecal centres” Jo, Jaq, J19, Fao, F14, Jog 

are respectively the lines JgJ4, JiJ9, Jada, Jids, Inds, Ii Js 
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AN EXAMPLE OF A THOROUGHLY DIVERGENT ORTHOGONAL 

DEVELOPMENT 

' By H. Srernmavs. 

Communicated by G. H. Harpy. 

[Received August 12th, 1920.—Read November 11th, 1920.] 

No instance of a thoroughly divergent orthogonal development has yet 

been given. A simple example will be constructed in this note. In other 

words, an orthogonal, normalised and complete sequence of functions 

{dn(z)}, integrable (L), together with their squares, in (a, 0b), will be 

defined, and a suitable integrable function f(z) found, whose Fourier-like 

development 

(1) 
i M8 

b 

$:(2) | fF git) dt 

is divergent for every value of «x in (a, 0). 

I. The sequence {¢,(x)}. Put for the sake of simplicity a= 0, 

e— 1.) Let ie ee 1: 

To define Y.(z) we choose, among all curves passing through the points 

(0, 2) and (4, 2) of the (z, y) plane, situated above the line y = 4, and 

symmetrical about the line « = 4, a curve y = ¥,(z) fulfilling the con- 

dition 

(2) \ L2(t)dt = 3. 

This choice is possible ; in fact, when the curve y = Y,(x) approaches the 

rectilinear form shown in the figure, the limit of the integral (2) is 

\ G@)idt =2; 
0 
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while when it approaches the straight line y = 2 the limit in question is 

| dt = 2: 
0 

y = Yr, («) 

so there must be an intermediate shape for which we have exactly the 

equation (2). 

Let us define ¥(z) for $< a <1 by 

(3) Vale) = —Ye—-3) O<a <}). 

The equations 

(4) | wiwae=1, | woe =1, | rOyntode = 0 
0 0 0 

are immediate consequences of (1), (2), (8) and the. symmetry of Wo (x) 

about the line z = 4. It can be also immediately seen that the maximum 

values of | ¥,(z)|, | Ye(x)| in (0, 1) are respectively 1 and 2, the minimum 

values of both functions being 4 : 

We can repeat the same constructions in the case of Y,(x). We divide 

(0, 1) into 2"~' equal parts; and draw a curve y = y,(z) above the line 

y = 4, passing through the points (0, ), (2-@-, n), giving the eM: 
2-@-) to the cen ate 

aeCe 

, [ vwae, 
0 
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and symmetrical about the line z= 2-". We define W(x) in the in- 

eevee KO RAF), (2 2-H) 8 g-G@—-Iy by 

Yn(e) =— Yr (x va} a ae ee. <gr): 

1 2 3 
Vr (x) ae Vn (2— 54) (5 <2 < =) ’ 

and so forth. 

The functions thus defined have the following properties 

1 

(5) | yioat = 1, 
Q 

a 

6) | | vo vatdt = 0 i+, 

(7) Max |ya(2)| = 1, 
O<=2<1 

(8) Min |v,.(2)| = 4 
O0<ev<1 

As to (7), we have to emphasize that the essential maximum value of 

[vn (x) | is n, 2.e. that, for every « > 0, |Wn(z) | > n—e in aset of points 

x of positive measure. Thus (7) involves, by a well known theorem of 

Lebesgue,* the existence of an integrable function f(x) with the property 

1 

(9) lim sup | fOvrOd*=+o. 
nn 9 

The sequence {V,(xz)} being normalised and orthogonal, according to (5) 

and (6), a complete (or closed) sequence {¢,(z)} can be found including all 

functions v/,,(z). 

It obviously follows from (9) that 
é 

(10) lim sup \ fOg¢gidt=+o, 
ia 0 

and, as we have $i, (©) = Wnl2), 

* H. Lebesgue, Annales de Toulowse, Ser. 3, Vol. 1 (1909), pp. 25-117: quoted (with- 

out proof) by Mr. Burton Camp in ‘‘ Lebesgue Integrals containing a Parameter, with Appli- 

cations,’ Transactions of the American Mathematical Society, Vol. 15, pp. 87-106. The 

theorem applied here is slightly different, and was proved by Mr. 8. Banach [ef. 

H. Steinhaus, ‘‘ Additive und stetige Funktionaloperationen,’’ Mathematische Zeitschrift, 

Bd. 5, Heft 3/4 (1919), p. 219, Hilfssatz 4]. 
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for suitable indices 72), %, ..., tn, .--» We Shall have, by (8), 

(11) | pi, (a)| > 4 

for all n and all x in (0, 1). But (10) and (11) imply 

(12) lim sup i (x) | fo pi(t)dt = + w 

for every « in (0, 1), which shows immediately the divergence of (1) 

throughout the interval (0, 1). The argument can be applied to give an 

effective construction of the function (2). 
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APPROXIMATE SOLUTIONS OF LINEAR DIFFERENTIAL 
EQUATIONS 

By R. H Fowzer and C. N. H. Lock. 

[Received August 24th, 1920.—Read December 9th, 1920.] 

I. Introduction. 

1. The asymptotic expansions of the solutions of linear differential 

equations for large values of a parameter have been discussed by various 

writers.* The general theory of such asymptotic forms has been 

practically completed by Schlesinger and Birkhoff (loc. cit.) for real 

values of the independent variable and complex values of the parameter, 

when the equation or system of equations is homogeneous. Except, how- 

ever, for one very special case+ the solutions of non-homogeneous linear 

differential equations have not been considered. In general therefore the 

behaviour of the complementary function is known, but the particular 

integral has not been studied. 

In some recent investigations on the motion of a spinning projectile, 

we have had occasion to make use of this asymptotic theory in forming 

approximate solutions of the system of differential equations which governs 

the motion. It was necessary to extend the theory to cover the case of 

the particular integral which in such an investigation is of not less im- 

portance than the complementary function. 

Our primary object in this paper is therefore to complete this theory 
by extending it to include asymptotic expansions of particular integrals in 

the general case. This is done in Part III, and could be effected by re- 

garding as known Schlesinger’s or Birkhoff’s results for the complementary 

function. It appears, however, that the whole problem of determining 

# (1) J. Horn, Math. Ann., Vol. 52 (1899), p. 271; (2) J. Horn, Math. Ann., Vol. 52 

(1899), p. 340; (3) L. Schlesinger, Math, Ann., Vol. 63 (1907), p. 277; (4) G. D. Birkhoff, 

Trans. Amer. Math. Soc., Vol. 9 (1908), p. 219. 

"+ J. Hor, loc. cit. (2), p. 352. 
t ‘* The aerodynamics of a spinning shell,”’ Phil. Trans., A, Vol. 221 (1920), p. 295. 
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asymptotic forms for any solutions of linear equations really falls into 

two distinct parts. The first part is the determination of the dominant 

terms only in any one convenient fundamental set of solutions forming the 

complementary function. The second part is the use of this set of func- 

tions to establish the asymptotic expansions of any proposed solution of 

the system of equations, whether homogeneous or not. The methods of 

Schlesinger and Birkhoff do not seem to preserve this important distinc- 

tion. Since we can also make slight extensions of these results, including 

the removal of the restriction to real values of the independent variable, 

we have ventured to include a discussion of the first part of the problem, 

before proceeding to obtain particular integrals. This forms Part II of 

the paper. 

2. We note in passing two further points. One is the connection be- 

tween the equations discussed here and equations with nearly constant 

coefficients. It is not difficult to see that, by suitable choice of the para- 

meter, equations of the latter type can be put'in a form to which the re- 

sults of this paper are applicable. The asymptotic expansions, or at any 

rate their leading terms, may then form valuable approximate solutions of 

the equations with nearly constant coefficients. This has proved to be 

the case with the equations of motion of a spinning shell mentioned 

above. 

The value of these expressions as approximate solutions will depend of 

course on the accuracy of the upper limit which can be assigned to the 

error term. This introduces our second point. The proper, determina- 

tion of the error term appears to be difficult,* but the need for its deter- 

mination should be borne in mind at each step so that no unnecessary 

loss of accuracy occurs. For this reason it appears to be best to make 

explicit use of the adjoint system of equations. 

3..A summary of known results—Schlesinger (loc. cit.) has considered 
the system of differential equations 

(1) yi = » Ariyr C = 1 2, orey n), 
A=1 

where the coefficients a; are functions of z and u expressible in series in 

* See, for example, E. Cotton, (1) Acta Math., Vol. 31 (1908), p. 107; (2) Comptes Rendus, 
Vol. 146 (1908), p. 274; Vol. 150 (1910), p. 511. 
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the form 

(2) meek (vrme+ +E +...), 

These series (2) are convergent when [u|>Randa<ce<b. The 
coefficients »a,; are functions of « only and possess continuous differential 
coefficients of all orders when z is in (a, d). He shows that the asymptotic 
form of the solutions is controlled by the determinantal equation 

(3) 01 SR) 0@q1 0%31 see o@ni => 0. 

| 049 o%ag— TF ogg +++ tna | 

| | 
on o@2n ob3n +++ Qtnn—@w | 

This equation of the n-th degree in @ has n roots which are in general 

continuous functions of z, and essentially distinet when z is in (a, D). 

In such a case he shows that the equations (1) can be linearly trans- 

formed into the system 

(4) a = monet = biz (i =1,2,..., 0), 
A=i 

where the coefficients b,; are functions of x and uw of the form (2), except 

that 
soe SOU Oe 1 2, ees 

Ee thal Peay 

as |u | — «: the coefficients w; are the  distinct* functions of x which 

are the roots of equation (83). He shows, moreover, that m distinct solu- 

tions of the equations (4), and so of the equations (1), forming a funda- 

mental set, can be expressed in the asymptotic form yi, where 

* w,, die Ups Uri 
(5) Yi = e Jae (01a se Te ss) “i 

* Te. it is never true that wi = ,; (1 J). 

+ Owing to the large number of suffixes required, it is desirable to use a consistent nota- 

tion. In any such expression the first suffix (usually r or s) specifies the particular solution 

out of the set of m, and the second (i or j) specifies the particular function of the m functions 

that form one solution. Thus y,; is always one of the values of 2;. 

sER. 2. vou. 20. No. 1385. K 
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provided | «|—> © in such a way that am (u) is constant, and* 

(6) R (uo, > R (uo) > ... > RB (Morn). 

The coefficients ,w,; are functions of « alone which are easily determined 

according to given rules. 

Birkhoff (oc. cit.) works with the differential equation 

az doy = 

‘Ig + Uen-1 da") +... tu"aoz = 0, (7) 

where the a’s are functions of z and wu of the form (2) but bounded as 

|u|. He obtains solutions of the form (5), and establishes their 

asymptotic character under wider conditions than Schlesinger. He works, 

in fact, with a region S of the u-plane, which is specified as the most 

general region of the plane such that the functions ; are distinct, the 

expansions (2) converge, and the following relations are satisfied, namely 

(8) R (4) = R (M.@g) > ao = R (Mon) 

for all values of in (a, b) and all values of « in S.+ Equations (1) or (4) 

are however somewhat more general than (7). 

4. Results of the present paper.—lt is necessary for applications to 

work with the wider conditions (8), for only these include the case in 

which w; is a pure imaginary and u is real, which case is of the greatest 

practical importance. It is also more convenient in practice to discuss 

the equations in Schlesinger’s form. We shall consider only the general 

case in which the functions w; are distinct, and shall therefore suppose 

that the system has already been reduced to the form (4), or rather to the 
form 

(9) Zi = o,g- = byi Zr tfiere (= 1, 2, ..., n), 
A=) 

where 

fi 4 (10) ee: fit bit... 

The series for f; are convergent when « is in S and x in (a, b). The co- 

efficients pf;, Q and »b,; are functions of « only, possessing differential 

* R (x) denotes the real part of ; am (a) the amplitude of z. 

} It may be necessary to assume that a limited number of other inequalities of the form 

|u| > R, are satisfied in S. 
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coetficients of all orders in (a, 0). Though we suppose in general that the 
independent variable x is real, ve impose no further conditions of reality 
on any functions or coefficients. 

In order to solve the first part of the problem in the most satisfactory 
way it is convenient (when necessary) to push the reduction one stage 

further and present the system of equations in the form 

1 n 

(11) a= (uw, -+ dy) Vi + a Cut, C= Le None 

where the 0;; are functions of x only, and 

Cpe ONL) © CNG Gal cee, Ie) 

when |u| in S and z is in (a, dD). It is an easy extension of 

Schlesinger’s work to show that the necessary linear transformation of 

the equations (1) can be carried out to put them into the form (11), pro- 

vided that o;«; (#7), in (@, b) and |u| R,. The transformation 

can be carried still further if desired. It is important to observe, how- 

ever, that this transformation is only required in the first part of the 

problem, for the construction of a special set of solutions. 

The asymptotic expansions of solutions in general can be formed with 

or without previous transformation as may be desired. 

In Part II, therefore, we construct a particular set of solutions of the 

equations (11), and the corresponding set of solutions of the equations 

adjoint to (11), namely* 
1 

(12) Fe et Bia 7 Sea =) 2 an): 
A=1 

We call all these solutions the standard approximating set. We conclude 

this part by showing how this standard set may be used to establish the 

asymptotic character of any set of solutions of equations (1), (4) or (O) 

whether obtained by Schlesinger’s, Birkhofi’s, or any other method of 

formation, and point out slight extensions of their results. 

In Part III we obtain particular integrals of the equations (9) in the 

cases in which 2’ #; for any value of 7 or any # in (@, D), and Q! = a, 

respectively. These cases correspond to the cases of forced oscillations of 

» vibrating system without and with resonance respectively. 

* See, e.g. Goursat, Cow's d’ Analyse, Vol. 2, p. 481. 
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II. The standard approximating set of solutions. 

5. Particular integrals and the adjoint equations—We may suppose 

that a complete set of solutions of the equations (11) has been determined 

in some manner, and consists of the »” functions 

Gri > 

the meaning of the suffixes is defined in a footnote to § 8. We construct 

the determinant 

A=}9n Ya Yor +++ Gui | ; 

Jiro Yoo Yao +++ Gna 
| 

Jin J2n I3n eee Inn | 

then we know that 

(13) A = A(aexp | [= (uooebdie + a dix 

where A(q@) is independent of x Let AG,; be the co-factor of gr in A. 

Then a particular integral of the equations 

Al WD 

(14) Vv; = (uo + bis) ui + is me MOF; C= fy arene ge) 
A= 

may be expressed in the form 

2D 

(15) Vi = Ra | Hi \ E;Gyda+goi i; Gojda+ vee +9 ni | Cras 

ea Pa 72) 
n x 

or : i > an | E; Gry dx. 
Ha a 

Any number of the integrals | may be replaced when required by the 

corresponding integrals iE The n* functions G,; form a set of solutions 

of the adjoint system of equations (12) whose initial values are determined 
by those of the functions g,,. 

If now we can determine suitable sets of functions Gri and G,;, with 
the proper dominant terms, we shall be able to use the solution (15) to 
establish the asymptotic character of any solution of the equations (4) 
and (9). We proceed to show in the following sections that we can 
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specify a standard set of solutions g,; and G,; such that 

(16) thee AOS ee 

(17) Cesare Th, 

(18) lyre] < mrs 

(19) ie aet eagle 

where m,; and M,; are continuous functions of x independent of uw; a 

definite upper limit can thus be assigned to m,; and M,; when mw is in S 

and x in (a, 6). These functions then will serve as the standard approxi- 

mating set, and their construction constitutes the first part of the problem 

as distinguished in § 1. 

6. The standard set of solutions g,;—The functions yi, form one 

solution of the equations 

(20) 
nu ger : 

? = [u(w—o) +b: 6+ fe 2: Ori Sr (G='D,13, pes) 20)5 

obtained from (11) by an obvious transformation. The solution of (20) 

with the initial conditions ¢(=1, ¢(=0 @=2, 3,...,m), at t=a, 

which may be constructed by Picard’s method,* has the properties re- 

quired and will be taken to be y;. For the equations (20) may be rewritten 

in the form 
d ¢ 1 : 

—— (810) = = carga 
dx Bib MB r=1 i 

d WSOP 
dz (a; 3; i) Me. Ron COAG (a 34 2, 3, ? n), 

ae [}@:-« \dx 

where a, =e , 

=p |" bj, aa 

pi = 

* The method of successive approximation. See, ¢.g., Goursat, loc. cit., p. 365. 
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The solution of these equations which we require is determined as the 

limits, as p—> ©, of the sequence of functions (;)o, Where 

(Go = 

(OU iF) oe i 

| all 4 n “! 

(21) | BiG =14+—-( Bi ( onGr) ae, 
n \ 

ai; (> Cri (yo) dx (@ a 2, 3, bods; n) 5 

1 2 NE 

iL Hi 

a; Bi (Cp 4a SS iG | 
aa 

The limits required are known to exist, and to be unique. Moreover, by 

conditions (8), Bile a) One oe) ea 

and therefore |a;| is an increasing function of x. Therefore 

di VG =) 8 ene 
il u n 

(22) | 6; (Ci)p41 | < ieee \ | 8; ( >> cxi(Gde) 
| u| a A=1 

On referring to equation (11), we see that when uw is in 8 and z in (a, b), 

there exist inequalities of the form 

(23) Werrotd mare 

where ¢,; are continuous functions of z independent of wu. We can there- 

fore form a series of dominant functions (Z;), by the sequence of equations 

(Zy)o = 1, 

(Z;) 405 By es eee 

| Bi |(Zy)p41 = 1+ Te | \ (> otuZ) dx, 

F il e ee y 

|B: \(Zaean = ful | (= Cri (Zs) dx (@ = 2, 3, Oy) n) ; 

From the form of these equations, these sequences converge to limit 

functions which are less than functions m,; depending on z, but indepen- 

dent of u, when uw is in S; from the inequalities (22), (28) it follows that 

lyul < mu, 
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as we require. For the purpose of the actual determination of reasonable 
values of m;, it is important to notice* that the limit functions to which 
(Z;)» converge as p > © are precisely the solution of the equations 

(24) B/S Se A a Soe rae eo) ax v uu | w | deal AIHX ? ’ ’ YAS} 

with the initial conditions Z,=1, Z,=0 (@ = 2, 3,..., ), at «=a. 

We cannot in general obtain the second and succeeding integrals in 
just this manner, for in general R {u(w,—«,)} <0, and the arguments 

fail. But the difficulty is turned by replacing the range of integration 
(a, x) by (b, x), where it becomes necessary.+ Consider the s-th solution 

e Jn uae for which the functions y,; form a solution of the equations 

n 

£ (8,6) = =s Br > ue Cas Sa, 

ae (a6: ¢) = BESS ¢ NiGu. Gea). 

4 (w,-@,) dv 
where @; has the same meaning as before, and a; now denotes Hf 

We can attempt to construct a solution of the required form, with ihe 

terminal conditions 

Piss = On (G.-< 5), 

(25) \ yss(a) = 1, 

yi) = 0 @> 8), 

by Picard’s sequence of operations 

(Jo= 1, 

(Jo =O WHF); 

1 b n ; 

a; Bi (Cdp+1 = i. \ ai; e orildo) di. (GU <= S)s 

Bk) oxi = 1+ ms |, iG; e crs(Go) ax, 

1 (° aa Pane 
a,6i(G)p+1 = Fh i a4 Bi ( = eas(6ad) da (vs); 

* See Cotton, loc. cit. (1). 

This is essentially Birkhofi’s device, doc. cit. 
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Now |a;| or exp |R («| (ws— w) dr) is an increasing function of x as 

before when 7 > ss, and a decreasing function of x when 17<s. These 

constructional equations therefore provide the inequalities 

nN 

WeH(@) pan lo Tat | (= Cri 

Lye 
IBi(Gdpril < Tah \ e ons | (dol ) diy (8). 

v 

L 

pl) de <9, 

The ordinary arguments must be slightly modified to establish the 

existence of limit functions for the sequences (¢;),.. As before we construct 

sequences of dominant functions (Z,), by the equations 

(Zs)o = iv, 

(Zip =O W58)5 

b n F 

[Bil Cdyn = Ty | (3 ci Cy) de <9, 
x =1 

|B; | (Zs)p41 = us =e Tal i ( = cis Zip) dz, 

[8 Cou = pr) (E ciely) de 6 >); 

It is clear that |(¢)»|< (Z;)», and it can be shown that limit functions 
of the sequences (Zi), exist as p—> ©, provided |u|is sufficiently large.* 

We may suppose that the necessary condition is satisfied when wu is in S. 

* If we write (Ui)p.1 = (Zi)p+1—(Zi)p, and suppose cy; < M, a constant, then 

M b n 

| Bil (Va)p+1 < hacer p | ( > (U,)») dx (0 = iM 2, sey nN), 

| xe | a\yal 

from which, by induction, S(O ie ( 
t 

i=1 

mea)" ; 

[| : 

where NV is the maximum value of M/|8;|. The convergence of the sequences follows at 

once, The sequences only converge for sufficiently large values of u because two different 

upper limits a and 0 occur in the defining integrals instead of the usual one. This is of course 

equivalent to the fact that the analogous integral equations are of Fredholm’s, not Volterra’s 

type. 
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The set of limit functions forms a solution of the system of equations 

d a hd * . 

[F(Z =— TE 3 otiz, (t<s), 

(26) fs 

# (1812) = esi ulate) dz i Uy tee [ce | ee vi Gy S), 

with the terminal conditions (25), which can be shown by the arguments 

of the next section to be the unique solution with these terminal condi- 

tions. Equation (26) provides the most satisfactory method of determining 

upper limits for the limit functions of (Z,)>. 

It is easily shown that these upper limits m,; can be chosen so as to 

be independent of uw. Finally, the existence of these limit functions of 

(Z;), implies the existence of the timit functions y,;, of (¢),, which are a 

solution of the required equations with the terminal conditions (25), and 

satisfy the inequalities (18). 

The x solutions g,; of equations (11) constructed in this manner with 

the help of (17) form the required standard set. 

7. The independence and uniqueness of the functions g.—These n 

solutions g,; are independent, for their discriminant A has the value unity 

at « = 0, and therefore never vanishes. We have, in fact,* 

(27) A(@)-=|1 gul@) ga(@) .-- Gala) | = 1. 

0 1 Jso(@) --- Gn2(a) | 

0 0 1 eee Jns3(@) | 

ne 0) lees | 

It is necessary for the next argument to show that the s-th solution 

gs: Which satisfies the terminal conditions (25) is unique—this fact does 

not follow at once from standard theorems. We have only to show that 

there is no solution of equation (11) other than zero, satisfying the 

terminal conditions peti) wtb. 

via) =.0:. & > 8). 

Since A + 0, any solution can be put in the form 

v= AygutAcgait---tAngu @=1, 2, ..., n), 

* Owing to the form of (17), g,,(@) = yri (a) for all values of 7 and i. 
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where the A’s are constants. The terminal conditions give first of all 

v,(b) = A191 (6) +A o901(0) +... + Angm (0) = 0. 

But gn(b)=0 when 7>1; also, since A(b) #0, g,,(6) 40. Therefore 

A, = 0, and similarly the other conditions (( < s) give in order 

Nee As — i. 1, Bern i OP 

For the remaining »—s-+1 equations we start at the other end, and by 

similar arguments show that the remaining constants 

Ay = Ape a) ee AGO; 

The solution gs; is therefore unique. 

8. The standard set of solutions G;—The functions G,i, when multi- 

plied by A, are the co-factors of g,; in the determinant A itself. The 

terminal values of these functions can now be specified. On referring to 

(27) we see that 

Gu(a) = 1, 
(28) 

ee =0 (>%. 

If further we substitute z = 0 in A, we find that, since 

guild) =O (r>2), 

(29) Gab) == OF Wr Oe 

The functions G,; therefore satisfy the adjoint differential equations (12) 

and the terminal conditions (28) and (29). They are necessarily unique. 

But the terminal conditions (28) and (29) are precisely the terminal con- 

ditions (25) of the functions g,; with a@ and b interchanged when r #1, 

and the adjoint equations (12) are precisely analogous to (11) with the 

signs of all the functions w; changed. It follows that the precise method 

of solution, by which the functions g,; and their dominant functions My 

were obtained, may be applied at once to the equations (12) to oben the 

functions G,; and their dominant functions M,;. It is only necessary to 
i a 

replace | by 0 or vice versa, wherever it occurs in the equations of 
a b “ 

formation, except in the principal term containing 1 where | stands 
unaltered. of 

9. The error term in an approximate solution or asymptotic expansion. 

—Suppose now that by any means whatever we construct an approximate 
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solution or asymptotic expansion of a solution of (in the first instance) the 
equations (11) or (14) of the form 

(30) Pe Ge (= 1, -2.....,50)< 

li we make the substitution v; = gi:+, the functions ¢; must be a solu- 
tion of equations of the form 

: 1 nr Fs = 

(30) G = (uot bis) G+ "9 2 tHe @ = 1, 2,..., 2), 
A=1 

of which a particular solution is given by the formula (15), with e”® inserted 

in each integrand. If we select in a suitable manner the range of integra- 

tion* (a, x) or (6, x) for each term we can obtain in every case, from 

(16)—(19) inequalities of the form 

G1) Gl <4 Ema] | By Mya BO, 
r,j=1 

The inequalities (31) give an upper limit as required for | ¢;| which repre- 

sents the error in the approximate solution. More precisely the reasoning 

shows that there is a solution of the criginal equations represented by the 

approximation (30) with an error for which an upper limit is assigned 

by (31). 

Now consider the problem of determining approximate solutions or 

asymptotic expansions for systems of equations in more, general untrans- 

formed forms such as (1), (4), or (9); for definiteness consider the non- 

homogeneous form of (1), or 

(82) Y= 2auytfhe” = 1, 2,..., n). 
A= 

It may be convenient to start by transforming this equation to the 

form (14), and then to construct asymptotic expansions, in which case the 

preceding arguments apply unaltered. In general, however, it may be 

more convenient to construct the asymptotic expansions for the original 

or for some otherwise modified form of (82). If then we denote a definite 

number of terms of the expansions by q; as before, and a solution of (82) 

* The range of integration must be (a, 2) if 

R {u(2’—w,)} 10; 

and (zx, 6) in the contrary case. We then reapply the arguments of §6 and obtain the relation 

(31). It is necessary to assume, if a’ isnot one of the w,, that R{u(2’—w,)} does not change 

sign when y is in S and @ in (a, b). 
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by ai té;, we shall in general find that ¢; satisfies equations of the form 

(38) G= 3 ante 

where #; is a function of and wu satisfying the relation 

Hi; =) | [ges ld 

In order to establish the asymptotic nature of the solutions obtained, it is 

then only necessary to suppose that these ¢-equations are transformed 

and the preceding arguments applied. It is to be remembered that 

Schlesinger’s transformation of the equations (1) or (82) to the forms (4) 

or (9) does not involve u at all. Consequently the order of the error 

terms in « is unaltered in the transformed equations. Further, it is 

easily verified that the extra transformation step from (4) or (9) to (11) or 

(30)’, though depending on yp, cannot increase the order of the error 

terms. 

From the point of view of theory this method is unexceptionable, and 

the standard set of solutions which we have constructed for the trans- 

formed equations enables the asymptotic nature of any such expansion to 

be established at once. From the practical point of view, there is the 

disadvantage that the transformation of the ¢-equations must still be 

actually carried out. This or some equivalent labour seems however to 

be unavoidable by any method. 

The asymptotic nature of all the expansions obtained by Horn, 

Schlesinger, and Birkhoff, may be at once established by the arguments 
suggested, whatever the precise form of construction. 

10. Hxtensions—The foregoing discussion provides as it stands a 

slight extension of previous results, but the extension of Birkhoff’s results 

which is from equation (7) to equations (1) is really only trivial. The 

form of the foregoing discussion enables us however to extend the results 

in certain cases to complex values of the independent variable. 

We suppose, in the first place, that all the functions of x that occur in 

the equations are holomorphic within and on the boundary of a region X 

of the x-plane, and that @ is a point on the boundary of X. We suppose 

further that the roots of the discriminant (3) are all distinct within and 

on the boundary of X, so that the functions w; are holomorphic in this 
L 

region. It follows that | w,dx taken along any path y in X from a to z 

is one-valued and a holomorphic function of « in X. The arguments of 

§ 5 hold unaltered. The fundamental point in the argument is the deriva- 
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tion of the inequality (22) from the equations of formation (21). All the 
integrals concerned are independent of the path y in X. We must be 
able to find one particular path y from @ to x inside X along which we 
can apply the arguments of § 6. It is essential for the argument that on y 

i ea losplul ee 2 \4 Peo) dx t =>R | (@,— @;) dx j (@ 212, Bie. .c, Wh, 

where € is any point on y between a and x. We require therefore along y 

R iC | ee) dx Sek 

which is equivalent to 

on the curve y, where ¢ is a parameter defining y which increases steadily 

as the representative point goes from a to z. It these conditions hold we 

ean construct the solution yi; with the required properties. For the con- 

struction of the remaining solutions of the set we require the point b on 

the boundary of X and corresponding inequalities along curves from 6 to 

zin X. It is not difficult to see that the complete conditions required to 

replace (8) may be stated as follows. 

For the construction of the standard approximating set of solutions of 

equations (11) in a region X of the x-plane when pw is in S, it may be 

assumed that there exist points a and b on the boundary of X such that 

through any point x of X a curve y.can be drawn from a to b inside X, 

and that at every point of y 

(34) BR (vue =) >R (ue. =) Sey (1a “), 

where t is a parameter defining y. 

It is of course assumed in addition that the coefficients are all holo- 

morphic and the w’s all distinct in X, and that the series for the coefficients 

all converge when x is in X and win S. 

Under these conditions the argument proceeds unaltered to the end 

of §.8; to obtain the inequalities (31) for a solution of the equations (30)’, 

we have only to suppose further that Q is holomorphic in X, and that 

R (u2 =) must fit into some permanent position in the scheme (34) for 

all values of z in X and » in S, that is to say, for all the curves y we 
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must have 

dt) x 1) > ( “2 (85) B (wo Sz) > B (uO!) & B (were 9, 

for one and the same value of 7. Under conditions (84) and (85) the 

whole argument extends to complex values of z We may state these 

results in the following 

TutorEm I.—If the conditions (84) and (85) are satisfied when x is m 

X and pw in S, the asymptotic expansions of the solutions of equations (1) 

or (9), as established for real x can be established for all values of x in X. 

III. The asymptotic forms of particular integrals of the equations (9). 

11. Forced oscillations without resonance.—We propose to determine 

a particular integral of the system of equations 

12 

ie = po,%4+ 2 bumtfe, 
Ne 

(86) 

Li Mon, 2 > biz (% = 2, 8, ..., 0), ae 

confining ourselves to real values of x; the function f has the form 

specified in (10), and may be put in the form 

=a sh Picvaed te (37) f=fot ae ee 1 pr 

where [eBt |, 

and # is a function of x independent of « when u is in S and z in (a, bd). 

The function Q also depends only on 2. Since integrals of the equations 

are additive, we may, for simplicity of exposition, consider only the case in 

which the “ disturbing function” f; is zero in all the equations except one, 

which may with loss of generality be taken as above to be the first equa- 

tion. We attempt to find a particular integral of the form 

(38) gene (oue+ ee C—O en) 

where the coefficients are functions of « independent of u. If we substi- 
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tute formally for 2; from equations (38) in equations (86), we obtain 

r [i 

, yu; gl; Uj v 
otlit oe 8 a +... fu (Q’—«,) (wt i a als s+... .) 

n 

= 
dy; b i 

= © (bt Xr oa ri +...) (wat +...) 

+[4+4 +45 +...| (Seas iscrinty GO 

the terms [ ] occurring only when i= 1. If we equate powers of mu in 

each equation, we obtain in succession if Q’—w; never vanishes for any @ 

or any z in (a, b), 

if et pn 2 

| (Q’ =a) = fo 

| phe re Bes (72)5 

| QQ’ =a) tt = — Ui + 1dy1 (ee) ean 

(39) MMe hte 4th! Oca 2y By cssg A)S 

(Q'—e@,) 3%) = — gti + = 101 (9%) +201 Gta) + fos 

(Q'—w,) 3h, = — git = Ori oa) + b1: Grey) © — 2, 35 sinters n) ; 

locas 

and so on. The law of formation of the successive coefficients by this 

method is sufficiently obvious; it is clear that each coefficient is con- 

tinuous and determined uniquely in terms of the preceding ones: the first 

effective coefficient ,w, is fixed by the value of fp. 

If we construct in this way the first p+1 terms of the solution, we 

can write 

(40) ; i — ene ‘a +5 es ieee) +6; (2 — ‘12 2, ans 2). 

The coefficients ,«; are known functions of « determined by the laws of 

formation (39). If we form the equations of type (83) satisfied by ¢; it 

follows from the method of formation of the coefficients in (40) that the 

error terms E; satisfy inequalities of the form 

H(2) eB (u2) 

(41) lZil< nar 
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where H(z) is independent of » when uw is in S and z in (a, b). It follows 

at once by the arguments of § 9 that there exists a particular integral of 

the equations (86) of the form (40), where the error terms ¢; are such that 

& = O{|ul7?-te®™! as|u|—+>o, provided that no one of R {u(Q’/—oy} 

ever changes sign in the region considered. We have therefore proved 

the following 

Turorem I]—IJf mu is in S and x wm (a, 6), O'—w, #0, and 

R {u(Q’—w)} never changes sign for any value of % or x, there exists 

a particular integral of the equations (86) whose asymptotic expansion 

as |u|>o in § takes the form 

gi nO fei pul )) oa (42) Bp mance ie ane 5 +...+ pyar a j (CEA cs TO))r 

where the coefficients ,u; are determined successively by the laws of 

formation (89). 

12. Forced oscillations with resonance.—In this case the function {’ 

is permanently equal to one of the w;. The solutions take slightly different 

forms according as to whether the Q! of the disturbing function exciting 

resonance agrees with the w; of the equation in which it occurs or with 

the w; of some other equation. These two cases may be referred to as 

direct resonance and cross resonance respectively. 

As a typical case of direct resonance we may consider the equations 

JA = Mo, %+ X by atfe Joerde 
(43) N=1 

’ es : 
E ss Mw; 2Z,+ > Dr Zr (a = 2, 3, aay n). 

A=1 

We assume a solution of the usual form 

(44) pen as (ou + a hiss cat .) (¢ = 1, 2, ..., n). 

Substitute formally for z; in (48) and remove the exponential factor. We 

obtain 

' , % 

ee = E (tt Ye 
Reet 

Te .) (vet ws 1s oe ay 

tht tha, 
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Ql; Us au! f weer, —eo) (gui $24 4...) typ pe BE 4 
eo He Ye 

— abt ie 
= = oak us Saka +...) (vb ta +...) (@ = 2, 3, ies tt), Dia yi 

_in which we equate coefficients of powers of u. We obtain the laws of 
formation 

(45) {ov = Peat se, 3208) 

if 

oli— 10 (Qty) = Fos 

which latter integrates and gives 

aes glen de | Aopen de: ne 

(45)' (@, —@;) Uj = Ou (q2ty) (@ = Wi: 3; sey Nn), 

, n 

41) Gt) = fitadulud+ Z 1b. Gra); 
A=2 

which latter integrates and gives ,, in the same form as gt; 

| (©; —@)) gui = — Wi tad Gud ZT yhaGe) (@ = 2, 3, ..., m), 
45" Ai 

gt — 1044 (gt) = fotzbn (924) + 2 Dar (y2t,) + x Oa (9tty), 
A=2 A= 

which integrates as before, and so on. At each stage the necessary co- 

efficient of the form ,w, is determined as the solution of a simple differential 

equation of the form y’—,b,y = Y, where Y is a known function of a. 

To make the law precise we may specify (as above) that at each stage we 

take that solution which vanishes* for z= a. The remaining coefficients 

of the form ,w; (¢ > 1) are determined by simple linear (algebraic) equa- 

tions as in the former case without resonance. 

As a typical case of cross resonance we may consider the equations 

E ao LO Ts wl s byiZr (a a 2), 

A=1 

n be © oy Ot 

|. eee My Za > bewatfe ee s 

A=1 

* Or, has any other assigned value. 

seR. 2. vou. 20. No. 1386. 



146 R. H. Fowier and C. N. H. Lock ar ecw: 

In this case the laws of formation of the coefficients take the form 

Gi Ol aha ene). 3 

(@,— Wp) ln = Sos 

4 = 0: Ay. 5 10)5 
(47) 

Ui — 1041 (yey) = 121 Geta), 
leading to 

——~, 
i 104) da te ; -| 10,1 da 

Te ts et 1091 (1%) & dx ; 
a 

, 

(@ — Ws) gua = firvet 2 ; 0a2(yUi), 
NSIS (47) } 

(wo, — w) gh, = > Oni (yur) (2 a 3, 4, oe) 1), 
R= 1,2 

nN 

gti — 104, (ous) = Y Oued 2 by Gra), 
X= 2 A=1, 2 

which integrates as before, and so on. In both cases, if we apply the 

arguments of § 9, we see that there is actually a particular integral of the 

equations (43) or (46) of the form (44), and so obtain the following 

THrorem III.—IJf u is in S and « in (a, b) there exists a particular 

integral of the equations (48) or (46) whose asymptotic expansion as 

|u|—> 2 in S takes the form 

* oy dt U; U; Uj 
(48) oi = on («x Bete ate arr TOT ert Pa) 

rth Ih opt eae) 8 

where the coefficients ,u;, are determined successively by the laws of forma- 

toon (45) or (47) respectively. 

It is of interest to observe the difference between the solutions in the 

cases in which there is and is not resonance. When there is no re- 

sonance the principal term is 

— ciby to ere 

Me Q!—«@, . 

all other terms being O(|u|~*). When there is (direct) resonance, the 
principal term is 

y 
4 

x, 

pais a aia: fre -f* Ne 
i= 
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all other terms being O(|u!~'). If we consider the case in which u is a 

pure imaginary and all the functions of x are real, we see that in the 

former case 2, remains bounded by the value of /o/(Q’—.«,) irrespective of 

the length of the interval (a, x); while, in the latter case, this is not 

necessarily so, for if ,b,,= 0, and f) is constant for example, then z, in- 

creases with x like jf) (e—a).* 

Under conditions (34) and (85), we can extend the domain of validity 

of the asymptotic expansions of our particular integrals to the region X 

in the complex x-plane. 

* Compare the behaviour of the particular integrals of the equation y’+n?y = Acospt 

when p is not and is equal to 7. 
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TIDAL OSCILLATIONS IN GULFS AND RECTANGULAR BASINS 

By G. I. Tayzor. 

[Received June 2nd, 1920.—Read June 10th, 1920.] 

INTRODUCTION AND SuMMARY OF ReEsuLts. 

In some recent work* on the dissipation of energy in the tides of the 

Irish Sea, use was made of the observed fact that the tidal streams in the 

South Channel of the Irish Sea move backwards and forwards in a straight 
line. The rotation of the earth causes the rise and fall of the tide to be 

four times as great on the Holyhead side of the Channel as it is on the 

Irish side, but apparently it does not give rise to any appreciable elliptic 

motion of the water particles as one might have expected. 

In the work referred to above, it is shown that the tidal observations 

taken on both sides of the Channel and the observations of tidal streams 

taken at various points across it, are explicable if they are due to two 

tidal waves of the “‘ Kelvin” type moving in opposite directions, up and 

down the Channel. 

The Kelvin type of tidal wave is one which can be propagated in a 

rotating channel, or in a channel on the surface of the earth, if the dimen- 

sions. of the system are such that it does not cover more than a small 

range of latitude. The motion of the particles of water is confined to one 

dimension, that of the length of the channel, the deflecting force, due to 

the rotation being counterbalanced by a horizontal pressure gradient 

which is due to the fact that the amplitude is greater on one side of the 

channel than on the other. In the case of a channel in the Northern 
Hemisphere this “ deflecting force” necessitates a pressure gradient acting 
from right to left at the crest of the wave where the water particles are 
moving forward along the channel in the same direction as the wave. 
This pressure gradient is provided by an increase in the amplitude of the 
wave on the right-hand side of the channel. 

In the case of the southern entrance of the Ivish Sea observations 

* “ Tidal Friction in the Irish Sea,’’? Phil. Trans., (A), Vol. 220, p. 1. 
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point to the existence of two Kelvin waves, one inward and the other out- 
ward bound. It appears, therefore, that the Irish Sea acts as a kind of 
reflector which reflects back Kelvin waves of the same type as those enter- 
ing, On the other hand, the reflection is evidently not of the ordinary 
type. ‘The entering wave is greater on the shore which lies on the right 

_ of an observer facing inwards, while the outgoing wave is greater to his 
left. As Poincaré has pointed out* the Kelvin wave cannot be regularly 

reflected because, when two such waves, moving in opposite directions, are 

superposed, it is impossible to find any line across the channel such that 

there is no motion across it. It is impossible, therefore, to place a solid 

boundary across any part of the channel without affecting the motion. 

From the theoretical point of view, considerable interest attaches to 

finding the mechanism by means of which the reflection of Kelvin waves 

can be brought about. From the practical standpoint the question is also 

important because the tides at the open ends of a large majority of gulfs, 

deep bays and partially enclosed seas appear to be similar in character to 

those at the entrance to the Irish Sea. 

The outstanding feature of the Kelvin type of wave is the absence of 

any motion across the channel. In the case of a very narrow channel, 

the particles of water are constrained to move parallel to its walls. The 

Kelvin type of wave is, therefore, to be anticipated in this case. On the 

other hand, however wide the channel may be, it is possible for it to con- 

tain two Kelvin waves moving in opposite directions; and the question 

naturally arises whether a Kelvin wave is always reflected as a Kelvin 

wave, even when the channel is quite wide. In other words, will the 

parallel coasts of a deep gulf like the North Sea, for instance, force the 

tidal current to move parallel to the two parallel coasts at some distance 

from the closed end? If so, how far from the end does the effect of the 

end stretch? If not, what type of tide may be expected ? 

In the work which follows, these questions are investigated. The re- 

flection of tidal waves at the rectangular end of a channel is expressed 

mathematically by means of an infinite series of complex terms. 

The physical meaning of the expression ia not at once obvious, but 

one result springs immediately from the form of the result, namely, that 

in a given channel, rotating at a given speed, a Kelvin wave is reflected 

completely at the.closed end, provided its period is greater than a certain 

quantity. Kelvin waves of period less than this, however, cannot be re- 

flected. 

In the case of the principal semi-diurnal tidal waves on the earth, the 

* Levons de Mécanique Céleste, t. 3 (Théorie des Marées), p. 124. 
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period and angular velocity are given. The result stated above is there- 

fore equivalent to the statement that in channels of given depth and closed 

at one end, a semi-diurnal Kelvin type of wave can be reflected provided the 

channel is narrower than a certain width, but that if it is wider than this 

critical width, perfect reflection cannot take place. 

As explained above, the physical significance of the result is obscured 

in a cloud of symbols. A particular case has therefore been worked out 

numerically. 

The case chosen is that of a channel situated in latitude 538° whose 

width is 250 nautical miles and depth 40 fathoms. This corresponds, 

roughly, to the case of the North Sea, which is in fact nearly rectangular, 

though the water is shallower than 40 fathoms at the Southern end. 

The results are exhibited by means of the two diagrams shown in 

Figs. 1 and 2. The first diagram (Fig. 1) represents the height of the 

tidal wave by means of cotidal lines which are drawn through the points 

where it is high water at any specified time. These lines are drawn for 

every hour (or rather for every 34; part of a period), the successive times 

of high water being marked by figures round the edge of the diagram. 

The amounts of rise and fall of tide in different parts of the basin are 

shown in Fig. 1 by means of dotted lines. 

In the second diagram (Fig. 2) a series of ellipses with varying axes 

and orientations are drawn. The radius vectors of these represent the 

magnitude and direction of the velocity of the tidal stream at different 

states of the tide. They also represent, on a different scale of course, the 

actual paths of the particles of water. 

An inspection of these two diagrams at once reveals the nature and 

mechanism of the reflection. 

In the lower part of the basin at a distance greater than about 250 

miles from the closed end, the cotidal lines and the motion of the particles 

correspond very nearly to two equal Kelvin waves moving up and down 

the channel. The tidal streams are very nearly parallel to the sides of 

the channel and the cotidal lines move in along the right hand shore 

(v.e. the left-hand side of the figure). The tidal wave then sweeps round 

the end wall of the basin at a rate rather greater than the velocity of the 

Kelvin wave, and moves back along the opposite shore to that along which 

it approached the end. In turning at right angles in order to cross the 

end of the channel, the wave produces a bigger rise and fall of tide at 

the two corners than anywhere else in the field. On the scale chosen the 

range of tide at the corners is represented by the number 1°95, whereas 

the greatest range in the distant parts of the channel, far from the in- 

fluence of the end, is represented by 1°61. 
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Fig. 1.—Cotidal lines in basin where a Kelvin wave is being reflected.—Full lines: are cotidal 

lines. Figures outside the edge of the basin show time of high water on corresponding 

cotidal line. Dotted lines are lines of equal tidal range. 

amount of tidal range. 

motion was calculated. 

Figures inside basin show 

Small circles with central dot show {positions at which tidal 

Curved arrow shows direction of rotation of system. 
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Fic. 2.—Tidal ellipses , Showing motion of water in region where tidal wave is 
being reflected. 
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In order to show up more conspicuously the nature of the motion, the 
cotidal lines have been drawn in Fig. 1 with heavy lines in the region 
where the rise and fall is, on the scale chosen, greater than 1, that is to 
say in the parts where the range of tide is greater than half the maximum 
range at the corners. The way in which the strongly marked parts of 
the cotidal lines move down the left side of the diagram, cross the end 
and move up the right side, is conspicuous. 

In the distant parts of the channel the tidal streams are parallel to 
the shores at all states of the tide. At distances from the end less than 
a distance about equal to the width, however, the particles of water move 
in ellipses, except, of course, close in shore, where they continue to move 

parallel to the shore. The direction in which the particles move round 

all the larger ellipses is the same as that of the rotation of the earth; but 

at some distance from the closed end the phase of the up-and-down- 

channel component of velocity changes, while that of the cross-channel 

component does not, so the direction of rotation of the particles in the 

ellipses must be reversed. The reversed elliptic paths are, however, small 

compared with the direct ones. 

The maximum tidal currents occur at certain points close to the 

parallel shores, the greatest being at a distance from the end about equal 

to half the breadth of the channel; but the cross-channel current at the 

mid-point of the end is very nearly as great as this maximum. 

The currents near the central part of the basin are considerably smaller 

than those close to the shore. At a distance of 80 miles from the end 

(equal to about one-third of the breadth of the channel), the cross-channel 

current has died down to considerably less than half its value at the end, 

and the paths of particles are nearly circular. Near the South end of the 

North Sea where the depths are all less than 40 fathoms the tidal streams 

might be expected to die down to half value in a much smaller distance 

than 80 miles, which is one-third the breadth of the North Sea. 

Perhaps the most remarkable feature of the motion is the magnitude 

of the cross-channel currents a short distance from the closed end. 

Case of Comparatively Narrow Channel. 

. These investigations were begun partly in order to find out why there 

is no appreciable elliptic motion in the waters of the South Channel to the 

Irish Sea, though the rotation of the earth produces such a large effect on 

the rise and fall of tide there. In order to elucidate this point the case of 

reflection of tidal waves in a narrow channel is worked out. 
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A formula is obtained for the maximum cross-channel current, and it 

is shown that in the case of the Irish Sea this could not be more than 

half a knot at the most. It is pointed out, moreover, that this occurs only 

at the end of the channel where the up-and-down-channel currents vanish. 

At the point where the up-and-down-channel current is a maximum, the 

cross-channel current is extremely small, being only a fraction equal to 

5X107* of the main current. It appears, therefore, that the phenomena 

which occur at the entrance to the Irish Sea are what tidal theory would 

lead us to expect. 

Tidal Oscillations in a Rectangular Basin. 

The method developed for dealing with the reflection of tidal waves at 

the end of a closed channel can be applied to solve the problem of the tidal 

oscillations in a rectangular basin of uniform depth. This problem is of 

much less interest from the hydrographic point of view than the problem 

which has been solved, but it derives a certain interest from the fact that 

so few cases of tidal motion in limited basins have been solved. The only 

cases which appear to have been solved so far, are those of the circular* 

and nearly circular+ basins, and the infinite channel. 

Lord Rayleigh§ has solved the case of tidal motion in a rectangular 

basin when the period of rotation is large compared with the period of 

oscillation. This limitation introduces considerable simplification into the 

analysis, but unfortunately it also reduces its usefulness. In the first 

place fundamental changes in the types of oscillation which are possible 

are obscured. In the second place the periods of the tides with which we 

have to deal in nature are of the same order as the period of rotation of 

the earth. Lord Rayleigh’s conclusions cannot, therefore, be applied to 

tides in the sea, though, as he remarks, they might apply to the tides ina 

comparatively small enclosed sheet of water, especially if it were situated 

near, but not on, the equator. 

In 1909 Lord Rayleigh again returned to the subject|| and published a 

method of approximating to the small change in period which results from 

a small rotation of the system. He found that the period is increased by 

the rotation, a result opposite to that applicable to a circular basin, but 

in agreement with the conclusions reached in the present paper. 

* Lamb, Hydrodynamics, 4th ed., p. 311. 

+ Proudman, Proc. London Math. Soc., Ser. 2, Vol. 1% (1913), p. 453. 

{ Poincaré, Legons de Mécaniqne Ceéleste, t. 3 (Théorie des Marées), p.125; and Proudman, 

lic. p. 419. 

§ Phil. Mag., Ser. 6, Vol. 5 (1903), p. 297. 

|| Proc. Roy. Soc., (A), Vol. 82 (1909), pp. 448-464. 
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The physical reason siggested by the present analysis for this increase 
in period is that the oscillations consist of tidal waves which move round 
the basin. Ifthe system were not rotating a wave travelling from one 
end of the basin to the other would be reflected from the end directly it 
got there. In the case of a rotating basin the period is increased because 
the tidal wave has to cross the end of the channel before it can be reflected 
back along the opposite side. 

It is shown that two types of oscillation exist, one in which the eleva- 

tion of the surface is symmetrical about the centre. and one in which it is 
anti-symmetrical, that is it is of the same magnitude but opposite in sign, 
at diametrically opposite points. These probably consist of systems in 

which odd and even numbers of tidal waves follow one another round. the 
basin. 

Reasons are given for believing that the number of possible periods is 

very much smaller than in the case of a non-rotating rectangular basin, 

that they form in fact a singly infinite series, while those of the non- 

rotating basin form a doubly infinite series. The physical reason for this 

difference appears to be connected with the way in which tidal waves are 

reflected by being deflected along the rectangular end of the basin. The 

same tidal waves therefore flow along the sides and the ends of the basin, 

so that the lengths of the waves travelling parallel to the sides must be 

closely related with the lengths of the waves travelling parallel to the 

ends. 

In the case of a non-rotating system the wave lengths of the oscilla- 

tions parallel to the sides and the ends are quite independent of one 

another. 

Numerical Verification. 

The method is subjected to a numerical test by calculating the slowest 

period of oscillation in the case of a basin whose length is twice its breadth, 

when the period of rotation of the system is equal to the slowest period of 

free oscillation of the basin in the absence of rotation. 

It is found that in this case the slowest period is increased by the 

rotation in the ratio 1: 1°14. 

In order to test the conclusion reached in the course of the work, that 

all possible solutions can be obtained from a consideration of a pair of 

Kelvin waves moving parallel to one of the sides of the basin, the slowest 

period was calculated by two methods: (1) the original pair of Kelvin 

waves were taken as being parallel to the long sides, and (2) parallel to the 

short sides of the basin. 
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The period obtained by these two methods was exactly the same. It 

appears therefore that the two methods are equally available for repre- 

senting the same set of oscillations. 

A comparison is made between the oscillations of a rectangular basin 

and those of a circular basin. 

ReFuecrion oF Trpan Waves FRoM tHe CLosep Enp or a RorTatine 

CHANNEL WHICH 1S INFINITE IN ONE DrrecrTIoNn. 

Before entering on the details of the solution it is useful, for reference 

purposes, to give a list of the symbols which will be used. 

x: the axis of « is the line mid-way between the sides of the channel. 

y: the axis of y is perpendicular to the axis of x, and parallel to the 

end of the channel. 

wand v: components of velocity parallel to « and y respectively. 

¢: height of the tide above the mean level. 

n, angular velocity of rotation: in the case of a channel on the 

earth’s surface this may be taken to be wsinA, where A is the 

latitude, and w the angular velocity of the Harth about its axis. 

2 wahenysy, 

g = 27 + (period of tidal oscillation), so that wu, v, and ¢ may be 

taken as proportional to ¢’”. 

h: depth of water, supposed uniform. 

g: acceleration due to gravity. 

¢ = (gh): the velocity of a long wave in a non-rotating channel. 

OL OGs 

t= /(—1). 

m: any positive integer. 

Kh? = 6? —4n’)/c?. 

Sm = /(k?—m?*) when m? < k?, and sy = /(m?—k*) when m? > R?. 

tn = Una |S ae 

An, Bn, Cn, Dm: constants determined in the course of the analysis. 

Bi, Bs, Bs, «++, Ya) Yar Yo «++ ave undetermined multipliers. 

2 = tan (c2,/c). 
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Assuming that w,v, and € are proportional to e the equations of 
motion and continuity of tides in a rotating basin of uniform depth* re- 
duce tot 

, p) 
iou—2nv =—g = (1a) 

bel oar a) : lov+2nu = —g ss (10) 

OC Ae eo —An* 
bet ap me Se 0, (1c) 

or (V2+k) € = 0, (1d) 

where k? = (o?—4n?) /c?. 

It is evident that w and v also satisfy 

(V?7+k?) u, v = 0. 

It will be noticed that these equations are unaltered ‘if ¢, x, y and c¢ 

are all reduced in a constant ratio. No loss of generality will result there- 

fore in taking the breadth of the channel to be equal to z. This intro- 

duces considerable simplification into the analysis. The dimensions of c 

then become the same as those of co, namely ¢~', and the sides of the 

channel are the lines y = +47. 

The boundary conditions which have to be satisfied are that v shall 

vanish at y= +47, and that w shall vanish at the closed end of the 

channel, which will be taken as the line x = 2. 

The principle on which the solution which follows is based is to add 

together a number of special solutions of equations (1) which all satisfy 

the first of the boundary conditions, namely, v =0 at y= +47, but 

which do not satisfy the second boundary condition at = 7. By making 

an appropriate combination of such special solutions, however, it is found 

possible to satisfy this last condition also. 

If the channel were not rotating the motion would be found by super- 

posing two equal wave trains moving up and down the channel respectively. 

At certain points along the channel there are planes perpendicular to its 

length across which there is no motion. At any one of these planes a 

barrier could be erected withcut affecting the motion on either side of it. 

* In order that the depth may be uniform, the bottom must be of such a shape that it 

is parallel to the free surface of the rotating liquid. 

+ See Lamb, Hydrodynamics, Chap. viii. 
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The motion can, therefore, be confined to one side of the barrier, and it 

consists of a wave train which moves up the channel and is reflected at 

the end. 

A similar method can be adopted in the case of a rotating channel. 

Taking the incident wave as the Kelvin wave represented by* 

i, = Cn eee 

U—=105 4 | 

the reflected wave may be taken as 

by = — Ce i) ee 

v= 0. 

On superposing these two waves it will be found that there is no value 

of x for which w,+u, = 0 for all values of y and ¢; though there are an 

infinite number of points at which this is the case, namely, those for which 

y = 0 and «x is a multiple of ze/o. It is impossible, therefore, to place a 

fixed barrier across the channel without altering the motion. 

It will now be shown that there is a tidal motion satisfying the 

boundary condition v = 0 at y =+47, which can be superposed on the 

two Kelvin waves so as to make «=O for all values of y at a certain 

value, z,, of x. A barrier can therefore be erected across the channel at 

% = x, without affecting the motion on either side of it. The total motion 

therefore represents an incident and reflected wave train. It will appear 

in the course of the work that the superposed motion due to the barrier, 

vanishes at points far distant from the barrier, provided that the period is 

greater than a certain value. 

On multiplying w,;+-w, by a constant quantity $87, and dropping the 

factor ¢’”’, the motion due to the incident and reflected wave train may be 

represented by 

w = $8t(u,+us) = S (cosh ay sin (cx/c)—i sinh ay cos(ca/c)}, (2) 

By == 0): 

where a= Die: 

The problem is to find another type of tidal motion satisfying » = 0 
at y= +37 and u=4S8i(utu,) at c= 24. 

It may be seen from (1) that v satisfies the equation 

(V2? +k) v = 0. 

* See Lamb, loc, cit., Chap. viii. 
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A particular solution of this equation is 

v= er nena, (8) 

provided = m—k*. (4) ne 

Here m may have any value, and s» may be regarded as being determined 
by (4), but, in order that v may vanish at y = +47, m must have integral 
values. 

Solutions of this type assume four different forms according as m is 

odd or even, and according as i” is greater or less than m7. 

Assume therefore for v the following forms, which vanish at fea 

| me even, Vv = DmC0Ss,2 sin my, . (5a) 
m<kh, 2 = hP—ni’, om 

| m odd, v= iCy 910 Sy, x Cos my, (5b) 

a iy RT eee 
me 

ae m even, v = Dye -* sin my, (5c) 
m—k*, 

m odd, v = 1C),e7*»* cos my, (5d) 

where now S,, is real in all cases. 

For uw assume the forms 

m<k?, wu = Ansin Sz cos my +tBy COs $x sin my, (6a) 

mM > kh, w= Ane cos my +tB,e*™" sin my. (66) 

The constants A,, and B,, must be chosen so that equations (1a) and 

(1b) are satisfied. Eliminating € between (1a) and (16) it will be found 

ae Oe ag iY 4 09 Tom oy ee es ae Oy” (7) 

Substituting from (5) and (6) in (7), coefficients of cos my and isin my on 

the two sides of the equation may be equated, The two resulting equa- 

tions determine A,, and B, in terms of C, or Dy; or, if Am and By be 

regarded as being given, the equations determine C,, or Dm in terms of 

them, and also establish a relationship which must exist between 4, and 

B,, in order that v may be of the assumed form. 

If 7, be written for 2nc/(ms,,c*) these relationships are 

| m even, Am|Bm=—1/Tm; (8a) 
Mie <i 

‘ ( UL odd, Aah Ding = Tm (80) 

{ m even, Am|Bm = —1/Tm, (8c) 
Mt ue 

|m odd, Am/Bn = — Tn (8d) 
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And C,, and D,, are then given by 

| even, Dm = is An— 2 Bae (9a) 

Me On a 2 

| moddi: CO, = Ze Amt sed Bee (9D) 
o m 

m even, Dm = = An— a Tey) (9c) 

m? > k?, i 

fae 2 Oe oa An—™ By (9d) 

It now remains to be seen whether it is possible to choose a series of 

values for A,, and By, so that the value of w due to the sum of all the 

terms is equal to $S7 (w;+u,) for all values of y at some value %,, of 2. 

The value of w for any value of is expressed as a Fourier series in 

cos ny and sin my. It is necessary therefore to express $S7(w,+u,) by 

means of a similar Fourier series. 

To do this first write down the Trigonometrical Series expressing 

cosh ay and sinh ay between the limits y = +47 in terms of cosines of 

even and sines of odd multiples of y respectively. 

These are 

cos 4y im COS MY 

mE BL line ware hme casas! a 
(10a) 

an ( 1 cos 2y 4a. 
cosh ay = es sinh 9 

aT ( siny sin 8y sin my —— — 1)3(m—1) 

2 \a?+1? Aaa aa ie ares cel (HN) 

: 4a 
sinh ay = — cosh 

ite 

Hence the value of w due to the original pair of Kelvin waves may be 
expressed in the form 

: 4. ; % : 

gSty +) = = sin oF sin = EE + 2+ (=1)" Tap 

4aSt Oi eae sin my 
— — ee — 1)\3(m—1) = cosh SF cos |S (pie ap |: (100) 

For convenience the amplitude of the incident and reflected waves will be 
chosen so that 4aS/7 = 1. 

It will be noticed that in this expression (10c) only cosines of even 



1920.]  TrpaL oscrLLATIONS IN GULFS AND RECTANGULAR BASINS. 161 

multiples, and sines of odd multiples of y occur; whereas both sines and 
cosines of my necessarily occur in every term of (6a) and (6d). It is not 
possible therefore to equate coefficients of cos my and sin my in (6) and 
(10) directly. 

Though no cosines of odd multiples of my occur in (10a), yet it is 
possible to construct an infinite number of trigonometrical series which do 
contain them and yet represent the function cosh ay between the limits 
+47. To understand how this can be done it is only necessary to re- 
member that the cosine of an odd multiple of y can be expanded in a 

trigonometrical series of even multiples of y which is valid between + 437 

If therefore any multiple of a cosine of an odd multiple of y be added to 

the series (10a), and at the same time the same multiple of this trigono- 

nometrical expansion for this cosine be subtracted, a new series will be 

obtained for cosh ay, which is valid between the limits +47 and contains 

a cosine of an odd multiple of y as well as the cosines of the even multi- 

ples of y. 

The same argument applies to the case of the expansion of sinh ay in 

terms of sines of odd multiples of y. 

The trigonometrical series referred to for the sines of even multiples 

of y and the cosines of odd multiples of y are 

cos2y _cos4y , cos by bd 3(s— T —_ s odd, (—1)8&- Ge C8 SY = sats Se og eee ony eae am (11a) 

q Pa oa ee _ siny  sins8y , sindy _ (118) 
and s even, 4, 8D SY = [a Bet pe 

Multiples f,, 83,---., Bs, --- of cos sy (s odd), and yo, ys, -.-, Ye, ... Of 

sin sy (s even), may now be added to the series for $Sz (w,+%.), and the 

- corresponding series subtracted. In this way it will be found that 

a : cos 4% 
4 Si (u,+u) = sinh — sin aor tas 

7 2 4 ve z Be (=p! 4(s-1) oe SY _ (53 sated Us aes oo Jt 

S —s* 

otf. 1 cos dy 

EE a? +2? 

ve Larne siny sindy , sindy _ 
—t COS 2, Naas ae+l? a2 +3? a? +5? 

—— siny _ sin 8y | sin sinieg | ep lecay anon a nee) 2 2 Caer 52% 94 psy 1*—s 3°—s S 

-+ 

(12) 

where 8, and y; are as yet undetermined. 

SER. 2, VOL. 20, No. 1387. M 
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The condition that, at the section z = x,, of the channel, it shall be 

possible to choose values of A, and By so that the motion given by a series 

of terms of the forms (6a) and (6b) may represent the same value of w as 

(12), is obtained from equations (8). The condition is that the ratio of the 

coefficient of cosyny in (12) to the coefficient of 2 sin my shall be equal to 

—(1/7'n) tan $,2, when m? < k? and m even 

1m taN Sn2y when m? < k? and m odd 
(13) 

—(1/7'm) when m?> k? and m even 

—In when m”> k? and m odd 

Taking all integral values of m, equations are obtained which determine 

By, Bs, Bs... and ya, ys, Ye ---- The following are specimens :— 

Lie) ge eee 
etm m—2 m—44 m6 

m odd = Bax tanh io tan COb Sin 1, (mM? < k*), (14a) 

ce (Bama tanh TEN 2 2 —Vaare an > tan = . (m* > k*), (146) 

1 By Bs Bs 
a? +m? a m?—1? SE m— 3? ale RT a 

m even = tar, 0th 5 con e “1 tan Sm%,, (m?<k?), (14c) 

ann ae 2 2 ee coth 9 Oh ‘ in > hye ew 

From these equations it is possible to determine the 6’s and y’s for 

any given value of x, but there is still one more condition which must be 

satisfied, namely, that the terms in (12) which do not involve y must 

vanish. This extra condition determines the value of z,. It is 

(15) 
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In order to determine 2,, the 6’s and y’s must be eliminated between 

equations (14) and (15). The equation for z, then involves an infinite 

determinant. It is 

<3 ee = = 
TCS cee Saeee: ae l 
—1 1 a 

eget ee eS 8 

Sle ee 0 1 
a’ +2? 92 — 13 z 97— $2 92 — 5? 7: at (16) 

—1 1 1 
e+e 0 3292 L3z 3742 0 

1 1 1 = Vitae. ot 

. where z has been written for tan (¢z,/c) and 

Ly = —(2/4mrp) tanh (Sa7) cot $m2,, (m odd, m>< k’) 

= (7/4mrm) tanh(saz7), (m odd, m? > k’) an 

Mn = (7/4mr,,) cothZaz) tan 8,2, (m even, m < k?) 

= (Amp) coth (saz), (m even, m? > k?) 

The reason why Lm and M,, have been used in this form is that, if 

there are no terms fof which m? < k’, i.e. if k?<1, then LZ, and M, do 

not contain z,. This case will now be treated separately. 

Case when k? <1. 

In this case (16) is a simple equation, for, multiplying the first, third, 

and all odd columns by 2, it will be found that every term in the second, 

fourth, and all even rows, contains z. Hence, dividing these by z, all the 

terms containing z are removed to the first column, where they occur in 

mM 2 
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alternate rows, The resulting simple equation for z is therefore 

1 aah ll aa aes 0 
a 1? of MY 32 

1 1 
Oo Wy azar ie Gaigeaee 
1 1 sh 

a+o? 9%—1? i ea p | 
4 

1 1 
OO ha 9 ii Bie ops geet a 
1 1 1 | 

Rem Varese |e oeety 

1 | 
: iP ¥ Cee m 

sn" 1 1 
LSE iy 17297 2 v—L 

) if 
0 a Mee ) ay 

= 97?—1? a5 02532 i (18) 

=| 1 i 
eS: 0 32__ 92 Ls 32 4? 

1 1 
Pee SG ate ai, PEEERCN so 

Hence z, or tan (c%,/c), can be found. 

Case when k? > 1. 

In this case the equation (16) does not reduce to a simple equation for 

tan (c,/c), because some of the L’s and M’s contain tan s,,%,, or cot $n, 

It is therefore necessary to approximate numerically to the solution of (16) 

by assuming various values for z,, and finding when the determinant (16) 

changes sign. 

Determination of the B’s and y’s. 

When z, has been found, its value may be substituted in equations 
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(14). The resulting equations for the 6’s and y’s have now numerical 
coefficients. They can therefore be solved numerically. 

Reflection of Kelvin Waves. 

It is evident from the form of the result that when the incident and 

reflected Kelvin waves are given, the whole motion which is necessary to 

produce the effect of reflection is determined by the equations. 

In the case when k? <1, the effect of the end of the channel which 

is represented by the terms 

U = D(Ame*»* cos my +7By, e-™* sin my), 

and the corresponding expressions for v, decrease indefinitely at great 

distances from the closed end. Kelvin waves are therefore reflected 

perfectly. 

In the case when k?>1, one at least of the terms in the expressions 

(5) and (6) contains sines and cosines of a multiple of z. These are finite 

for infinite values of z. Hence, if k?>1, perfect reflection of Kelvin 

waves cannot take place. It appears, in fact, that the channel is too wide 

to force the reflected tidal wave back into the condition in which the par- 

ticles of water move only parallel to the walls. 

The terms, mentioned above, which occur when k? > 1, and contain 

sines and cosines of multiples of z, represent a pair of waves of a type to 

which Poincaré* refers in his book Théorie des Marées. They were also 

discovered independently by Proudman.+ 

Numerical Solutions. 

The solution which has been given of the motion in a region where 

tidal waves are being reflected from the end of a channel must contain the 

physical explanation of the phenomenon; but the form of the result is so 

complicated that it would be difficult to discuss the tidal regime in a 

general way. A particular case has therefore been worked out in detail. 

The case chosen is that for which k =0°5, a=0°7. This corresponds 

with the tidal motion in a channel 250 miles wide and 40 fathoms deep 

situated in lat. 53°. N. when a tidal wave of period 12 hours is reflected at 

the closed end. ‘These figures have been chosen because they correspond, 

roughly, to the dimensions of the North Sea; but it is also worth noticing 

* Lecons de Mécanique Céleste, t. 3 (Théorie des Marées), Chap. v1, p. 126, 

+ Proc. London Math. Soc., Ser. 2, Vol, 12 (1913), p. 469. 
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that the case for which k lies in the middle of the range, 0-1, in which 

perfect reflection takes place, may be expected to present typical features. 

Case when k = 0°5, a= 0°7. 

In working a numerical example it is found convenient to transfer the 

origin to the mid-point of the end of the channel. The equation for the 

Kelvin wave system then becomes 

$8i(uy +g) = 8 {cosh ay sino(e#+2,)/c—7 sinh ay cosa(x+2,)/c}, (19) 

» = 0. 

The values of A, and B, are calculated for 10 terms up to A,) and Byp. 

It should be noticed that all the quantities which occur in the equa- 

tions, such as a/¢c, Sm, I'm, Lim, Mm are functions of a and k only. These 

are first determined and are inserted in the determinants of equation (18). 

Their values are given in columns 2, 8, 4 and 5 of Table I. 

Taking first only 2 rows and columns for each determinant in (18), a 

value z= ‘363 is obtained. Taking successively, 8, 4 and 5 rows and 

columns in each determinant, the values ‘383, ‘385 and °385 are obtained. 

It appears, therefore, that this method of approximating to the value of z 
is very rapid. 

The value of o/¢ is /(a’+k?) = °860. Taking the value of tan o2,/c 
to be *385 this gives oa,/c = 21°38’ or ‘867 in circular measure. Hence 

i es VA 

This value, 885, for z, or tanox,/c, is next inserted in the equations 
(14). The first equation, namely, 

yr amr oni ety al Ye V4 

rT eo) Gales oa SM Peery ea cea 

becomes 

8488, —°333-y,—"0667y,—"0286y,—'0159y,—'0101y4)— "6711 = 0. 

As a first approximation , is taken as 

‘6711 

The second equation of (14) is then written down. It is: 

"2234-3388, —8'198,—"0486,—... = 0 
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As a first approximation y, is taken as 

(3336,+ °223)/8°19 = °106. 

First approximations are thus found for all the 6’s and y’s. These 
values are then inserted in (14) and a new value is found for G,, namely, 
2°03. This is then used to obtain a better approximation for y:, and so 
on. It is found that two applications of this method are sufficient. 

The results are given in columns 6 and 7 of the following table :— 

Tase JI, 

Table giving numerical data involved in calculating tides for the case when 

b= oo 07" 

Columns 

me 2 3 4 5 6 7 8 9 10 11 12 13 

| | | | odd, —Bm8m—MCn| — SmAm 

@sm | tm | Lm | Mm | Bm | ym | Am Ba Ca Dae ; - : 
BI | | leven, —BnrSm SmAn—MD» 

1| 866 | -695 | 905) — 2:03 | — [4-765 |—1-100 |+1-892] — —-946 + 663 
2) 1-937) -155 | — | 3:15 — |-1080|--427 /+ -066 | — |—"495 = 198 +°161 
3| 2-96 | -0680 3°09} — 0714; — |—-0090}+ “132 |- 138) — + 023 — "027 
4| 3-97 | -0380| — | 644, — | °0124|+-1000/— -004 | — | +7103 +016 —-015 
5| 4-98 |-0242 519| —  -0165; — |+-0012/— ‘050 |+ ‘051; — — 006 + °006 
6| 598 0167 — | 972 — ‘-0035 —-0425'+ -001 | — |—043 — 003 + 003 
7| 699 |-0123 7:30} — | -0061, — (—-0003)+ -027 |— -027) — 
8} 7-99 |-0094 — |12-98 — | -0015 +-0245 - -0002) — | +:024 
9} 9-00 | -0074'9-40| — | 0030) — |+-0001/- “017 |+ 017) — 
0/1000 |-0060 — | 16-25 — | -0007 —-0147)+ 0001) — —-015) 

The values of 4,, and B,, can be found from (12). Remembering that 

the origin has now been transferred to the end of the channel it will be 

found that for odd values of m, 

Am = (—1?-» (Bn /4m) sinh (a7) sin (o2,/c) ; 

and for even values of m, 

Bm = —(—1) (ym77/4m) cosh (gaz) cos(cx,/c). 

To determine B,, when m is odd, and A», when m is even, the relations 

(8) may be used. Their values are shown in columns 8 and 9 of Table I. 
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Cm and D,» are found from the formule (9). They are given in 

columns 10 and 11 of Table I. 

The tidal range ¢ is found from the formula 

oo ; & ah 
he 

Finally, the whole motion is represented by 

wu = 1122 {cosh ‘Ty sin °860(x-+ 427) —? sinh ‘Ty cos *860(%-+°427)} 

m=10 

— 2 (Ane*m* cos my +tB,e~*m* sin my, (20a) 
m=1 

v=— XY Dye *m* sinmy—t XZ C,,e~-** cos my, (200) 
m even m odd 

of/h = 965 | —sinh ‘Ty sin’860(¢+°427)+7 cosh ‘Ty cos 860 (x +427) | 

DY {(— Bin Sn—MCp) eS” sin My + I8m Ame” cos my | 
m odd 

tL {AH Busmenin® sin my +7 (8m Am— MD») e~* cosmy!. (20) 
m even 

Verification of the Solution. 

In order to verify the accuracy of this solution, it should be noticed 

that the value of « at 2 =0 should be 0 for all values of y. Taking first 

the case where y = 0, the value of w is °403—DA,. Adding column 8 of 

the table it is found that YA, =°3898. Hence w very nearly vanishes 

at the mid-point of the end of the channel. 

At the corner z = 0, y = 47, the value of u due to the incident and 

reflected Kelvin waves, is found to be 0°67—1°402. 

The part due to the terms which are inserted to make w vanish at 

a = 0 is 

(A,—A,t+ Agp—Ag +A) —i(B, —By+B;—B,+B,) = — 0°61+1°33i, 

Hence it will be seen that both at y = 0 and at y = 47 the two motions 
very nearly neutralise one another. The solution is better at y = 0 than 
it is at y= 37; but this is to be expected because at y =O the terms 
are alternately positive and negative numbers; while at y = 47, both the 
real and imaginary parts are composed entirely of terms of one sign, so 
that if account were taken of the higher terms the agreement would be 
better. 
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Representation of the Results. 

In order to represent in an intelligible manner the tidal motion repre- 

sented, mathematically, by (20), the values of wu, v and of/h have been 

calculated from ‘the formule (20) for the 68 points 

eo 0. 7/0, 1/8, w/2, 2/3, 52/6, 2, 47/8, 57/8 ; 

y= 0, +7/6, +2/8, + 7/2. 

Rise and fall of tide. 

Taking the value of o/h at any point to be P+72Q, the phase 0, of 

the tide is given by tan @ = Q/P. The cotidal lines are lines of constant 9, 

z.e. lines at all points of which it is high water simultaneously. These 

have been drawn for values of 0 differing by 7/6 which corresponds to 

1 hour’s difference in the state of the tide. They are shown on the full 

lines in Fig. 1. 

The range of tide is proportional to | c¢/h| which is equal to P sec 0. 

Lines of equal range of tide are shown as dotted lines in Fig. 1. The 

diagram shows the motion of the tidal wave down one side of the channel ; 

and the way in which it sweeps round the end to return along the opposite 

side. Further remarks about it will be found in the introduction. 

Tidal currents. 

The tidal currents are represented by the ellipses in Fig. 2. Each 

ellipse is centred at the point to which it applies. The velocity and direc- 

tion of the tidal stream is represented by a vector from the point in 

question. ‘The ellipses also represent, on another scale, the actual paths 

of water during the tidal motion. 

The method adopted for finding the magnitude and direction of the 

axes was the following :— 

Let wu = (A+¢B) e, 

yp = (C+D) e, 

where A, B, C, D are real numbers. 

The componenis of velocity at any time are found by taking the real 

parts of these. 

Let P be the point whose coordinates are (A, B) on a system of rect- 

angular axes O€, On (Fig. 3). Let Q be the point whose coordinates are 

(—D, C) on the same system. Take the mid-point R of PY. Join OR. 
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Then the major axis of the ellipse is OR+QR, the minor axis is OR—QRK, 

and the inclination of the major axis to the axis of 2, 7.e. to the walls of 

the channel (see Fig. 2), is half the angle (RO. 

This may be proved by dropping perpendiculars PM, QN on O€, On 

respectively. ON and OM are then the components of velocity at time 

t=0. If PM and QN meet in ZL, the resultant velocity is represented 

by OL. As ¢ increases the points P, Q and # revolve uniformly round O. 

Since QLP is a right angle, Z describes a circle of radius QF round Rf. 

Since R describes a circle of radius OR round O, the maximum value of 

OL occurs when O, R and L are in the same straight line and its length 

is then OR+QR. Similarly the minimum length of OL is OL—QR. 

These then are the major and minor axes of the ellipse. 

The direction in which the particles of water move is determined by 

the relative magnitudes of OR and QR. If OR> QE# the rotation is 

positive, v.e. from Ox towards Oy, which is also the direction of rotation. 

If Ok < QE the rotation of the particles of water is opposite to the direc- 
tion of rotation of the system. 

The phase of the motion at time t=O can also be found from the 

diagram (Fig. 3). 

Fa. 8.—Construction used in finding positions and magnitudes of axes in 

tidal ellipses. 

The results are shown in Fig. 2. They are commented on in the in- 
troduction. The maximum tidal current in the Kelvin wave system is 
(1°122) cosh Sav = 1°87. The maximum cross-channel current occurs at 
the mid-point of the closed end; its value is 

o = 0,+0,+-0,40,40, = 1°80. 

It will be seen that in this example the maximum tidal current across the 
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end is very nearly as great as the maximum tidal current in the Kelvin 
wave system. 

Case of narrow channel. 

For this case a and & are small. Hence approximately 

Sm =m, ofc=k, ry, =ak/m*, tanh tar = sinhdar = daz, 

Lm = mr/8k, Mn = m/20%k, 

ot,/¢ = 8ka'/z*,, Bn = m-'a-. 

The terms containing the y’s are small compared with the terms con- 
taining the 6's, 

An = (—12@™ akm-‘, 

Cn = — Bu = (—1)?@-) m-?. 

Hence maximum cross-channel velocity at mid-point of the end of the 
channel is* 

17-37-45 -*—7-2+.... = "916. 

The maximum velocity along the channel is S = 7/4a. Hence ratio of 

maximum cross-channel velocity to maximum velocity along the channel 

is “916 (4a/7) = 1:16 or roughly a. 

In the case of the south channel to the Irish Sea, which is 50 miles 

wide from Holyhead to Ireland, and 40 fathoms deep, a = 0°14. The 

maximum up and down channel currents occur between Holyhead and 

Ireland, and they are about 3 knots. The maximum cross-channel 

current which can be expected anywhere in the system is therefore less 

than half a knot, and it should be remembered that this does not occur 

anywhere near the region where the maximum currents occur. In fact 

the ratio of the cross-channel current to the down-channel current, in the 

region of maximum currents, is only e~*/**(4a/7), which in the case of 

the Irish Sea, where a = 0°14, k = 0'1, would be only 5 X 107° knots. 

Tipau OscrLLATIONS IN A RECTANGULAR Basin. 

Tf instead of the forms (5c) and (5d) we had assumed in the ease 

where m2 > k? that v contains terms involving e*»” as well as e~*»*, and 

* See Bromwich, Infinite Series, p. 479. 
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corresponding extra terms containing coss,% and sins,# in the case 

where m? < k?, then the extra constants introduced would have enabled 

us to make w vanish for two different values of z,. In this case a solution 

would have been obtained for the vibrations of a rectangular sheet of 

liquid. It will be shown later, however, that in this case, as might be 

expected, there is an extra condition which determines the periods of the 

oscillations. 

The analysis is very much simplified by taking the origin of coordi- 

nates at the centre of the rectangle. In that case it will be found that 

the oscillations are of two classes: (1) those in which the tidal wave is 

symmetrical about the centre, and (2) those in which it is anti-symmetrical 

(i.e. those in which the range of tide is the same at opposite points, but 

the phase is opposite). The slowest mode belongs to the latter class. 

To determine the anti-symmetrical types consider the pair of Kelvin 

waves given by 

u = S {cosh ay cos (a/c) +7 sinh ay sin(cz/c) |, (21) 

v= 0. 

Suppose, as before, that the width of the basin is 7. Let its length 
be 21. 

To the original Kelvin waves add the oscillation represented by 

m odd, UV = 1tCp COS S_% COS my, (22a) 
Tk. 

| m even, v0 = Dy 8iD 8% sin my, (2.2b) 

. ( odd, v=1C,, cosh s,z cos my, (22c) 
me > i 

| m even, v = D, sinhs,x7 sin my, (22d) 

> F : 
Mm <k*, UU = An COS 8x 008 MY FIBm SiN Sm x sin my, (23a) 

9 ee Pas . 2 . 

m > k°, w= Ancosh s,x cos my+iBy sinh sy, xz sin my. (230) 

Substituting in the equation 

Ow OU . Ov Ov ; pas, 92. io Ti —2n Tha Tox Fe +2n os ’ 
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it will be found that 

modd, An/Bn =—Tn Cm = (2n/o)An—(m/8m)Bm, (24a) 
m < ke 

m even, An/By = 1/1, Dm = —(n/8m)Am—(2n/o) Bn, (240) 

( Mm odd, Al = lm Cn = (2n/c)A, n+ (msm) Bu; (24c) 
n> 

lon even, Aa/lBm aS Te as De = — (msm) An—(2n]c) Bra, (24d) 

where Tm = (2nc)/(Msnc*), 

as before. 

Expanding (21) as a Fourier series in y at the end, x =1, of the 

rectangle, 

w= = sinh & eos a (s pete Cay SONU ld ) 

2 9? a2? +2? ' F442 o?+ 62 

4aSe ar. ol (gnu sin 8y , sin 5y ) 
ar cosh — sir e+e eas! + EB ert he eo) 

‘ 

Take S = z/4a as before, add the undetermined multiples (,, 3, ..., yo, yy --- 

of the series for cos sy and sin sy. 

Write down the equations corresponding with (14). They are 

ae gem 2 — 9? Dane Se Ror 

modd i = = Bux tanh daz cot cl/c tan 8ml = An Bm, mm < k?, (26a) 

_ 8m Yn™ tanh 4 Zarcotal/c tanh sml = —AmBm, mm? > k*?, (260) 
m 

it 2) By ae Bs +— +... 

m'—1? 2-33 5? 

coth daz tan cl/¢ cot 8ml = — Min Yn, <P’, (26c) ‘m even = ES 

| = ped coth4az tan o/c coth 81 = — bm ym, m2> 2, (26d) 

where —A» and —u, are written for the coefficients of 8, and y» on the 

right-hand sides of these equations. To these must be added the equation 

which is necessary in order that there be no constant term left over. 
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This is the same as before, namely, 

1 Bis Gr Bee teeny (27) 

Eliminating the 6’s and y’s, the following equation is obtained 

dL al il uh ce siee 0 
a i & 37 

| 1 1 

+1? aa P—?? ° 2 

1 1 . . (28) 
fie poi) One eee 
| f if 
a+ 3? ° Spa rs 37-42 

If 7 is fixed there is now only one unknown left in the equation, 

namely, ¢. Equation (28) is, therefore, a period equation, and its roots 

determine a set of free periods. 

It will be noticed that when the motion is determined in this way so 
that «wis zero at x = J, it is also zero at x = — 1. 

The solution therefore represents one set of the oscillations of a sheet 

of liquid confined between the lines x = +1, y=+47. Since 

c= Gta) 
it will be seen that the surface of the sea is at any instant anti- 
symmetrical. 

To determine the symmetrical oscillations, take as the original pair 
of Kelvin waves 

u = S {cosh ay sin ox/c—7i sinh ay cosca/c}, v=0. (29) 

The period equation is the same as (28) except that the ’s and p’s 

assume slightly different forms. To distinguish the two types of oscilla- 
tion the anti-symmetrical type will be called Type A, while the ey owes 
type will be called Type B. 

The values of the A’s and w’s in the period equation are given in the 
following Table IT. 
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Tasue II. 

Showing values of Xn and uw» in the period equation (28). 

Type A.—Anti-symmetrical oscillations. 

mM <k?, Xm» = —(r/4mr,,) tanh dar cot ol/c tan sm l, 

ie | m > kk, Xm = (x/4mrm) tanh da7 cot cl/c tanh 8», 

f mM <k, pm = —(7/4mrp) coth daz tan oi/c cot s,_1, 

“at | m? >. tm = —(7/4mrp) coth Sar tan cl/c coth s,,: 

Type B.—Symmetrical oscillations. 
. 

m<k?, Am =  (a/4mrm) tanh da7 tan ol/c tan Sm 1, 

m? > k?, Xm = — (7/47 m) tanh daz tan ol/c tanh s,, 1, 

m <k?, pm = = (/4mrm) coth Za7 cot cl/c cot snl, 
m even 

m odd 

( 

( m>k*, tm= (r/4mrp) coth gaz cot cl/c coth sm. 

It will be noticed that when an oscillation of Type B has been deter- 

mined in this way so, that w= 0 at x = /, then w= 0 also at «= —J, 

and therefore oscillations of Type B also take place in a closed basin of 

breadth zw and length 20. 

Method gives all possible oscillations. 

We have now seen how two types of oscillation may be found. The 

question whether there are any other possible types of oscillation still 

remains. 
First it should be noticed that it is impossible to obtain any other 

types beside A and B from any other combination of the original Kelvin 

waves, for any other combination may be represented by the expression 

u=  S8,(cosh ay cos cz/c +7 sinh ay sin cx/c) 

+8,(cosh ay sin cx/c—7 sinh ay cos OM) 0) Ola): 

If the #’s and y’s and o be determined so that w= 0 at «=/, it will be 

found that w is not equal to 0 at 2 = —/ unless either S, or S. is equal 
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to 0. Hence Types A and B are the only possible types of oscillation 

which can be obtained by the method described above. 

Next let us enquire whether it is possible for the sheet of liquid to 

oscillate in any other way. 

Consider the oscillation of period 27/o in a liquid enclosed between 

two walls at y = +47. The value of v at any section may be expressed 

by a unique series of the form 

v=. f,cosy +f, cos 8y+/; cos 5y+... 

+g. sin 2y+ 9, sin 4y+g96 sin 6y+..., 

where fi, fg, ---» Jos Ja, --- are functions of Zz. 

From equation (8) it will be seen that /,, fs, .--, Jor Js --. may be 

expressed in the form é 

= $0 —s,,% 
fui Linem ne is 

where H,, and F,, are numbers which may be complex. 

Corresponding with each term in the series for v at a given section 

x = %, say, there are two terms in a series for uw, which are obtained 

from equations similar to (24). 

Besides these there are the Kelvin wave systems corresponding with 

C—O: 

It appears, therefore, that all possible oscillations of a sheet of liquid 

contained between y= +47 can be expressed as the sum of terms of 

these types. The ways in which the Kelvin terms can be combined with 

the others so as to make wu = 0 at x = +/ have already been discussed. 

If it were possible to select a combination of terms which did not in- 

clude the Kelvin terms and yet made w=0 at x=+1, it would be 

possible to choose a value of o so that solutions to the equations (26) 

could be found when the constant terms 1/(a?+m’) and 1/a? have been 

removed. : 

It is evident that this is not possible in general. It seems probable, 

therefore, that the oscillations of Types A and B are the only possible 

types of oscillation in a rectangular sheet of rotating liquid. 

Numerical verification. 

In order to test these conclusions I have calculated, in two ways, the 

slowest mode of oscillation of a rectangular basin whose length is twice 

its breadth. : 
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(1) Taking the original pair of Kelvin waves as being parallel to the 
longer side, and 

(Il) Taking them as being parallel to the shorter side. 

The periods obtained by these two methods were exactly the same 
although nearly all the quantities concerned were different, and the 
manner in which the infinite determinants converged was quite different 
in the two cases. This is good evidence that the oscillations in the two 
cases were exactly the same. ; 

Let the breadth of the basin be B and its length 2B. Then in work- 
ing out the period by method (1), in which the axis of x is parallel to the 
longest side of the rectangle, the breadth is reduced to 7 so that 

¢ = (1/B) /Gh). 

In adopting the method (II), in which the axis of « is parallel to the 
shortest side of the rectangle, c’, which will be used to denote the value of 
c in this case, is equal to (7/2B)/(gh). 

nH Hence c’ = de. 

The amount of rotation is so chosen that 2n/c=1 so that, in(), a=1; 

and in (II), a’ = 2, where a’ = 2n/c'. In this case the period of rotation 

is the same as that of the slowest oscillation of the basin when not 

rotating. 

Since in (I) the length in the direction of the axis is twice the breadth, 

l= 7. In (II) where the side parallel to the axis of x is only half the 

side parallel to the y axis, J’, the value of J, in this case, is 7/4. 

I. Putting a=1, /=7 in the period equation (28), the smallest 

root was determined as follows :— 

A particular value was chosen for a/c, the values of the determinants 

obtained by taking the first 1, 2, 3 and 4 rows and columns of (28) were 

then calculated. These are represented by A,, Ay, Ag, Ay. 

The calculations were repeated for a series of values of o/c. The re- 

sults are given in Table 8a. They are exhibited graphically in Fig. 4. 

It will be seen that the curves A,, Az, and A, all pass through practically 

the same point on the axis. This gives an idea of the rapidity with which 

the roots of A,, As, A,, &c., converge to a fixed value. The value of the 

root of A,, determined graphically, is 

ole = 0°429. (32) 
SHR. 2. vou. 20. No. 13888. 
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TaBue 3. 

Numerical values of quantities used in finding the period of the 

slowest oscillation in a basin whose length is twice its breadth 

when the period of rotation vs equal to the slowest period of the 

same basin when not rotating. 

TABLE (3a). TABLE (30). 

a=2, l=n/4 

a/c! Ag As Ay A; 

80 “130 0605 —'187 | +:214 

‘85 08 —'010 | —:0184) +°0250 

“90 "042 | +°0266) +°0472 | —-0814 

Il. Putting a = 2, J= 7/4 in (28) the values of Aj, As, Ay, and A, 

are calculated for values of o/c equal to 0°80, 0°85, and 0°90. Their 

values are given in Table (80). 

On drawing the graphs it is again found that A;, A,, and A; all cross 

the axis very nearly at the same point. 

The root of A, is found graphically to be 

~ o/¢e; = 0°859. 

Remembering that c’ = 4c, it will be seen that method (II) gives 

o/c = gc/c' = $(0'859) = 0°4295: (33) 

Comparing this with the value 0°429 obtained by method (I) it is evi- 

dent that the two methods are giving the same oscillation. 

It is worth noticing that the slowest period, 27/c, of the same basin in 

the absence of rotation is given by o/¢ =°50. The period is therefore 

increased in the ratio °50 : °429 = 1°14 by a rotation whose period is 

equal to that of the longest free period of the basin when not rotating. 

Character of the Oscillations. 

Reasoning by analogy with the motion determined in the first part of 

this paper, it seems probable that the oscillations consist of a series of tidal 
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waves following one another round the basin in the direction of rotation. 

In this case oscillations of Type A would consist of an odd number of 

waves, while oscillations of Type B would consist of an even number. If 

this were true then the roots of the period equation for oscillations of 

Type B should always fall between two roots of the period equation for 

Type A, and vice versa. It might be possible to prove this, but I do not 

feel competent to do so. On the other hand, it should not be difficult to 

determine the roots in a particular numerical case and so verify this 

suggestion. 

Fig. 4.-Graphical solution of period equation. Curves from figures in Table (3a). 

Comparison with Oscillations in a Circular Basin. 

The oscillations of liquid in a rotating circular basin have been worked 
nN 2 
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out by Lamb.* Lamb comes to the conclusion that there are two types of 

oscillation, one in which the tidal waves flow round the basin in the diree- 

tion of the rotation of the basin, and another in which the tidal waves 

move in the opposite direction. It is, therefore, of interest to find out 

what difference there is, if any, between positive and negative roots 

of (28). 
It will be seen from Table II that a change of sign in o/c, unaccom- 

panied by a change in its absolute magnitude, leaves the values of the \’s 

and u’s in (28) unaltered. Similarly a change in sign in a does not affect 

them either. For every positive root of (28) there is therefore an equal 

negative root. ) 

At first sight one might be disposed to think that the existence of roots 

of both signs means, as it does in the case of the circular basin, that it is 

possible for a wave to proceed round the tank in either direction. This 

is not true, however. The negative and positive roots of (28) both repre- 

sent the same oscillation. 

To prove this suppose that a positive root of (28) has been found, and 

that the values of Am, Bn, &c. have been found. 

Now consider the motion when the sign, but not the magnitude, of 

a/c is changed. From (26) it will be seen that the 6’s and y’s are un- 

affected. All the A’s are reversed, but the B’s remain unaffected. The 

fer Am SID S_% cos mY +IB», COS Sx Sin my 

in the expression for « now becomes 

—Ap S10 Sy, COS MY +IB;y, COS Sm % SiN my. 

When multiplied by e~*” the real part is 

—Am SiN Smx Cos my cos ct + B,, COS S,% Sin my sin ot. 

The real part of the corresponding oscillation in the case of a positive 

root of (28) is 

Am SiN Sm£ CoS my cos ct— By COS Sm% Sin my sin ct, 

which is the same as in the case of the negative root except for a change 

in sign. 

It is evident, therefore, that the direction in which the waves move 

round the basin is the same in the two cases, and it seems clear that this 

must be the direction of rotation. It seems probable, therefore, that the 

type of oscillation discovered by Lamb in the case of a circular basin in 

* Hydrodynamics, p. 311, 1916. 
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which the wave moves in a direction opposite to that of its rotation is 
peculiar to the circular basin and is not a general feature of tidal oscilla- 
tions. It is worth noticing that no oscillation of this type appears to have 
been observed in the ocean. 

Comparison with Non-Rotating System. 

The oscillations which this work indicates are quite different from the 

oscillations which a non-rotating system can execute. In the case of a 

non-rotating rectangular basin of uniform depth there is a doubly infinite 

system of periods, corresponding with giving all integral values to m and 

n in the equation 
o/¢ = r(m/a?+n?/b’), 

where a and 0 are the lengths of the sides of the rectangle.* In the pre- 

sent system there is only a singly infinite series of periods. 

The physical reason for this appears to be connected with the way in 

which tidal waves are reflected from a wall which is perpendicular to their 

direction of motion. It is shown in the first part of the paper that Kelvin 

waves are reflected at the end of a channel by a process which involves 

their being deflected so that they move for a time parallel to the end. It 

appears, therefore, that the wave length of the waves proceeding along 

one side of a channel cannot be independent of the wave length of tidal 

waves moving parallel to the other. 

In conclusion I wish to express my thanks to Prof. KE. T. Whittaker 

for his valuable advice on questions involved in the numerical work de- 

scribed in this paper. 

* See Lamb’s Hydrodynamics, Chap. vii. 
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ON THE PARTIAL DERIVATES OF A FUNCTION OF MANY 

VARIABLES 

By Grace CuisHotm Youna. 

[Read December 9th, 1920. ] 

af Let Fe; y) = Gor Ys Yo. +++) Yn—-15 a) 

denote a function of any number* of variables, finite everywhere, and 

measurable for each fixed y = (y;, Yo: ---» Yn—1y -+)> 

We shall denote the partial derivates (upper right-hand, upper left- 

hand, lower right-hand, lower left-hand) with respect to x, by 

fantasy Y), fae Aen) Fanos Y)s JO y). 

These are the upper and lower limits of the incrementary ratio with re- 

spect to 2, 

Ra, eth; y) = {feth, yf, y)}/h, 

respectively for h > 0 (right), and h< 0 (left). 

We then have the following theorems :— 

Turorem 1.—The points, if any, at which the upper partial derivate 

on one side with respect to x is less than the lower partial derivate on the 

other side, form a set of content zero whose section by every line y = con- 

stant is a countable set, 2.€. 

fe) SEY Gy) fea) e Pana 

This is an immediate consequence of a theorem given by myself in the 

Acta Math.{ on the derivates of a function of a single variable. We do 

* Not necessarily finite or even countably infinite. 

7 P. p. means presque partout, that is ‘‘ except at a set of content zero.”’ 

{ ‘‘ Hacept at a countable set of points, the lower derivate on either side is less than or equal 

to the upper derivate on the other side, i.e. f- (x) < f+ (wz), and also f. (w) <f- (x). “A 
Note on Derivates and Differential Coefficients,’’ Acta Math., Vol. 87, p. 144. 



1920.]  PaRTIAL DERIVATES OF A FUNCTION OF MANY VARIABLES. 183 

not even here need to assume the function /(x, y) to be measurable for 
each fixed y. 

Tarorem 2.—The points, if any, at which the upper partial derivate 
with respect to x on one side has the value +, while the lower partial 
derivate on the other side has a value other than — @, i.e. J P'@, y=+o, 
f-,(@, y) FH—®, or f°=+ 0, f, (2, y)#—, form a set of con- 
tent zero, whose section by every line y = constant is a set of linear 
content zero. 

This is an immediate consequence of Theorem 1 of my former com- 
munication to the Society on the subject of derivates.* 

THeorem 3.— The points, of any, at which f(x,y) has a partial 

; : : of (a, 5 Pe ee : ; 
differential coefficient oe which is infinite with determinate sign, 

or at which it has a forward or backward partial differential coefficient 

which is infinite with determinate sign, thatis ft (x,y) =f+,0(a,y) =+@ 

or —w, or fe, y) = f_ ola, y) =+0 or —w, form a set .of -con- 
tent zero, whose section by every line y = constant is a set of linear 

content zero. 

This follows immediately from Theorems 1 and 2 above. 

Turorem 4a.—The points, of any, at which one of the upper (lower) 

partial derivates with respect to x, being finite, is not equal to the lower 

(upper) partial derivate on the other side, that ws 

+o >fP°@,yFf .@y; Fe >frmy Ff+0@,y); 

—2<f_o(@,y#f (ey); -—® <fro@ WF °C,y), 

form a set of content zero, whose section by every line y = constant is @ 

set of linear content zero. 

Turorem 4b.—The points, if any, at which one of the upper partial 

derivates with respect to x and one of the lower partial derivates are 

finite and different from one another, form a set of content zero, whose 

section by every line y = constant is a@ set of values of x of linear con- 

tent zero. 

The second of these theorems follows at once from Theorem 3 of the 

* “On the Derivates of a Function,’’ Proc. London Math. Soc., Ser. 2, Vol. 15 (1916), 

p. 368. 
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communication last quoted. As however I am able to prove a somewhat 

more extended result by dividing the proof into two parts, I proceed to 

do so now.* The original theorem is now divided into two, in the first of 

which the assumption of finitude is made only for a single derivate, while in 

the second, the enunciation of which is that of the original theorem, the 

finitude of two derivates is hypothecated. 

We proceed then to prove the first of these theorems from which 

Theorem 4a above at once follows :— 

TurorEeM.—If f (x) is a fimte measurable function, the points, uf any, 

at which one of the upper (lower) derwates, being finite, is not equal to 

the lower (upper) derivate on the other side, form a set of content zero. 

Let the given derivate be f(z). Except at a countable set, we have 

HED) fae), 

and, since f(z) is not equal to +0 at the points we are going to con- 

sider, f,(x) is not —® except possibly at a set of content zero, while 

f+ (x) can only be + at a set of content zero; these results have already 

been quoted. Thus, suppressing a possible set of content zero, f; (zx) is 

jfimte, and < f(a), wherever f(a) is finite. 

We proceed to show that 

file) = f+) 

at every point of the set S of points at which both these derwates are 

jinite, and at which f,(@) <f (x), excepting only a sub-set of content 

zero. 

Assume, if possible, that the set .S has positive content. Let S, denote 

the sub-set of S at whose points 

eA < fy (a) <2) a) <—477) 

r being any positive integer. Then each set S, contains its predecessor 
S,-1, and the outer limiting set is S itself. Therefore for some value of + 

the content of S, must be positive. Let rx denote the least integer for 
which this is true. Now write 

JOSH GOLre, VA S27 

* At the same time I am enabled to add, to the list of corrections already given, the 

argument by which the different possible cases may be deduced from that explicitly treated. 

I have also given in full the justification for the statement that the end-points of the inter- 
vals rz and ¢; belong to the set Z. 
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Then S, is the set of points at which 

0<9.e)<97@) <A. (a) 

Since g(z), like f(x), possesses the C-property,* and S, is of positive con- 
tent, we can remove a sub-set of sufficiently small content, leaving over a 
complementary sub-set S; of positive content, with respect to which f(z) 
is continuous. By Lusin’s Lemmat we can then find a perfect sub-set 
St of S;, which is throughout? of positive content. 

Finally, since at each point of S; we have (a), we can§ choose a funda- 
mental interval (a, 0), so as to contain a part G@ of S%, and such that, for 
points z, z—h, and z+h in it, we have 

ga—ge—!) yy 

(8) 
g(a+h)—9 (a) 

vas h 

(h being > 0), provided 2 belongs to the set G. We may clearly assume 

a and b to be points of G. Let G; denote the sub-set of G at which 

g (a)—g (a) > ke (1) 

Then, if & assumes in succession the values A, 3A, 44, ..., each set G, is 

contained in the following, and the outer limiting set is G. Hence again, 

for one of these values of k—which we may take to be the greatest such— 

G, must have positive content. 

Now this set G; is itself the sum of the finite number of sets H;,, at 

which, besides (1), we have 

4(y—-lk <g(@) < 4yk, (2) 

y denoting any positive integer up to that for which (y—1)k = 24. 

Hence at least one of these sets must have positive content: let y have 

the least of the values for which this is true. Then there is a perfect sub- 

set of Hy which is throughout of positive content; let us call this H. 

Let e be any chosen small positive quantity, satisfying the inequality 

e < FkE/[(y+1) k+24]. (8) 

* See the London Mathematical Society paper above quoted, § 2. 

+ Ibid., § 3. 

t That is of positive content in every interval containing a point of the set. 

§ By the Lemmas of § 4, loc. cit. 
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Now divide the interval (a, 6) into a finite number of compartments, 

namely, 

(i) Black intervals of E, so chosen that the sum of the remaining 

black intervals is less than e; and 

(ii) Complementary compartments, whose sum is accordingly > H, and 

< H+e. 

We shall take each of these compartments (ii) separately. 

To each point « of the compartment considered, which is a left-hand 

end-point, or internal point, of a black interval of the set H, we adjoin the 

part 7, of that black interval on the right of the point « For each in- 

terval r, then, the right-hand end-point belongs to the set L. 

At each of the remaining points of the compartment, since it is a point 

of H, (1) and (2) hold. Therefore 

J+(£) < ayk, (4) 

Yt) k<g (@). (5) 

Therefore we can find intervals (x, «-+h,) and (ec—hy, «) on the right and 

on the left of x, inside our compartment, and such that 

g (2+h)— g(x) < tykhy,, (6) 

4 (y+) kh, < g(x) —g(r— hy). (7) 

By Young’s First Lemma* we can choose out a finite number of the 

intervals (z, #+/,) and 7, nowhere overlapping, and such that the sum 

of the complementary intervals, say t,, t, ..., tm filling up the compari- 

ment, is less than e/n. . 

We may assume that both end-points of any one of these intervals r, 

and t,is a point of the set H. For, if the right-hand end-point of any 

interval ¢; is not a point of the set H, we merely have to suppress the 

part of this ¢; internal to the black interval of H containing the right- 

hand end-point of this ¢;; this is equivalent to replacing one of the 

chosen r,’s by another r,. Having done this, every chosen ¢;, like every 

r,, Will have a point of H for its right-hand end-point. . 

If now any 7, or ¢; chosen has for left-hand end-point a point x not 

belonging to H, we only have to add to our chosen 7,’s the whole of the 

* “On the Derivates of a Function,”’ loc. cit., p. 368. If preferred, Lebesgue’s Lemma, 

of which I have recently given a proof without Cantor’s numbers (Bull. d. 1. Soc. Math. de 
France). 
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black interval of EZ containing that end-point, suppressing at the same 
time the v,, or that part of the ¢; in question, which is internal to the 
newly chosen 7,, as well as any parts of other of the chosen intervals 
which may encroach on the black interval introduced among them. 

Let us do the same in each of the compartments (ii). Then the sum 

of all the chosen intervals 7, is, by our choice of the compartments (i), 

less than e, and so is the sum of the intervals ¢;, since there are 2 com- 

partments (ii), and in each the sum of these intervals ¢; is < e/z. 

Now let P,, p; and P denote respectively the sum of the increments of 

g(x) over the chosen intervals («, c+h,), over all the chosen intervals 7, 

and the intervals ¢;, and over the compartments (i). 

Then, since all these intervals together form a finite number of 

abutting intervals reaching from a to 0, 

g(b)—g(a) = P,+p,+P. 

But, by (6), Pi < 3yk(E+e), 

since the content of the chosen intervals (x, x+h,) is not greater than 

that of the compartments (ii) in which they lie. Also, by (6), 

xp, — 2A, 

since both end-points of each 7, or ¢; belong to the set H, and the sum of 

these intervals is <2e. Hence 

g(b)—g (a) < dyk(B+e)4+24e+P. (8) 
Similarly, working with the intervals (e—hg, x) instead of (x, x+h), 

and with intervals /, on the left, instead of 7, on the right, and denoting 

the sum of the increments of g(x) over the chosen intervals (x—hy, x) by 

P,, and over the chosen intervals /, and the intervals ¢; by pz, we have 

g(b)—g(@) = PytpetP. 

But, by (7), 4(y+1) k(H—e) <P, 

since these intervals contain all the points of H, except a sub-set of con- 

tent < e. 

Hence since, as we saw for 7,, 

0< px 

we get £(y+1) kH—e)+P <9(d)—9@). (9) 

Combining (8) and (9), 

4 (y+1) k(H—e) < fyk(E+e)+24e, 
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whence, a fortiori, SKE <e[(y+)Dk+24], 

which is in contradiction with (8). 

Thus our assumption is untenable. 

This proves the theorem. 

9. The second theorem is as follows :— 

If f(x) is a finite measurable function, the points, of any, at which one 

of the upper derivates and one of the lower derivates are finite and differ- 

ent from one another, form a set of content zero. 

By the preceding theorem this is true if the derivates are one on one 

side and one on the other. It only remains to discuss the case when they 

are both on the same side, say ft(z) and f,(z). Then, by the preceding 

theorem, Pe = fa); 

f+@) = f @), 

and therefore, since f* (x) >f.(z) and f_(z) <<f (a), 

f@=f-+@, [P.p.] 

[P. p.] 

which proves the theorem. 

3. We have hitherto assumed, except in Theorem 1, that f(z, y) was a 

finite function. Using, however, the more general results of my former 

communication, we see that not only Theorem 1, but also Theorem 2 and 

Theorems 4a and 4), remain true when f(x) is infinite at certain points, 

while Theorem 2 takes the following form :— 

THEoreM 2 bis.—The points at which f(x,y) has an infinite partial 

forward or backward differential coefficient, with determinate sign, con- 

sist of the infinities of f(x,y) and possibly an additional set of plane 

content zero, whose section by y = constant is a set of zero linear content. 

The points at which f(a, y) has an wmfinite partial differential co- 

efficient with determinate sign, form a set of plane content zero, whose 

section by y = constant ts a set of zero linear content. 
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THE PRODUCT OF TWO HYPERGEOMETRIC FUNCTIONS 

By G. N. Watson. 

[Received November 20th, 1920.—Read December 9th, 1920. ] 

Ir is possible to establish a relation which connects the product of 

two hypergeometric functions 

F(a, 8; y; 2)xXF(a,B; y; 2) 

with the hypergeometric function of two variables of Appell’s fourth type 

F,[a,B; y,a+6—y+1; 2Z, 1—2z)1-D]. 

The reader will remember that the definition* of Appell’s function is 

Sree Mee COlntn ~ Rive —— aa ELM TM NAMEN EM nN F,[4, 8; y, y's € a1 = 2 2 Gi. na a En", 

where a symbol of the form (a), denotes 

a(at+1)(a+2) ... (a+m—1). 

In the special case in which z = Z, the existence of the relation has been 

indicated to a certain extent by Appellt himself, for he has shown that 

{F(a,B; y; Z\2 and F,[a, 8; y, a+B—y+1; 2, (1—Z)’] are solu- 
tions of the same linear differential equation of the third order. 

The more general case in which z and Z are unequal, which is the 

subject of this paper, would appear to give the best theorem concerning 

the expression of functions of the fourth type in terms of hypergeometric 

functions, just as Appell’s theorem} that 

x—Y F(a; B, y—B; ys X Y= 0—-Y)"F (a, Bs 3 =v) 

* Comptes Rendus, t. 90 (1880), pp. 296, 731. 

{ Journal de Math., Sér. 3, t. 10 (1884), pp. 418-421. 

t Journal de Math., Sér. 3, t. 8 (1882), p. 175 ; see also Barnes, Proc. London Math. Soc. 

Ser. 2, Vol. 6 (1908), p. 169. 
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is, in all probability, the best theorem concerning functions of the first 

type. 

In this paper I propose to establish the general relation with the aid 

of contour integrals of Barnes’ types, after considering the special case of 

the relation in which ais a negative integer, so that the hypergeometric 

series reduce to polynomials. The fact that the relation is of a some- 

what abstruse character is indicated by the impracticability of proving it 

in a simple manner in the special case without making use of infinite 

series. 

The importance of the relation arises from its existence, and not from 

the methods used in proving it, for the proof requires only a certain 

amount of analytical ingenuity. I may state that the method by which I 

discovered the relation was a consideration of various types of normal 

solutions of the wave-equation in four dimensions which have been the 

subject of a paper by Bateman.* 

2. When a is a negative integer —n, the relation to be proved assumes 

the simple formt 

E(—n, B-+n; y; 2)XF(—n, B+n; y; Z) 

(Yn 

To prove the relation, we transform the expression on the right in the 
following manner, using Vandermonde’s theorem in the fifth and sixth 
lines of the analysis : 

(1—ZPF,[—n, Btn; y, B—y+1; 2%, I—)0—Z)] 

=(— F,[—n, B+n; y, B—y+1; 2Z, 1—-d)a—7)). 

Vee a re Ga pert ee : ie 

= 2 2 Gibory tba ea 0 - 
= Se ane Barn Se bese aaa 
ret (yer! zoo 1 (s—k)! poo p! C—y+Ds-p 

7=0 s=0 l=r g=r (y)r (Gyan Pie r} (t—r)! iv+s—l)! (q—r)! 

=o Sy ot (—M)ree (BEM ras (4 222 
1=0 g=0 r=0 s=l—r (y)r (Syl ee r} (l—r)! (r+s—D! q—nr)! 

* Proc. London Math. Soc., Ser. 2, Vol. 3 (1905), pp. 111-123, 
¥ It is convenient to take 8 + 7 as the second element in order to retain the usual notation 

for Jacobi’s polynomials. 
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= Ss & Cm Btn ytlt+Qni(—tt2'Zt 
t=0 q=0 n= (y)r (GB—y+ Lame r! (l—r)! (q—r)! 

SS (= (Bn) 2 y+Ony—P)qan 74 
=0 g=0 (y), 2! q! + 

nw y)n 
So @—ytp. o—™ B+n; y; 2)XFy—B—n, y+n; y; Z) 

—— /__.\% (y)n << i= — . . 

Xn, B-+-n; +; Z), 

by a well-known transformation of hypergeometric functions; and this 
establishes the stated relation. 

3. In order to establish one form of the general relation let us con- 

sider the expression 

ase (LY ("| retst+orGts+ord—y—9 
—O% 

xI(y—a—B—) F(—8) F(—) {27}! {(1—(1—Z)} ds dt, 

which is an absolutely convergent double integral, provided that 

larg {zZ}| < 2, larg {((1—2)(1—Z)} |< Qn, 

and it is supposed* that the contours have loops, if necessary, to ensure 

that the points —a, —a—1, —a—2, ..., —8, —B—1, —@B—2, ... lie on 

the left of the s-contour, and the other poles of the integrand lie on the 

right of the contours. 

We now define —z and —Z by the equations 

—zg=zet™, —Z= Zet™, 

where |arg(—z)|< 7,’ |arg(—Z)|< 7, 

and then | arg (2Z) | = larg (—z)+arg (—Z)| < 2z. 

* It simplifies the argument if it is first supposed that a, 6, y, y-a—B have positive real 

parts, and then at the end of the reasoning to use the theory of analytic continuation to re- 

move these restrictions. 
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In the double integral we now make use of the formule 

1 wor 

= SN a a — t)(—z2)? T(——2)!' = 5 ee p Tg—o(—a dg, 

T(y—a—B-—H(1—Z)**8-7*# 

lel ee A ge hy ae cr ee AT y—a-B+y—H(— Dt ay, 

whence it follows that the double integral is equal to 

(4) |" i. (OU Pets toretstord—y—9h—9 
270 —niJ—ni 

xI(—¢) T(—W) T(¢—)T—a—B+y—)(—2)** (—Z)'¥dp dyydsdt 

= (4) (s ie [- Petstole+s+ola—y—9 ls) 
Deigsat Whe od see ey agi 

xT(s—¢T(s—W I (¢—s— OD (w—a— B+ y—s—t)(—2)?(—Z)* 

dpdyydsdt 
3 fod ot at ‘ 

= (4) | | | Pty Ten) Dts 
27a —niJ—nijJ—wi 

Eat pTB+oly+y—o Top+y—9) Pi (aa ZA 
T@+ty+y. ° SINNER ION 

2 (ai oy 

= (=) [Jo Pe-orewra-y—pra-y—y 

xTa+l(6+9elw+y—alWy+y—8f) 

x tas daws dame dca Say Yeaay Any NA, 

In each of the last two lines, Barnes’ lemma,* that 

Al. [Cay 4:20) T (ag fowl GG xen) Leo) ee 

bee (a1 +,) P(ag+8o) (ag +6;) Taga). 

D(a,+a,.+8,+,) 
has been used. 

We now evaluate the initial and final integrals by calculating the 

residues at the poles on the right of the contours, and after dividing by 

* Proc, London Math, Soc., Ser. 2, Vol. 6 (1908), pp. 154, 155. 
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(1—Z)**8-y, we find that | 

D(a) PB) (1—y) T(y—a—B) F,[a, B; y, a+ B—y+1; 2Z, (1-2 —Z)] 

+(¢Z)'-7T(a—y+1) T(6—y+1) P(y—1) P(y—a—8) 

xX Fila—y+1, B—y+1; 2—-y, a+ B—y41; 2Z, (I-A (1-Z)] | 
+{(1—2)(L—Z)}¥-*-# T(y—6) M(y—o) Fy) Pa t+8—y) 

x Fily—B, y—a; y, y—a—B+1 3 °2Z, (1—(1—Z)] 

+(2Z)- {| (1—2)(1—Z)}-*-F PA — 8) Fa) Py—1) Pa +8—y) 
XP [A—=6, ta; I—y, y-a —B+1; 2Z,.1—a(t—Z)] 

I'(a) T'(6) 
| 

a toe T(y—a) l(y—8) Tl—y) Fea, B; y; 2 

X(1—Z)’-** F(y—B, y—a; y; Z) 

+ eg oe Gea) PaRyerirlegseh 

x F(a—y+1, B—y+1; 2—y; 2) —Zy-** FUl—B, 1-4 ; 2A—y; Z) 

ae Tay Pe-aFo-BPa—y HG, Baus 2) (aos c's) 7) 

peta yt YEO y+) + (2Z) Fete 2 sai 

x F(a—y+1, B—y+1; 2—y; 2) Fla—y+1, B—y+1; 2—-y; 4), 

and this is an equation of the specified type. 

T(1—a) TA —6) Py—D) 

4, If we had dealt in a similar manner with the integral 

(2 Pe eee 
Sas Pan ie Tey-+5) Bie ec) 

i= hG a6 1d 2) dear 

—wt 

which is convergent when 

[arg ztarg(—Z)| <7, |arg(1—z)+arg (1—Z) | << Qer, 

we should have found it equal to 

See a e*. fee | (a) 
=e | a a ee 

Ge) fects T'(y+s) T(s—¢) L(s—y) 

Tat T6+olyt+y—ol+y—P) (_ 6 (_ 7+ asdad x Saori (—2)* (—2Z)" dsdgadyp, 
sER. 2. vou. 20. No. 1389. 1) 
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and, when R(y) is positive, this is equal to 

BEE aiao rhs fee Ok (ae 
(5-5) lie ie ly+@ lytw T(a+¢) [T'(6+¢4) 

xP +y—a@) Popt+y—B)(—2)* (— 2)" dpdy. 

If we calculate the residues of the initial and final integrals at the 

poles on the right of the contours, and then divide by (1—Z)*t®-7, we 

find that 

loa Fila Ph caplet ee lg Gay imei 2), 
L(y-—a Ty +{d—2a—D}r-ene OT ly 8) me OT ae) 

x Fi[y—-B, y-a3 y, y-a—B+1; 2Z, I-A 1-4] 

D(a) [(8) V(y—a) T( —) SS Fe Nea BS eI Ge I NA ei a 
L(y) }? (a, » Yo Z) (a, Dp 04 Z), 

and the restriction that R(y) >0 may now be removed by the theory of 
analytic continuation. 

Since 

PG, P53 V5.6) Die z (an (Bm E"F(a+m, B-+m; y'; n), 

the last result may be written in the form 

Ta) 1(8) T (y—a) T(y—8) ve be te 
ae San came ne v3 ) Fa, 8B; y; Z) 

2 Tatm)T : = Dye 8) SE Gy" Flatm, Bm, a B—y+13 
a—2—Z)] 

+T(a+6—y) > Sa ee (aad — Apo 

XFly—B+m, y-—atm, y—a—B+1; (1-2 —Z)]. 

If we combine corresponding terms of the series on the right, we find that 

they are expressible in terms of 

F(a+m, B-+m, y+2m, 2+Z—2Z), 
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so that we finally get 

D(a) [(6)P(y—a) T(y—8) ; 
ee Fw Bs yea, 8iyi>Z) 

— ¥ L@tm 64m) Cy—a+m ly—B8+m) 
met D(ytm) P(y+2m) m! 

(2Z)™ 

XFlatm, B+m; y+2m; 2+Z—2Z). 

_ We can therefore express the product as a double series, thus 

F(a, B; y; aX F(a, B; y; Z) 

= 2 (dns (ek (y—a)m (y—) m 
=rr. ec ee. (eZ) ZL—2zZ)”. 

m=0 E23 (y)m (y)om+n™m! n! © ) ap #2) 

The series on the right is not one of Appell’s functions as it stands, but, 

as we have seen, it is expressible in terms of two functions of Appell’s 

fourth type. 
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DIFFUSION BY CONTINUOUS MOVEMENTS 

By G. I. Taytor. 

[Received May 22nd, 1920.—Read June 10th, 1920.] 

Introduction. 

It has been shown by the author,* and others, that turbulent motion 

is capable of diffusing heat and other diffusible properties through the 

interior of a fluid in much the same way that molecular agitation gives 

rise to molecular diffusion. In the case of molecular diffusion the rela- 

tionship between the rate of diffusion and the molecular constants is 

known ; a large part of the Kinetic Theory of Gases is devoted to this 

question. On the other hand, nothing appears to be known regarding the 

relationship between the constants which might be used to determine any 

particular type of turbulent motion and its “ diffusing power.” 

The propositions set down in the following pages are the result of 

efforts to solve this problem. 

In order to simplify matters as much as possible the transmission of 

heat in one direction only, that of the axis of «, will be considered. We 

shall take the case of an incompressible fluid whose temperature 0, at 

time t = 0, depends only on 2, and increases or decreases uniformly with 

x. Initially therefore 06/dxz is constant and equal to £, say. 

Now suppose that the fluid is moving in turbulent motion, so that 

the distribution of temperature is continually altering. Suppose that the 

turbulent motion could be defined by means of the Lagrangian equations 

of fluid motion, so that the coordinates (x, y, z) of a particle are given in 

terms of its initial coordinates (a, b, c) at the time ¢t = 0, and of ¢. 

Since the temperature of any particle is supposed to remain constant 

during the motion, the temperature at the point (7, y, 2) at time ¢, which 

will be represented by the symbol 6 (z, y, z) is @(a, 0), which represents 

the temperature at x = a at time ¢= 0. 

* « Hddy Motion in the Atmosphere,’’ Phil. Trams., 1915, Dante 
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Since the rate of increase in temperature with x is constant when 
t= 0; 

O(a, 0) = O(a, 0)—(x—a) 8. 

The average rate at which heat is being conveyed across unit area of a 

plane perpendicular to the axis of 2 is evidently equal to —pc8 multiplied 

by the average value of w(#—a) over a large area of a plane perpendicular 

to the axis of x. In these expressions w represents the velocity of a 

particle of fluid in the direction of the axis of x, p is the density, and o 

the specific heat, so that po is the heat capacity of unit volume of the 

fluid. 

No doubt the average value of w(z—a), which must be obtained from 

considerations of the particular nature of the turbulent motion in question, 

depends on the mean motion of the fluid; but if experimental data exist, 

as in fact they do, which enable its value to be calculated, it is of interest 

to enquire what types of turbulent motion are capable of producing the 

observed distribution of temperature. 

In order to simplify matters still further it will be assumed that the 

turbulent motion is uniformly distributed throughout space. The mean 

value of w(z—a) will then be the same for every layer and will be equal 

to the mean value throughout space. This quantity will be expressed by 

the symbol [w(z—a)]. 

Owing to the fact that the fiuid is incompressible [w(«—a)] could be 

calculated either by taking a rectangular element dx dy dz, at time ¢, finding 

the corresponding value of w(c—a) and integrating throughout space ; or 

by taking an element dadbéc at time t= 0, finding the corresponding 

value of w(z—a) at time ¢, and integrating. The second method will be 

adopted. 

Fixing our attention on a particle of fluid, it will be noticed that 

O02: aia 1 
i ae and x—a = wat. 

Hence, writing X for z—a, 

ea [ x |= 3/[S -|= = 42 (x4), 

In this ideally simplified system therefore the rate at which heat is 

transferred in the direction of the axis of ~ is determined by the rate of 

increase of the mean value of the square of the distance, parallel to the’ 

axis of z, which is moved through by a particle of fluid in time ¢. 

If a physicist were to try to define the characteristic features of any 

particular case of turbulent motion, with a view to discussing statistically 
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its effect as a conductor of heat, he would probably first fix his attention 

on the mean energy of the motion. That is to say, he would determine 

[w?]. 
He would then perhaps notice that it is not sufficient to determine 

[u?]. With a given value of [w?] it is possible for the turbulent motion to 
be associated with a small or a large transfer of heat, according to whether 

a particle frequently, or infrequently, reverses its direction of motion. It 

would therefore be necessary to define some characteristic of the motion 

which differentiates between the cases in which the changes in the velocity 

of a particle are rapid, and those in which they are slow. A suitable 
2 

characteristic to choose would be | ($4) i 

Further investigation would show that it is necessary also to define 

(lee ee 
The relationship between 

3 Sx] and [w?], [ (2), a | (<2), ee 

is discussed in the following pages. The problem is in some respects 

similar to that known as “ The drunkard’s walk,” or to Karl Pearson’s* 

problem of the random migration of insects, when the motion is limited 

to one dimension; but in the course of the investigation some curious 

propositions have come to light concerning the mean values of continuously 

varying quantities which may perhaps be of interest to mathematicians, 

as well as to physicists. 

In the course of the work no discussion of the convergency of the 

series used is attempted. The work must therefore be regarded as incom- 

plete. The author feels that such questions might be examined with ad- 

vantage by a pure mathematician, and it is in the hope of interesting one 

of them that he wishes to offer this paper to the London Mathematical 

Society. 

Discontinuous Motion. 

Before proceeding to consider the continuous version of the problem 

of random migration ia one dimension, the discontinuous case will be 

* Drapers’ Company Memoirs, 
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extended slightly, so as to make it bear some resemblance to the con- 
tinuous case. 

Suppose that a point starts moving with uniform velocity v along a 
line, and that after a time + it suddenly makes a fresh start and either 
continues moving forward with velocity v or reverses its direction and 
moves back over the same path with the same velocity v. Suppose that 
this process is repeated n times and that we consider the mean values of 
the quantity concerned for a very large number of such paths. 

Let x, be the distance moved over in the r-th interval. Then Laie 
numerically equal to vr, but its sign may be either positive or negative 
and each occurs an equal number of times in considering the average. If 
X, is the standard deviation or “root mean square” of the distance 
moved by the point from the original position after time nt, then 

Dee (ORS ee eRe es oa ? 

where the square bracket indicates that the mean value is taken for all 

the paths. 

Hence XP = n@?+2[2,%.+2,%3+...+2,2.4+...], (1) 

where C= Or, 

If there is no correlation between any two 2’s, 

e570: 

Hence eee OL dN — UV TL), 

where 7’, is the total time during which the migration .has been taking 

place. It will be seen therefore that X,, is proportional to /T,. 

Actually in a turbulent fluid or in any continuous motion there is 

necessarily a correlation between the movement in any one short interval 

of time and the next. This correlation will evidently increase as the in- 

terval of time diminishes, till, when the time is short compared with the 

time during which'a finite change in velocity takes place, the coefficient of 

correlation tends to the limiting value unity. 

This idea will now be introduced into equation (1). 

To begin with let us make the arbitrary assumption that 2, is corre- 

lated with 2,4, by a correlation coefficient c. Suppose also that the 

partial correlations of z, with 2,12, fr43, --- are all zero. The correlation 

coefficient between x, and z,,. is then c’. Between z, and 2+; it is c’. 

The value of 2[2,2.+2,%,+...+¢,-%s>+...] is then 

2d? {nc+(n—1) 2+ (n—2)ce+...+0"}. 
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The series in the { } bracket is easily summed. Substituting its value 

in (1) it will be found that 

Qnc _ 2c?(1—c”) | 5 tt 
=e Gag 1—c (1—c)’ 

or, putting n = T,/7, and d = v7, 

Oe ean 2c%X(1—cr) a2 mere (Co 7) fo (2) 

By reducing 7 indefinitely we can evidently make the case approximate to 

some sort of continuous migration, but in order that X,, v and T,, may be 

finite and tend to a definite limit as 7 is decreased, it is necessary that 

1+ 2c?(1—c") 7” 
Gai and = eiolee 

say, 1—c must be proportional to r. 

must also tend to a definite limit. That is to 

Let a tend to the limit A when 7 and 1—c tend to zero. 

Then X? tends to the limiting value 

Vv {2AT,—2A?(1—e-M!4)} 

or, dropping the suffixes which are no longer necessary, 

J/[X?7] = vo {2AT—2A?(1—e-/4)}, (3) 

where X is the distance traversed by a particle during a flight extending 

over an interval of time 7’, and the “root mean square’”’ is taken for a 

large number of such flights. 

When 7 is small this reduces to 4/[X?] = v7, which is exactly what 
we should expect when the time is so short that the correlation coefficient 

c”, between the first and last small element of migration has not fallen 

appreciably away from unity. 

When ZT is large 4/[ X7] = v/(2AT), so that the amount of “ diffusion ”’ 

is proportional to the square root of the time. The constant A evidently 

measures the rate at which the correlation coefficient between the direction 

of an infinitesimal path in the migration and that of an infinitesimal path 

at a time 7’, say, later, falls off with imcreasing values of T. 

We have now seen how it is possible by introducing the idea of a 

correlation between the directions of the successive jumps in a random 

migration, to keep the standard deviation of the distance of migration 

constant, no matter how small the infinitesimal paths of the migration 

may be. 

The migration is still a discontinuous one however. It suffers also 
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from the disadvantage of depending on a special assumption, namely, that 
there is a definite correlation between the direction of motion in one in- 
finitesimal element of path, and that in its immediate neighbours, but 
that there is no partial correlation between the directions of motion in 
paths which are not neighbours. This means that there is a special law 
of correlation between the directions of the paths at finite intervals of 
time. The correlation coefficient between the direction of an infinitesimal 
path and that of the path which occurs at a time 7 = nz later, is evi- 
dently c”. This may be written 

{1—(1—o)}* = (1—7/4)” = (1— 2/4), 
When 7 is small this tends to the limit e77/4, (4) 

We are therefore limiting ourselves to the particular type of motion 
in which the direction of an infinitesimal path is correlated to that at 
time T later by the correlation coefficient* e~7/4, 

Diffusion by continuous Movements. 

The work just described, though not particularly useful for our present 

purpose, is useful in that it gives rise to ideas about how problems of 

migration or diffusion by continuous movements may be treated. In what 

follows these ideas are worked out and the conditions of motion which 

determine the laws of diffusion are found. 

Before proceeding to discuss diffusion, however, it will be necessary to 

prove a few statistical properties of continuously varying quantities. 

Suppose that we wish to express the characteristic properties of the 

variations of some quantity which varies continuously, but which appears 

to have no very definite law of variation. Suppose, for instance, it is 

desired to define the characteristic features of a barograph record. There 

are no obvious periods, nor is there any definite constant amplitude of 

variation in barometric pressure, yet there are certain properties of the 

curve which can be defined. If we take the standard deviation of pressure 

from its mean value during a year, it will be found to be practically con- 

stant from year to year. Ifp represents the deviation from the mean 

pressure, this standard deviation is »/[p"], where the square bracket now 

indicates that the mean value of p” has been taken over a long period of 

* Incidentally it will be noticed that the correlation between the direction of motion at 

cone instant and that at time ¢ earlier is also e~"4. It is obvious that we cannot consider the 

walue of the expression e~ 74 when T is negative. 
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time. One property of the curve which we can define, therefore, is the 

constancy of /[ p”] during successive long periods. 
The statistical properties of the barograph curve are by no means 

completely determined by this. It is possible to imagine an infinite 

variety of barograph curves with a given standard deviation of p. They 

might, for instance, have a large number of peaks in the curve during a 

given interval of time or a small number. In the former case the 

standard deviation of dp/dt might be expected to be larger than in the 

latter. We can, therefore, define the curve still further by specifying 

the standard deviations of dp/dt. 

It appears that, from a given barograph curve, it is theoretically 

possible to find the standard deviations of p, dp/dt, d’p/dt?, ..., d“p/dt", .... 

Let us assume that all these are constant from year to year. 

Now suppose that we begin by specifying certain arbitrary standard 

deviations for p, dp/dt, &e., and that we try to construct a possible baro- 

graph curve from them. » We are at once brought up against a difficulty. 

Suppose that we have specified a large number for the standard deviation 

of dp/dt, t.e. ./[(dp/dd)*| and small numbers for ./[p?] and /[(@p/de?)?]. 
It is evident that if we begin constructing the curve with a large value of 

dp/dt at a point where p = 0, the fact that the value of 4/[(d*p/dt?)| is 
small means that it will be a long time before dp/dt changes sign. Hence 

it will be a long time before p attains its maximum value, and during that 

time p must have attained a large value. Hence, if the standard deviation 

of dp/dt is large and that of d’p/d¢? is small, the standard deviation of p 

must be large. It is evident therefore that there must be some relation- 

ships between the standard deviations and the curve of which we have not 

yet taken account. We shall now see what these are. 

Suppose that we observe the values pj, Yo, Pg, -.., Pr Of p at a large 

number of successive times t, ty, és, ...,t,. Suppose further that we 

observe the values p,+6p,, potdpo, Pgtdps, ..., Pu tpn, at times. 

ttt, t,+6t, t3+6¢, ..., ta+dédt, where d¢ is a small interval of time. 

Then, if ¢,, t&, ..., t are taken at random 

(po) = @i Fete, in, 

and since we are considering a curve in which [p*] is constant, [7] is 

also, to the first order, equal to 

2 (ne a) oe a) tt oct ea 
=[p*]+2 lp oe ot. 
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It appears, therefore, that we can differentiate the quantities inside 
Square brackets which indicate a mean value. 

Hence the condition that [7] shall be a constant is 

[pe Uy (5) 

There is, therefore, no correlation between p and dp/dt. 
Now differentiate (5) once more, 

[> at }+L(%) ]=°. Berit iG 
Hence by the definition of a correlation coefficient, there is a negative 

correlation between p and d@’p/d? equal to 

Le) J 
wy GE) ] i 

A consequence of the existence of this correlation coefficient y is evidently 

that [(dp/dt)?|] cannot be greater than 4/[p*],/[(@p/dt?)"], a statement 
which agrees with the remarks above. 

The way in which the correlation coefficient affects the characteristic 

features of the p, ¢ curve is easily seen. Suppose it is large, 7.e. nearly 

equal to —1; then the curve will look something like curve (qa), Fig. 1. 

P 

(6) 
eee ee eee eee eee we ew mew wee eg 

os we ee ee eo em eee owe Be ew ew ee © OEE! OB eae Sees BO ee KH HM eee Ser eewe 

Taavely abs 

Suppose the correlation coefficient between p and d’p/dé? is small, but 

that the standard deviations of dp/dt and d*p/d¢t? are the same as in curve 

(a), Fig. 1, then the slopes and curvatures will be of the same magnitude 
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as in curve (a), but the curvature will not always be concave to the mean 

line. This is shown in curve (0), Fig. 1. 

It is evident that the standard deviation of p is greater in (0) than it 

is in (a). This is expressed by the formula (7), for if the standard devia- 

tions of dp/dt and d’p/dé@ are fixed, then the standard deviation of p is, 

according to (7), inversely proportional to v. 

Since the standard deviation of dp/dt has also been given as constant 

it can be treated exactly in the same way as the standard deviation of p, 

thus differentiating [(dp/dt)"], we have 

or | ae (8) 

and differentiating this again 

tae ltl (Ge) I= ai dt L\ae) |= ° ) 

But differentiating (6) again 

dp. Gp) wa 

E Sa +8 ai de|—° 

Hence, from (8), E <2 |= = (0, (10) 

ee dp d'p 
Differentiating (10), [? aE + Fhe APB 

Hence, from (9), E ct |- [ (G5 7 

Proceeding in this way it can be shown that 

qe" » be? “i dp 2 

Lp Sam | = (—0"| (FB) }) 
qenth y : 

and » Gat |=0 — | 

(11) 

The correlations to which p and its differential coefficients must be 

subject in order that their standard deviations may be constant, have now 

been established. We can, therefore, now use these standard deviations 

to define some statistical properties of the curve. 

In analysing any actual curve, it may be very difficult and tedious to 

obtain these standard deviations. There is, however, another method of 

defining the statistical properties of the curve which is equivalent to that 
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given above, but which is likely to be much more manageable in practice. 
This method will now be considered. 

Suppose that we take, as before, the values p,, pa, Dg ---) Dn Of p ata 
large number of times 4, ty, ts, ..., fn, chosen at random. Let us correlate 
them with the values pi, p2, ..., pi, of p at times +6 446, ..., t+ 
where € is a finite interval of time which may be positive or scot 
Let a coefficient of correlation so found be Rz. Then R; must evidently 
be a function of €. 

If p, be the value of p at time ¢, and pire be the value of p at time 

t+€, then by definition 

[pepive] = ReVvilVLwisel ; 

but by hypothesis the standard deviation of p does not vary, hence 

Loe] = (o*)] = Lei<], 

and R: =[pr pe+e]/(p*]. (12). 

Now expand p;+< in powers of €, 

pcs pte 2 Be. 
Hence 

Lye Dire] = Loz ]+é [» Jas pe |+& [24 | (18): 

Substituting for E | from (11), (138) becomes 

(opel =+E0-5[ (2) 1+ Go+ 5 safe hae 

Hence, from (12), 

(G1, «(1 ye (2) n§& 

Sacked) ae 9 SNS ad 
It will be seen that, as might have been expected, R; is an even function 

of €. 

As an example of the method let us take the case where it is known 

that p = sin (t+e), where e may take all possible values, all of which are 

equally probable. In this case 

(P)=h [dia ]=3, ... [aplaey"l=4, ... 

(E42), 
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(14) therefore becomes 

ty eee GE) ae 
um CARES) 

This is the series for cos€. Hence R; = cos €. The correlation between 

the value of » at any time and its value when ¢ is increased by any odd 

multiple of 47 is 0. This is obviously true since there is no correlation 

between sin (¢+e) and sin {¢+e+(2n+1)(47)} as e varies. 

The correlations between p and its differential coefficients given in 

(11) are evidently also true. 

Application to Diffusion by continuous Movements. 

The theorems which have just been proved will now be used to find 

‘out what are the essential properties of the motion of a turbulent fluid 

which makes it capable of diffusing through the fluid properties such as 

temperature, smoke content, colouring matter or other properties which 

adhere to each particle of the fluid during its motion. 

Consider a condition in which the turbulence in a fluid is uniformly 

distributed so that the average conditions of every point in the fluid are 

the same. Let w be the velocity parallel to a fixed direction, which we 

will call the axis of x, of the particle on which our attention is fixed. It 

will now be shown that the statistical properties which were defined above 

(now in relation to w instead of p) are sufficient to determine the law of 

diffusion, i.e. the law which governs the average distribution of particles 

initially concentrated at one point, at any subsequent time. 

Suppose that the statistical properties of w are known in the form 

given above, that is to say, suppose that [w*] and R; are known. Rez is 

now the correlation coefficient between the value of w for a particle at any 

instant, and the value of w for the same particle after an interval of 

time €. 

Let uw, represent the value of «w at time ¢. Consider the value of the 

definite integral 

\ [wr we] dé. 

By the definition of R; this is equal to 

t r [ut] | Read 
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Hence, since [w”] does not vary with ¢, and R¢ is an even function of &, 

t t 

\ [ure] dE = [u?] i Ridé. (15) 

Evidently one can integrate inside the square bracket just as one can 
differentiate. Hence 

| [weug] dg = [ iH uedé | = [uw X], 

or, in the notation of the introduction, [wX]. 

Hence [x] | Redé = [uX] (16) 

Oho 
=27 Beat (17) 

LT ct 

and ea SC w i | R:dédt, (18) 
0 

where X is the distance traversed by a particle in time T. 

Equation (18) is rather remarkable because it reduces the problem of 

diffusion, in a simplified type of turbulent motion, to the consideration of 

a single quantity, namely, the correlation coefficient between the velocity 

of a particle at one instant and that at a time € later. 

Let us now consider the physical meaning of (18), when 7 is so 

small that R; does not differ appreciably from 1 during the interval 7’. 

In this case 
T ft 

0 JO 

so that (18) becomes Xe hear ae 

or WX p= ae (19) 

That is to say, the standard deviation of a particle from its initial position 

is proportional to J when T is small. This is what we should expect pro- 

vided the time 7’ is so small that the velocity does not alter appreciably 

while the particle is moving over the path. 

Now consider how one would anticipate that R; would vary with € in 

a turbulent fluid. The most natural assumption seems to be that Lf; 

would fall to zero for large values of €. It might remain positive as in 
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the curve shown in Fig. 2, or it might become negative or oscillate before 

Re 

g 

falling off to zero. In either case it seems probable that it will be possible 

to define an interval of time 7), such that the velocity of the particle at 

the end of the interval 7, has no correlation with the velocity at the 

Fig. 2. 

t 

beginning. In this case suppose that lim | Redé€ is finite and equal 
t—>~ 0 

to 7. Then at time 7’(> T)) after the beginning of the motion 

a yn _ 97,2 qi DP aaa yr 

so that [X*] increases at a uniform rate. In the limit when [X?] is large 

V(X") = VQIT [u*]), (20) 

so that the standard deviation of X is proportional to the square root of 

the time. 

This, therefore, is a property which a continuous eddying motion may 

be expected to have which is exactly analogous to the properties of dis- 

continuous random migration in one dimension. 

It will be noticed that when T > T), 

xan == [ae (21) 

Hence [Xw]} is constant in spite of the fact that [X?] continually in- 

creases. In order that this may be the case X must always be positively 

correlated with w, but the correlation coefficient must decrease with in- 

creasing [X?]. If vy, represents the correlation coefficient between Xand u 

jig [Xu] _ Lu] 

me — TE) = 
and in the limit when T>o@, 

wi lay ai : 
Mi ELTA) = Vag ne) 
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It is interesting to compare the expression (18) for [X?] with the ex- 
pression given in (3) for the standard deviation of X in the special case 
of discontinuous motion considered thare. 

In that case R; was shown in (4) to be e~‘/4, In the continuous case 
if we write Re = e-£/4, (21) becomes 

Te 
(XA) = 2 fae] | e/4 dédt 

JoJo 
Me 

= 2[u7] \ A(1—e~/4) dt 
0 

= 2[u"] (AT—A*2(1—e-7/4)! (28) 

In the discontinuous case it was shown in (8) that 

JX?) = v/{2AT—2472(1—e- M4) } 

It is evident that this is exactly the same as (23) except that »/[w?] has 
been substituted for the constant v which occurred in the discontinuous 

case. 

If as a result of experiments on diffusion, it were possible to obtain a 

curve representing | X°] as a function of 7, it would be possible to use 

(18) as a means of discovering something about the nature of the turbu- 
lence, for (18) could be written 

a 

ae [x7] = 2[u"] Bz, 

and Ff; could therefore be found. 

In a recent communication to the Royal Society,* Mr. L. F. Richardson 

has described some experiments on the diffusion of smoke emitted from a 

fixed point in a wind. Similar observations have been made on the smoke 

from factory chimneys by Mr. Gordon Dobson.+ Both these observers 

came to the conclusion that, at small distances from the origin of the 

smoke, the surface containing the standard deviations of the smoke from 

a horizontal straight line to leeward of the source, is a cone. If the mean 

velocity of the wind is assumed to be uniform, the standard deviation in 

a short interval of time is therefore proportional to the time. At greater 

distances their observations indicate that this surface becomes like a 

paraboloid, so that the deviation of the smoke is proportional to the 

square root of the time. 

* Phil. Trans., A, Vol. 221, p. 1. 

+ Advisory Committee for Aeronautics (Reports, 1919). 

SER. 2. vou. 20. wNo. 1390. 
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Both these observational data are in agreement with equations (19) 

and (20). 

Mr. Richardson’s method consisted in taking a photograph of the 

smoke leaving a source and drifting down-wind. The exposure was not 

instantaneous, but extended over such a long period that a kind of compo- 

site photogragh was obtained showing the outer limits of the region con- 

taining the smoke. The general shape of the outline of this region is 

shown in Figs. 4 and 5; it is, as has been explained, a parabola with a 

pointed vertex. In some cases the paraboloidal part of the surface joined 

straight on to the conical part, as shown in Fig. 4, but in other cases 

there was a sort of neck between them as shown in Fig. 5. According to 

the theory set forth above this neck would be anticipated in cases where 

the Az curve contained negative values as shown in Fig. 38. An &; curve 

of this type might be due to some sort of regularity in the eddies of which 

the turbulent motion consists. 

Fie. 3. 

CHIMNEY Fie. 4, 

eS 

PT eet go Soke ol 

CHIMNEY 
Fi. 5, 
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It appears that both theory and observation indicate that [Xu] be- 
comes constant after a certain interval of time (which depends of course 

g 
on the value of € at which \ R:dé becomes practically constant with in- 

0 

creasing values of €). This is a matter of considerable interest in the 
theory of the conduction of heat by means of turbulence, because it indi- 
cates a reason why the “diffusing power” of any type of turbulence 
appears to depend so little on the molecular conductivity and viscosity of 
the fluid. 

After writing this paper I showed it to Mr. Richardson, who informed 
me that he had already noticed the relations (11), and at my request he 
sent me his proof which follows. 

Note on a Theorem by Mr. G. I. Taylor on Curves which Oscillate 

Irregularly 

By Lewis F. Ricuarpson. 

The theorem referred to is proved on the hypothesis that the standard 

deviations of p, dp/dt, @p/dt’, ..., d"p/dt” are constant over any long 
time. It also follows, as will now be shown, from the rather different 

hypotheses which may be stated thus :— 

(i) No one of p, dp/dt, @p/dt? has a standard deviation less than a 

certain lower limit. (1) 

(ii) The instantaneous values (¢ being time) of p, dp/dt, @p/d@’, ..., 

never exceed in numerical value a certain upper limit. © (2) 

We might state simple numerical upper and lower limits. But as we 

are dealing with oscillations, it will be as well to take a hint from the 

properties of the sine curve. If p=csinsp, then |d"p/dt"| is not 

greater than cs”, and the standard deviation of d"p/dt" is 4/% cs”. 

For our irregular curve let us define B and r and A so that |p| <B 

and |d"p/dt"| < Br”. (3) 

The standard deviation of p is greater than A and that of d"p/dt” is 

greater than Ar”. (4) 

It is required to find : 
il to ah 7) c 

Rae f D Tin dt. (5) 
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Integrate by parts, successively, so as to differentiate the p and to in- 

tegrate d’"p/dt?” until they both coincide in d"p/dt". For example, when 

” = 5, the result is 

it ty dp 

75 \ eS jay 

1 i _&p,, tp dp_Up dp , ip ap _ ap a? 
t—tJ,L dt?" d& at dt dé Ta ae 1 at! 

1 (4 al 

uy th—t, | Ce oe e 

The expression in square brackets is less than 5B’r? however long the 
5, ty 2 

interval (f;—¢,) may be, while | (55) dt is greater than (¢,—¢,) 477%, 
h dt? 

and so increases with the interval. 

Thus when (¢,—¢,) is large enough, the term in square brackets be- 

comes negligible. Generalizing the example, and taking account of the 

changes of sign introduced by partial integration, 

y 1 to ap 12 \ ee 2 

] a k im aaa, | Fe ical a dt (7) 

If in place of d?"p/dt?” in (5) we had had a coefficient of odd order, the 
partial integrations, when pursued so as to lead back again to the original 

form, would have produced an arrangement of signs such that like terms 

were added. So that 

lim Gh = Os - (8) 
tga—t; 0 to ar t, 

tg q2eth 

| P aan 
ty 

This depends on the hypothesis (2) only. Hypothesis (1) does not come 

in here. It was needed in proving (7). 
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ON DR. SHEPPARD’S METHOD OF REDUCTION OF ERROR BY 
LINEAR COMPOUNDING 

By A. 8. Eppryeron. 

[Received November 23rd, 1920.—Read January 13th, 1921.] 

1. Dr. W. F. Sheppard* has recently developed a new method of treat- 
ing the problem of fitting a smooth curve to a series of observations, which 

seems to be of considerable importance in the general theory of the sub- 

ject. The central idea of the new method is not difficult to understand ; 

but the formule into which it is translated become very bewildering by 

their number and absence of any apparent connection with one another, 

and by the multitude of arbitrary symbols which have to be introduced. 

I believe that a greater coherence can be obtained by introducing the no- 

tation and methods of the tensor calculus, which is now becoming well 

known in connection with Hinstein’s theory of gravitation. In this paper 

I use these methods in order to present Dr. Sheppard’s theory in a con- 

densed form in which it may be grasped as a whole—more especially by 

those who have already become accustomed to the notation as used in 

Hinstein’s theory. It is in itself a matter of some interest to exhibit the 

close similarity of the analysis used in two such widely different subjects. 

When the results of a series of observations are represented by a 

smooth curve, the ordinate of the curve represents, not the ordinate 

actually measured for that point, but an “improved value”, for which the 

observational error has presumably been reduced by combining in an 

appropriate way observations of neighbouring ordinates. The problem of 

finding the improved value is indeterminate unless we have some a priori 

knowledge or expectation as to the degree of smoothness of the true curve. 

In practice this is usually expressed in the form that the curve shall re- 

present a polynomial of the j-th degree, or, equivalently, that the differ- 

ences of order greater than j are negligible. The latter is the more 

natural form of the statement, since “‘smoothness”’ refers directly to 

regularity of differences. Dr. Sheppard’s general theory of this process 

* “‘ Reduction of Error by Linear Compounding,’’ Phil. Trans., Vol. 221, A, pp. 199-237. 
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covers cases in which the errors of the original ordinates are partially 

correlated, thus adding greatly to the complication of the problem. 

Part of Dr. Sheppard’s paper, especially §§ 17-28, is devoted to the 

adaptation of the theory to numerical computation ; it is beyond my pur- 

pose to discuss this. But I believe that the rest of his discussion is fairly 

well covered in this presentation ; conversely, all the formule here deduced 

correspond to results already given by him. 

2. Let A, (« = 1, 2, ...; m) be a set of m quantities containing errors 

which may be independent or correlated in any way. Let dA, denote the 

error of A,. Let the mean product error of any pair of these quantities 

A,, A, be denoted by 9,,, so that 

Iuv = MGA GAs), (2.1) 

where M denotes “ mean value of”’. 

Following the method of the tensor caleulus— 

Let g = the determinant of » rows and columns formed with the 

elements gy. 

Let g*” = the minor of g,,, divided by g. 

We shall make the convention that when any Greek suffix appears 

twice in a term that term is to be summed for values of this suffix from 

lton. Thus g,,g"" will stand for 

=n 

= Jug". (2. 2) 
pal 

It is easily seen that (2 . 2) reproduces the determinant g, divided by g, if 

vy =, and gives a determinant with two rows identical if »yy4o. We de- 

note (2.2) by g?; thus 

Oe Ga fk | Mea ig: 

=O) i yi ; (2. 3) 

Evidently gf acts as a substitution operator. For example, 

Gay = O04 eel AO 

= A, (2.4) 

We shall need also to introduce corresponding definitions relating to 

the first 7 only of the quantities A, (7<). Denote the determinant 

limited to 7 rows and columns by (g);; and let (g’); be the minor of g,, in 

this smaller determinant, divided by (g);. We make the convention that 
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when an ztalic suffix appears twice, it is to be summed from 1 to jen Lb 
follows as before that 

@) 9.0, = if y= 

== ag eRe (2.5) 

This expression looks more symmetrical if we write (g,,); for gs. It 
will be noticed that (g,,); and (g%); are independent of yj; but (gy); and (g”); 
depend on 7. 

Corresponding to our use of italic letters for suffixes equal to or less 

than 7, we shall use capital letters for suffixes greater than 7; in the latter 

case the summation indicated by a doubled suffix will be from j+1 to n. 

It follows from this convention that 

Oy Du = An bm +m bur, (2 . 6) 

and oo (2.7) 

since m cannot be equal to M. 

3. Introduce a new set of quantities A“ defined by 

A, (3. 1) 

so that the new quantities are linear functions of the old. Then 

Jucd* = Jury Ay 

= A, by (2 as 

hence (changing the notation) 

An = JuvA’, (3. 2) 

which gives the reverse transformation. 

The mean product error of A, and A” is 

M(64,6A") = M(6A,9"6A,) by (8. 1) 

= yg” .M(6A, 6A.) 

= 9""4,, by 2. 1) 

= Iu: (3.3) 

Thus the mean product error of corresponding members of the two sets is 

unity, and of non-corresponding members is zero. Sets related in this 

way are called by Dr. Sheppard conjugate sets. 
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The mean product errors of A,A,, 4,4”, and A*"A’, 

are respectively Jan fi, ena -ay””. (3. 4) 

4. Let w be any given linear function of the A’, viz., 

Ww = Gea 

Let Aw be an arbitrary linear function of another set of quantities B” 

(which may or may not form part of the set A“), viz., 

Nip =. 0, DB. 

If the coefficients 6, are determined so as to make the mean square 

error of w+Aw a minimum, then w+Aw is called “ the emproved value 

of w using the quantities B’ as auxiliaries.” 

In particular we denote by (w); the improved value of w using 

Aj+i, Ait? ..., A” as auxiliaries. 

The useful application is when it is known that the trwe valwes of the 

B’ are zero (or negligible), e.g. when they represent tabular differences of 

a reasonably high order. In that case w and w+Aw have the same true 

values, but w+Aw is a better approximation than w because its mean 

square error has been made a minimum. 

Dr. Sheppard’s fundamental theorem is that (w); can be expressed as a 

linear function of the first 7 quantities of the conjugate set A,,. 

By means of the m equations (3.1) we can eliminate any » of the 2n 

quantities A, and A”, leaving w expressed as a linear function of the 

remaining ” quantities. Let w be accordingly expressed as a_ linear 

function of 
Apel avnew Ae AS awed ae eee A: 

viz. w= a4,-A,+apA® (4.1) 

(summed in accordance with the conventions explained in § 2). We have 

to add an arbitrary function of the auxiliaries A’*', ..., A”, ‘viz., 

Aw == bp A®, (4.2) 

giving wtAw = a,Ap,tcorA*, (4. 8) 

where Cr = Apt drp. 

Now the arbitrary coefficients cg must be determined so as to make the 

mean square error of w+Aw a minimum. The mean product error of 

a,A, and crA® ig 

a,c. M (6A, CAP) = \G,6,g a On bye: 
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Hence 

(m. s.e.)? of wt+Aw = (m.s. ¢.)? of a,A,+(m. 8. @.)? of cpA®, 

and this will be a minimum if we choose cr so that the second term is zero. 

We must therefore take cp = 0, and (4.3) becomes 

(bo), ==" 0, A... (4. 4) 

which proves the theorem. 

The coefficient a, is equal to the mean product error of (w); and A’; for 

M [6(w);6A*] = a,M(6A,6A') 

= Arg; = as. (aa) 
e 

The mean product error of (w); and any of the auxiliaries vanishes. 

5. Taking w = A” in (4.4), the improved value of A’ may then be 

expressed in the form 

Ca iar As. (5.1) 

where the coefficients a 

a GAY 

=m (ils Mae A™+a™gu,A™ by (2. 6). ; (5 e 2) 

™ are as yet undetermined. By (8. 2) this becomes 

But by definition (A), = A”+b,A™. (5.8) 

Comparing (5.2) and (5. 3), 

GPG ne A” —_ A” —_— gi A”. 

Thus a” mr = Gms 

But, by (2. 5), (9°) Jnr = (Jui = Jin. 

Hence* an = (gis, (5. 4) 

and (5.1) becomes (Annee Ae (5 . 5) 

* In deducing from a" gy = (9); Jmry 

that ark = (9"");, 

we perform a kind of pseudo-division by gm, which is legitimate but needs to be justified. 

Evidently the above values of a’* form one solution, and this is the only solution, because (h 

being fixed) the different values of m provide j simultaneous linear equations to determine 

the 7 unknowns a’. 
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From (5.1) and (5.8) the mean product error of improved values is 

M[6(A), 6(A®;] = M{a™6A,(6A* +b 6A") } 

= a gta bngy 
= a"+0 by (2.7) 

Bs a (52.6) 

and the (mean square error)? of (4”); is 

(g’); (not summed). (aL) 

6. Let Aj, be another set of » quantities, linear functions of the A 

given by 
A a AG, (Geet) 

or, reciprocally, pe tbat gs (6. 2) 

‘Then A Mi 0 

so that abl = 97. (6.3) 

Similarly | boa, = G7. ; 

Let A™ be the set conjugate to A,, and let the expression in terms of A“ 

Be Ae ede, 

then dA 5A, = chdA’. add, 

whence taking mean product errors of both sides 

Ip = CFA, 9, 

= chal. 

Comparing with (6 . 3), it follows that 

Cc — o ota? = /bea Ce pivet Dit) 

whence (as in § 5, footnote) OD 

The relations can accordingly be written 

AL d, Awe, A, tay, rae 6.4) 
arb, = Way = Gf. 
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Denoting the mean product error of Aj, and A’ by g’,,, we shall have 

Sus = UU Jor, | 

ae (6.5) 
Juv = O° G6, | 

T 
and similarly gi” = bkbeg™, | 

(6 . 6) 
ghee = Gea=g | 

The transformations obey the same laws as in the tensor calculus. 

7. Whether we are dealing with accented or unaccented letters we 

shall in all cases use the unaccented A’t!... A” as auxiliaries. The im- 

proved value of A’ is then given by 

(A); =(0£A"); == 58 (A°);. Cia 

The second step (that the improved value of the sum is equal to the sum 

of the improved values of the separate terms) follows because by § 5 the 

mean product error of any improved value and any of the auxiliaries 

vanishes, so that the further addition of a linear function of the auxiliaries 

could only increase the mean square error. 

Now when « >/J, so that A’ is itself one of the auxiliaries, its im- 

proved value will evidently be A’— A’, with mean square error zero. Thus 

(A), =0 foo >7. 

Hence in (7. 1) the summation for o can be restricted to > <j; so that 

(A); = 04(A%); (7.2) 

= bi (g’); A, by (5.5) 

= Ud;G"); Al by (6.2). 

Comparing with (6.6) it is natural to write* 

 g') = br KG"). (7.3) 

Then (A (g"") A, (7. 4) 

# This definition must be specially noted. If we defined (g'"); directly from the deter- 

minant of j rows and columns formed with elements gj, we should obtain an entirely different 

quantity. We have to refer back to the limited wnaccented determinant, because it is the 

unaccented quantities which have been chosen as auxiliaries. 
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The mean product error 

M[6(A') 6(A",] = 0b; M[6(A%; 6(A%,] by (7. 2) 

= Uibn(g"); by (5. 6) 

= gi"); by (7.8). (7.5) 

And the (mean square error)® of the improved value is 

(g'"“); (not summed). (7 . 6) 

To recognise the remarkable symmetry of these results, we may com- 

pare (3.1), (5. 5), and (7.4), viz. 

Ar tO Ay, 8 (2 p99) A pA) ng |e 

and their respective mean product errors (8.4), (5.6), and (7. 5), 

ons (g™);, (Ge): 

8. The results (7.4) and (7.6) constitute the solution of our problem. 

We take 4” to be » equidistant ordinates through which a smoothed curve 

is to be drawn; and we take A“ to be differences of successively higher 

orders starting from any particular A’. The coefficients a”, bY of the 

equations between the A’ and the A“ are known from the theory of 

tabular differences. The degree of smoothness imposed on the curve will 

be taken to correspond to the vanishing of differences of order higher 

than the j-th, so that A/t1, ..., A” are the auxiliaries. The improved 

value of any ordinate A™ is then given by (7.4), and its mean square 

error by (7. 6). . 
In practice the computation of the (g’"”); would be very lengthy. We 

must suppose that we are given initially the g’””, v.e. the mean square 

errors and correlations of the original ordinates A’*. From these we pass 

to the g”” by (6.6). Next the g,, must be found by solving (2.3); in 

fact g,, 1s the minor of g“” in the determinant of the g””, divided by that 

determinant. At this stage we pass to the limited determinant (g);, and 

then retrace our steps calculating first (g””); and then (g’"”); by (7.38). 

The geometrical interpretation of our procedure is of some interest. 

The A’ are the components of a contravariant vector (a displacement) 

referred to certain axes in an m-dimensional space; and the metric asso- 

ciated with these axes is defined by the fundamental tensor g,,. If ai., 8), 

are two wnt covariant vectors, the lengths of a displacement 64’ resclved 

orthogonally in these two directions will be the scalar products a,dA", 

GIoA"” respectively, and their product will be a’, 3, (6A'6dA"). Hence, 
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taking mean values, the mean product error in the directions a’, 8’ will be 
a, 8,9” = al, 8’ = 1, if the directions agree, and 0 if they are at right- 
angles. Thus the metric ensures that the errors in space will be isotropic 
and uncorrelated, however the errors of the components A'™ referred to 
particular (oblique) axes may be correlated. Performing a linear trans - 
formation of coordinates we obtain new components A” of the same vector, 
the associated metric being given by g,,. We proceed to use our know- 
ledge that »—j of these new components ought to be zero; that is to say, 

we know that the true vector A“ lies on a certain j-dimensional surface. 

Owing to errors, the observed vector will not in general satisfy this; and 

it easily follows that the most probable vector is obtained by projecting 

orthogonally on the j-dimensional surface. This, of course, depends on 

the result proved above that the errors in space are isotropic. The ortho- 

gonal projection is expressed by (5.5) according to well-known geometrical 

principles ; aud it only remains to apply the usual formule to transform 

the modified vector back to the original coordinates. We have here a 

proof that our process gives not merely improved values but the most 

probable values, subject to the condition that the higher differences 

vanish ; and the results must necessarily agree with those found by any 

other method of application of the criterion of least squares. 

9. For comparison with Dr. Sheppard’s paper I add the chief corre- 

spondences between the notations. In his § 3, 

a ! . 

Sr, Tr) Up, Yr correspond to A,, A*, A,, A”, 

- rt 
Er, ts Ar, t me) rts g ? 

PY 4, Zy,4 : 9; 92:9". 

The brackets () and { } in § 4 correspond to «, and ae In § 7, d¢ 

corresponds to A’, and 

(ep;, Aggs to (AD, 9%. 
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EXTENDED MEANING OF CONJUGATE SETS 

By W. F. Suepparp. 

[Received January 2nd, 1921.—Read January 13th, 1921. ] 

In connexion with the paper by Prof. Eddington, which precedes this 

note, I should like to take the opportunity of pointing out that the defini- 

tion of conjugate sets, in my paper to which he refers, may be made some- 

what wider.- If A and B are two variable quantities, not necessarily of 

the same kind, we can denote by (4; B) some quantity which (1) is deter- 

minate when A and B have assigned meanings but is independent of 

particular values of A and B, and (2) satisfies the laws of arithmetic for 

multiplication, v.e. is such that 

5B) = (B85 ay A, BO) — A By A.C), 

and, if p is a constant with regard to A and B, 

(4; pB)=p(A; 8). 

Usually, if 4 and B relate to a member of a class, (4; B) will be some- 

thing depending on the values of A and B ‘for the class as a whole. If, 

for instance, as in the original paper, A and B were measurements con- 

taining errors, (4; B) might be the mean product of such pairs of errors ; 

or, if A and B were, say, theheight and weight of an individual, (4; B) 

might be the mean product of the deviations of these from their respective 

means. A meaning having been given to (4; B), the definition of conju- 

gate sets, for this meaning of (4; B), is to be adapted accordingly. Let 

A, = Ag, Ay, ..., Ay be a set of +1 variable quantities. Then the con- 

jugate set A“ = A®, A’, ..., A’ can be defined either by the condition that 
(A"; A;) is 0 if r=#s or 1 if r=s, or, ag in Prof. Eddington’s paper, 

directly by the relation A” = g"”A,, where g,; =(A;,; A,). 

For finding improved values we require the further condition (8) that 

(A; A) is positive unless A = 0 or a constant, in which case it is = 0. 

If w is any linear function of A , Aj, ..., Ai, its improved value, which I 

will here call Iw, is defined by the condition that it is the sum of w and a 
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linear function of 7—j specified A’s (or specified linear functions of the 
A’s), called auxiliaries, the coefficients in this linear function being chosen 
so as to make (Jw; Jw) a minimum. 

With these extensions, Prof. Eddington’s methods. and’ results still 

apply, with the substitution of (4; B) for the mean product of errors of 

A and B. His notation is adopted in the following supplementary para- 
graphs; w, x, y denoting definite linear functions of the A’s, and By Cr; 

ete. sets of such functions. 

(@) We can write w in the form w=k,A,. If also c=, B,, then x 
is related to the B’s in the same way that w is related to the A’s. We 
can express this by saying that w/A, = «/B,; it being understood that a 
Greek letter in a denominator is what Prof. Eddington elsewhere calls a 

“dummy,” ?.e. that the quantity in which it occurs is one of the factors of 

an “inner product” such as k,A,. We may also have relations such as 

A,/B,=C,/D, or A,/B, = E,/F,; in this latter case A, F,=B,H,. These 

relations can be inverted ; ¢.g. if A,/B, = C,/D,, then B,/A, = D,/C,. 

(ii) The second and third of the conditions stated under (2) of the first 

paragraph of this note may be combined in the form 

(y3 ky Ay) = ku(ys Ay)- 

If we write w= k,A,, so that k, = w/A,, this becomes 

w/A,=y; w)/(ys A,)- 

(iii) If we define a conjugate set in the first of the two ways mentioned 

in the first paragraph, we easily obtain 

wm=(w; AY) A, =-(w; A)A*, 

or wlA, =(w; A“), w/A* = Ww; A,). 

Hence Wes AL) A. Ale ee Au) A he 

(iv) From w=(w; A”)A, it follows that 

@w; y) =(w; A)(A,; y); 

since (w; A”) is a constant as regards w and y. Hence 

Cree eb, ABCA. + C,). 

(v) For two related sets, and their conjugates, we have four relations 
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of the form At BY Ae Q 

Ba a eAN , Aig. 

where Q = 4, A". This inner product Q is invariant for any particular 

original set, and may be expressed either as a quadratic form of the mem- 

bers of a related set, the coefficients being the ( ; ) of members of its 

conjugate set—e.g. 

Q = (CHC) Cy Cb aG te) CoCr (Cos Cpe el 

—or in the more general form (C*; D’) C, D,. 

(vi) Relations similar to those mentioned above may hold between sets 

of coefficients or of other constants. If, for instance, A, and B, are related 

in a specified way, and if w is a linear function of B, which we want to 

express in terms of A“, then, if we write 

w ay Ale Op = (G05 7B) Ne 

Weave § == 20/ AP = G02 Ae) (0 A By) = es 

so that Digna Be 

Thus the p’s are related to the qg’s in the same way that the A’s are re- 

lated to the B’s. 

(vii) The relation between improved values and original values is such 

pe Eee eb GT IV oA 
It may be noted that a set of /+1 improved values has no conjugate set, 

as the /+1 values are not independent but are connected by /—7 relations. 

(vii) The problem of finding improved values may be expressed as a 

problem of finding parts of two conjugate sets in succession. Take 

A, = Ay & Ap, where A,r are 7+1 quantities whose improved values [Ay 

are required, and Ap are the /—)7 auxiliaries. Let the set conjugate to 

Ay & Ar be A* & A*: and let the set conjugate to A’ & Ar be Br & B®. 
Then By = IA,y. For finding either or both of A*® and Br we may re- 

place Ar by any /—7 linear functions of Ar, and may add to members of 

Ay any linear functions of Ap. 
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ARITHMETIC OF QUATERNIONS 

By lL. EB. Dickson. 

[Received October 8th, 1920.—Read November 11th, 1920.] 

1. The algebra of quaternions is formed of all quaternions 

g=ath+at+dk 

whose coordinates a, b, c, d are ordinary complex numbers, while the units 

t, J, & satisfy the relations 

ea eS, pk SHS i kh SS — Ok 

The conjugate to g is q’ =a—bi—e7—dk. 

The norm N(q) of gis gq’ =q'qHeC4+0+c4+a’. 

The norm of a product of two quaternions equals the product of their 

norms. The associative law pg.r—=—~p.qr holds. No further properties 

of quaternions are presupposed in this paper. 

Quaternions have recently been applied to the solution of several 

important problems in the theory of numbers. For this purpose it is 

necessary to make a choice of the quaternions which are to be called in- 

tegral. R. Lipschitz* quite naturally called only those quaternions integral 

whose coordinates are integers (whole numbers). His complicated theory 

of integral quaternions was based upon the solutions of congruences 

C’477+62 =0 (mod p*). 

He made no mention of a greatest common divisor process, which in fact 

is not applicable in general. 

A. Hurwitz+ succeeded in developing a perfect arithmetic of quater- 

nions by taking as his integral quaternions those whose coordinates are 

either all integers or all halves of odd integers. But the presence of the 

* “‘ Untersuchungen iiber die Summen von Quadraten,”’ Bonn, 1886. French translation 

in Jour. de Math., sér. 4, t. 2, 1886, pp. 393-439. 

+ Gittingen Nachrichten, 1896, pp. 311-340. Amplified in his ‘‘ Vorlesungen tiber die 

Zahlentheorie der Quaternionen,”’ Berlin, J. Springer, 1919, 74 pp. 

seR. 2. vou. 20. No. 1391. Q 
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denominators 2 in certain integral quaternions was an inconvenience in 

the application which I recently* made of Hurwitz’s theory to the com- 

plete solution in integers of quadratic equations in several variables. 

Accordingly I shall give here a new theory of the arithmetic of quaternions 

in which, following Lipschitz, the integral quaternions are those whose 

coordinates are integers exclusively. Call such a quaternion odd if its 

norm is odd. I shall prove that, if at least one of two integral quaternions 

is odd, they have a greatest common divisor which is expressible as a 

linear combination of them. It is then a simple matter to develop the 

theory of factorization of integral quaternions. 

The limitation that one of the quaternions is odd causes no incon- 

venience for the applications. Moreover, it is of theoretical interest to 

know exactly to what extent we can meet the difficulties which arise in 

the arithmetic of quaternions in which the integral quaternions are defined 

naturally to be those with integral coordinates exclusively. Furthermore, 

the present theory is more direct and elementary than the earlier theories. 

An integral quaternion whose norm is unity is called a unit. There 

are only eight units +1, +2, +7, +k. <A quaternion is said to be 

associated with its products by the eight units. 

2. A quaternion shall be said to be integral if its four coordinates are 

integers. Ifa, b, q are integral quaternions such that a= qb, a is said 

to have b as a right-hand divisor. Similarly, if a = 6Q, where Q is an 

integral quaternion, @ has 6 as a left-hand divisor. 

A quaternion which has 1+7 (or 1+ 7 or 1+4) as a right-hand divisor 

has it also as a left-hand divisor and vice versa, so that we may say simply 

that it has 1+72 asa divisor. In fact, 

(1) (l+a(atbito+dk) = (at+bi—dj+ck)(1+7). 

Lemma 1.—An integral quaternion A = a+bi+c-+dk is divisible by 

1+2, if and only if a+06 and c+d are both even; it is divisible by 1+, 

if and only if a+c and b+d are both even; and by 1+4, if and only if 

a+d and b+c are both even. 

We may write A in the form 

a—b+b(1+) + —a@j+d(1+1)7. 

Hence A is divisible by 1+, if and only if a+) is divisible by it, where 

a=a—b, 8=c—d. But a+87 = (1+72)Q is equivalent to the equa- 

* “Relations between the Theory of Numbers and other branches of Mathematics,” 
Comptes Rendus Congrés International des Mathématiciens, Strasbourg, 1920. 
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tion obtained by multiplying each member by 1—2 on the left: 

a—at+6j7—Bk = 2Q. 

Here Q is an integral quaternion, if and only if a and ® are both even. 
The remaining two parts of Lemma 1 now follow since the multiplication 
table for quaternions is unaltered by the cyclic permutation (ijk) of the 
units. 

e : ; / 3. Tororem 1.—Any integral quaternion whose norm is even can be 
expressed in one and but one way in the form 2°rQ, where w is one of the 
six quaternions 

(2) Ip itd, 14+j, 1+%, (14+20+)), @+00+4, 

while is an odd quaternion (i.e. an integral quaternion whose norm is 
odd), and e>0 if r= 1. 

Let the norm of 4 = a+bitcj+dk be even so that a+b-+c+d is 

even. If a+b and a+c are both odd, their sum and hence also b+ is 

even. Hence we have at least one of the three cases in Lemma 1, so that 

A is divisible by at least one of 1+72, 1+), 1+. If, for example, 

A = (1+))q, where q is of even norm, we remove from q one of the same 

three factors. Thus A equals aQ, where @ is of odd norm and a is a 

product of factors 1+7, 1+7, 1+. All of the factors 1+7 may be 

moved to the left in view of the following two cases of (1): 

(1+a)Q+j) = (+4040, (1+20—--) = (1+7)1+4), 

and 1—k = (1+k)(—A). 

Also (14+/(+4 =(+)04)), G+HA4+/) = +0040), 
and (1-+7)? = 2. 

Hence A may be expressed in the form 2°7Q. 

It remains to prove that A can be expressed in this form in a single 

way. Since 1+7, 1+) and 1+é are of norm 2, there are four cases. 

First, if (1+7) Q is divisible by 1+) or 1+, where 

Q = at+bi+cq+dk, 

_ then (1+7)Q = a—b+(a+dit+t(—Dj+ce+Hk 

is divisible by 1+7 or 1+, whence, by Lemma 1, a—b+c—d or 

a—b+c+d is even, and @ would be of even norm. 

Second, if 

(L+7) Q@ = a—c+(04+Dit+ (ato) j+ad—Hk 
Q 2 
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were divisible by 1+, then a—c+d—b would be even and Q of even 

‘norm. : 

Third, if 2°Q = 2”(1+72)(1+)) q, where @ and qg are odd quaternions, 

their norms give 2” = 2”"2?, whence e=v+1. Thus 2Q=(1+2)(1+))¢. 

Multiply on the left by 1+¢, and apply 2¢(1+j) =2(1+y)k. We get 

(1+2) Q = (1+ )(kq), which is impossible by the first case. 

Fourth, 2’°Q + 2” (1+72)(1+4) q, as in the third case. 

4, Lemma 2.—Given any quaternion g and any positive odd integer m, 

we can find an integral quaternion g such that Ng—mq) < m’. 

For, if g; and q, are the coordinates of g and q, those of g—mq are 

Js—™mqs, each of which can be made numerically less than m/2 by choice 

of integers g;. Then N@g—mgq) < 4 (m)’. 

THrorem 2.—If a@ is any wtegral quatermon and b is any odd 

qguaternion, we can find integral quaterntons q, ¢, dy, ¢, such that 

(3) a= qb+e, N(c) < N(d), 

(4) == 00 a Ci Ne Ca NO) 

To obtain (8), apply Lemma 2 for g = ab’, m= 60’. Then 

g—qm = (a—qb) db’ 

has the norm 6’bN(a—qb) < m*. Noting that m? = b’bN(b), and writing 
c for the integral quaternion a—qb, we have (8). To obtain (4), apply 

Lemma 2 for g = b'a, m = b'b, q = q,, and write c, for a—bqy. 

5. Two integral quaternions a and b shall be said to have a right-hand 

greatest common divisor D, if D is a right-hand divisor of both a and 8, 

and if every common right-hand divisor of them is a right-hand divisor 

of D. There is a similar definition of a left-hand greatest common 

divisor. 

Tunorem 3.—Any two integral quaternions a and b, at least one of 

which ws odd, have a right-hand greatest common divisor D which is 

uniquely determined up to a umt factor. Also 

(5) D = Aa+ Bo, 

where A and B are integral quaternions. Similarly, there is a left-hand 

greatest common divisor 6, unique up to a unit factor, for which 

6 = aa+bp. 
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Let 6 be an odd quaternion. In (3) express ¢ in the form 277, 
where z is one of the six quaternions (2), and C is an odd quaternion. 
Repeat the process on 6 and C. Since N(b), N(c), ... form a series of 
decreasing integers >0, we must reach a term of norm zero. To 
simplify the notations, let this happen at the third step, so that 

(6) a= gb+2x0, b= 94,0480), C=aD, 

where C and D are odd quaternions, while 7 and 7, are quaternions (2). 

These equations, taken in reverse order, evidently imply that D is a right- 

hand divisor of both 6 and a. 

Next, let 6 be a right-hand divisor of both a =aéd and b= 66. Then 

(a—q$)é6 = 2¥7rC. Since 6 and C are odd quaternions, it follows from 

Theorem 1 that a—q6 = 2%7rQ, where Q is an odd quaternion such that 

C=Q6. Then the second equation (6) gives (GB—q,Q)é = 2>7,D. As 

before, B—q,Q = 2°7,Q,, D=Q,6. Thus 6 is a right-hand divisor of D. 

As to the uniqueness of D, let D and EF be right-hand divisors of each 

other, so that D= dH, EH = eD, where d and e are integral quaternions. 

Then H = edH, 1 = N (ed) = N(e) N(d@), so that e and d are units. 

To prove (5), multiply the second equation (6) by 2% on the left. 

NE 2748 ar, D = 2 rb—271q1 C. 

By (1) and its analogues in 1+) and 1+k, 7q, = Qz, where Q is an 

integral quaternion. Next replace 2’7C by its value from the first equa- 

tion (6). We get 
Wt ara, D = —Qat(Qq+2"z)b. 

Multiply this on the left by the conjugate to 77,, whose norm is a power 

2° of 2. Thus 

(7) ED= patob, H= tet 

where p and o are integral quaternions. Since FH is relatively prime to 

the odd integer b' = 1, there exist integers / and m for which /H+mI = 1. 

Multiplying (7) by 7 and ID = DI = (Db')b by m and adding, we get (5). 

6. The limitation made in Theorem 3 that one of the quaternions be 

odd is essential. In fact, there exists no greatest common divisor of 2 

and g =1+i+j+4, each of norm 4. If either 2 or ¢ be a product of 

two integral quaternions not units, each factor is of norm 2. But 

2, = (1+%)?(—7). Hence the only factors of 2 are the quaternions asso- 

ciated with 2, 1, 1+2, 1+), 1+ (the last three being indecomposable) ; 

while those of g are associated with g, 1,1+2,1+j,1+. The only 
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common factors are the last four, no one of which is divisible by all the 

others. Finally, 2 and q are not associated quaternions. 

Note that 2 is divisible by the indecomposable quaternions 1+7 and 

1+), but not by their product q. 

7. Relatively prime.—Two integral quaternions a and 0, at least one 

of which is odd, shall be called right-handed relatively prime if, and only 

if, they have no right-hand common divisor other than a unit, the condi- 

tion being that there exist integral quaternions A and B such that 

1 = Aa+Bob. 

When neither a nor 6 is an odd quaternion, the last equation is im- 

possible, as shown by the proof in the second case in § 8. For example, 

1+7 and 1+) are right-handed relatively prime, but 

1=4A(1+%)+B (1+) 

is impossible in integral quaternions A and B. 

8. THeorem 4.—Let v denote one of the products* re, r(1+i)e, 

r(ity)e, rith)e, in which r ts a rational number and ¢ is a unit. 

Let a be any integral quaternion such that at least one of v and a ts an 

odd quaternion. Thenv and a are right-handed (or left-handed) rela- 

twely prime if, and only if, N(v) and N(a) are relatively prime. Hence, 

if v and a are right-handed relatiwely prime they are left-handed rela- 

tively prime and may be called relatively prime. 

First, let re and @ be right-handed relatively prime, at least one being 

an odd quaternion. Then, by § 7, there exist integral quaternions g and 

h for which ga+hre=1. Write 1=he. Then 

Ng) N(@ = NA—d) = 1-4-1) rt+l'r’, 

where J+J’ and il! = N(J) are integers. Thus N(a) and N(re) = 7° have 

no common factor. Conversely, if N(a) and N(v) have no common factor, 

a and v are right-handed relatively prime. For, if a= Ad, v = V6, 

where 6 is not a unit, their norms have the common factor N(6) #1. 

Second, let v =r(1+7)e and an odd quaternion a be, right-handed 

relatively prime. Then there exist integral quaternions g and h for which 

* Note that, if g is any integral quaternion, vg = Qv, where Q is a suitably chosen in- 

tegral quaternion, For, if v= re, then Q = «ge’, since ec’ = 1. If v is one of the remaining 

three products, we apply (1) and its analogues. 
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gat+hv=1. Thus 

Ng) N(@) = [1—hv] [1 —(hv)"] = 1—t ++ N (hv), 

where t=hv+(hv)' is evidently a multiple of 27, while N(hv) is a 
multiple of N(v) = 27°. Hence N(a) is relatively prime to N(2). 

CoroLtary.—If v is one of the products in the theorem and if N(v) 
and N(a) have a common factor > 1 and are not both even, then v and a 
have a common right-hand divisor not a unit. 

9. Prime quaternions.—An integral quaternion, not a unit, is called 

prime if it admits only such representations as a product of two integral 

quaternions in which one of the two factors is a unit. 

Turorem 5.—Every rational prime p is a product of two integral 

quaternions neither of which is a unit, so that p is not a prime 

quaternion. 

Since this is true for 2 = (1+72)(1—2), let p >2. As remarked by 

Kuler, there exist* integral solutions of 

1t-2’+y?=0 (mod p). 

Hence g=1+2i+yj is an integral quaternion whose coordinates are 

not all divisible by p, and such that N(q) is divisible by p. Then, by the 

Corollary in § 8 with v =p, there exists a right-hand greatest common 

divisor 6, not a unit, of p= Péd and q= Qo. If P were a unit, p would 

be associated with 6 and hence divide g. But the rational number p does 

not divide each coordinate of q. 

Tueorem 6.—If N(x) is a prime number, 7 ts a prime quaternion and 

conversely. 

Let N(a) be a prime and 7=ab. Then N(a) N(d) equals the prime 

N(m), so that either N(a) =1 or N(b) = 1, and either a or Ob is a unit, 

whence 7 is a prime quaternion. 
Conversely; let + be a prime quaternion. If N(7z) is even, the prime 

x is associated with 1+7, 1+ 7 or 1+, by Theorem 1, so that N(a) = 2. 

Next, let N(x) be odd and p a prime factor of it. By the Corollary in 

* Proof.—lf —1 is a quadratic residue of p, we may take y = 0. Henceforth let —1 be 

a quadratic non-residue of p. Let a be the first quadratic residue of p among the terms 

p—1, p—2, p—3,.... Then a+1=6 is a quadratic non-residue. Hence there exist in- 

tegers « and y for which a= 2, —b=y? (mod p). 
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§ 8 with v =p, 7 and p have a common right-hand divisor which is not 

a unit. Since 7 is a prime quaternion, it divides py. Thus p = 77, 

p?=N(a) N(x). If 7, were a unit, p= 77, would be a prime quaternion, 

contrary to Theorem 5. Since neither N(7) nor N(7,) is unity, each 

equals p. 

Thus every prime quaternion 7 arises from the factorization +7’ of a 

rational prime p. Conversely, if p is any rational prime, the proof of 

Theorem 5 shows that » = Pd, where neither P nor 6 is a unit, whence 

N(P) = N() =p. By Theorem 6, P is a prime quaternion. This proves 

Turorem 7.—KHvery rational prime ws a product of two conjugate 

prime quaternions, and all prime quaternions arise as factors of rational 

prumes. 

The first part of this theorem states that every prime number is a sum 

of four squares. Since the product of any two sums of four squares equals 

a sum of four squares, we have the 

CoroLiary.—LE very positive integer is a sum of four integral squares. 

10. Decomposition of quaternions into primes.—in view of Theorem 1 
the decomposition into prime quaternions of any integral quaternion re- 

duces in a definite sense to the decomposition of an odd quaternion. 

Tueorem 8.—Jf ¢ ts any odd quaternion and N(c) = pqr..., where 

P, 47, .-. are the (equal or distinct) prime factors of N(c) arranged im 

an arbitrary, but definite, order, then c= mkp..., where .7, k, 0, +. i. WHE 
prime quaternions whose norms are p,q, 7, ... respectively. This decom- 
position is unique apart from the association of unit factors. 

Let 7 bea left-hand g.c.d. of c= 7c, and p. Then p=N(r). Let 
« be a left-hand g.c.d. of c, = «cg and g. Then g = N(x). Proceeding in 
this manner, we get c= 7k.... Also, 7, Kk, ... are uniquely determined 
up to unit factors by the g.c.d. process. 
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THE CLASSIFICATION OF RATIONAL APPROXIMATIONS 

By P. J. Heawoop. 

[Received September 20th, 1920.—Read November 11th, 1920.] 

1. In the Proceedings of the London Mathematical Society for January 

14th, 1919,* various interesting questions are raised by Mr. J. H. Grace 

with respect to the rational approximations a/y, to a given (incommensur- 

able) quantity 0, which satisfy the condition | a/y—@|<1/ky?, where k is 
a given number, z/y being a fraction in its lowest terms. Among other 

things he refers to a paper of Markoff’s,+ on which he bases the statement 

that, if k <3, there will be an infinite number of such approximations 

except only in certain cases where 0 is a quadratic surd. As a matter of 

fact Markoff’s results are not precisely on the same footing as those re- 

quired for our purpose, as will appear in the sequel, and the true condition 

above is k < 3, not k <3; but the question at once arises whether, if k 

is only just greater than 3, the reverse is the case; 2.e. whether for such 

values of & there can be transcendent numbers 0, for which there are only 

a finite number of approximations such that |z/y—0|< 1/ky’. Mr. Grace 
proceeds to show that such numbers can be constructed for k = 3°03822 

(or any greater value). The whole theory of such approximations depends 

on the fact that if |z/y—0@|<1/ky® for such a k, or indeed for any value 

otf k > 2, z/y must be a convergent p,/q, to the coutinued fraction for é. 

Then, if 

6=[a]+ oa aa ... [@ perhaps zero], 

we have | z/y—O | = 1/ry’, 

where Re Ag ag ok Wy Bie day Oni, oes) S (1) 

since 0 = (apa tpn-1)/ (4dr tQn-0), 

* Ser, 2, Vol. 17, p. 247. 

{ Math, Aniv., Vol, 15, p. 381. 
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where a= (Qie1; An+2) An+3, sae) 

while Git Gu = an Canin eee 

using the abbreviated notation for 

Fi 1 1 

ae oe Qn+ Gnati 

Supposing then (to take Mr. Grace’s application), that in the continued 

fraction for 0 the denominators consist of cycles of m 1’s and m 2’s, each 

used any number of times in succession, the greatest values of A will be 

numbers of the form (2; 2, 2, ...)+(1, 1, 1, ...), which by taking m large 

enough can be brought as near as we please to 

/2--1-4-F 4/5—1) ='3°082 .... 

If, then, k exceeds this limit, numbers 9 can be thus constructed which 

have no approximations z/y such that |z/y—@|<1/ky?. But, as the set 

of such numbers is unenumerable, it must include non-algebraic numbers. 

The author suggests that it ought to be possible (if 3 is really the 

limiting value) so to choose our cycles that the critical value of X is 

brought down to 8, but does not see his way to do so. If, however, we 

take, instead of cycles of m 1’s and m 2’s, cycles consisting the one of 

m 1’s, the other of two 2’s followed by m—2 1’s, used precisely as above, 

this is accomplished. For the maximum value of J will now be 

Oneal bapa Be ney AU AMET l Se) 

Anszit 

or, which is the same thing, 

(2, i 1, ee) eos ny is iE; te) 5 

which tends to $(8+4/5)+4 (8—/5), 2.e. 38, as m is indefinitely increased. 

If, then, & is ever so slightly greater than 8, we can construct transcen- 

dental numbers @ for which there are no AROSE Oa such that 

leiy=—0| < 1/ky? 

2. The main question, however, is as to the structure of numbers @ 

for which there are (at most) only a finite number of approximations z/y 

such that |2/y—0|< 1/ky’, when k <8; %.e. where, at least beyond a 
certain point, when @ is reduced to a continued fraction, every \ <3 

[A = 3, ve. |/y—0|=1/3y", is impossible with @ incommensurable}. 

Towards this, Markoff’s assistance is somewhat incidental. His main 

problem is that of the minima of quadratic forms of positive determinant 

D; and, imagining from Mr. Grace’s paper that Markoff’s whole theory 
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was mixed up with that of these forms, I made an independent analysis. 
Having now read Markoff’s article, I find that his continued fraction 
analysis, though merely subsidiary to his work on the minima of quad- 
ratic forms, is really independent of it, and largely on parallel lines with 
mine. There are, however, many differences in detail and a certain want 
of symmetry in his classification of types, which obscures some points of 
special interest. His notation, too, is rather cumbrous and his logical 
analysis is not very complete. After showing that certain alternatives 
must be rejected and that certain others are possible, he is content to con- 
clude “De toutes ces considérations il suit, que la suite cherchée pré- 
sentera l’une des formes suivantes....”, without showing clearly how the 
result is arrived at. I therefore venture to give my analysis exactly as I 

worked it out independently, referring in footnotes to any important di- 

vergences. Moreover Markoff’s work is not exactly on all fours with that 

required for our purpose. The quantities which he has to examine, as to 

their being continually equal to or less than 8, are of the same form as 

A above, but with the important difference that his a’s extend without 

limit in both directions, so that neither of the two fractions 

(Qn+13 An+2, An+35 oie) (Gn, An—-1s sae) . 

whose sum is A, terminates. One result is that it is possible for his A* 

to be equal to 3, in certain cases. This does not affect the general course 

of the analysis. It has, however, to be borne in mind in the final con- 

clusions. 

3. Proceeding then to consider the classes of continued fractions for 

which, beyond a certain point, no A (as defined above) is greater than 8, 

we can see at the outset that they will be of very restricted types. To 

begin with, the expression for A shows that, from the point in question, 

no denominators can be as great as 3; they must consist of the digits 1 

and 2 only. Again, there cannot be an isolated 2 in the midst of 1’s, 

since (2; 1, ...)+(1, ...) > 38, whatever digits follow; nor can there be 

an isolated 1 in the midst of 2’s, since (2; 1, 2, ...)+(2, ...) > 3, what- 

ever digits follow ; thus the 2’s must occur in groups of 2 or more and 

likewise the 1’s. On the other hand, the ‘“ points of danger” will occur 

only when there is a transition from 1’s to 2’s or from 2’s to 1’s. If djs, 

be a 1 in the midst of 1’s,+ or a 2 in the midst of 2’s, the corresponding 

» cannot exceed 3, since (2; 2, ...)+(2, ...) <3; (1; 1, ...) +d, ...) <8, 

* 2/L in his notation: then the least value of L VD is the minimum of the form. 

{ Or if a,.1=1, in any case. 
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whatever digits follow those specified. One case therefore which will do 

is where (after some point) the digits are all 2’s or all 1’s. Supposing, 

however, that both 2’s and 1’s occur throughout, we have only to examine 

the values of X where @,+, is the first’ or Jast of a succession of 2’s. 

Where the digits consist merely of 1’s and 2’s, we may adopt a still 

further abridged notation for the continued fractions involved. Let 

[plq\r ...] stand for 

1 1 ih 1 

where there are p 1’s, followed by q 2’s, followed by 7 1’s, ete.; and 

{p|q|7...} im like manner for 

it 1 1 

where there are first p 2’s, then ¢ 1’s, then r 2’s, etc. That the A corre- 

sponding to the first of a set of 7 2’s may be less than 3, we have, say,* 

Ort, D+ t 4) <a Q+a@/'\1i+ti+y: 

where x and y stand for the aggregates which follow; 

1 o14 yt 
v.€. Say pad => 

; she y La Mice). ae. Pee Ose 1.€ So 

1.€. sa > eb 
# g 

Using the abridged notation just explained, if we suppose the 7 2’s followed 

by s 1’s, then ¢ 2’s, etc., and preceded by q 1’s, then p 2’s, etc., the con- 

dition is 
{r—2|s|t...} > [q—2|plo...], (1) 

the two sides of the inequality being the values of 1/a and 1/y respectively. 

Since an interchange of the digits 1 and 2 throughout will make the larger 

fraction the smaller, this is precisely the same thing as :— 

{q—2|plo...} > [r—2|s|¢...]. 

Dealing in like manner with the A corresponding to the last of the 7 2’s, 

* We have already seen that both 1’s and 2’s occur in groups of two or more. 
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we have a condition which may indifferently be written 

{r—2|q|p...} > [s—2]t|w...], 

or (s—2|é¢]e...} > [r—2lq|p...]. (2) 

If two such conditions are satisfied for each group of 2’s,* it will 

secure that we have a fraction for which every A is less than 8. Com- 

paring them in the forms numbered (1), (2) above, it will be seen that (2) 

is exactly the same relatively to 7, s, ... that (1) is relatively to q, 7, .... 

If, then, the numbers ...0, p,q, 7, 8, t, .... are those of the 2’s and 1’s 

alternately, 7¢ does not really matter which of the alternate sets are 2’s 

and which are 1’s, so far as the conditions for \ < 3 are concerned. We 

may take (2) as the typical form of condition, which must be satisfied for 

each “ transition,’ whether it really be from 2’s to 1’s or from 1’s to 2’s.t 

4. For the typical condition 

{js—2[¢lu...} > [r—2|¢l|p...] 

to be possible we must have evther r = 2 or s = 2 (or both), since a frac- 

ey toh 

i.e. of two consecutive sets of digits, one at least must be a doublet, 

whether of 1’s or of 2’s. [If both r= 2 and s = 2, the condition be- 

comes [t/u...]>{q|p...}| which is necessarily satisfied.] In any 

case we have 

- a 1 mnie: 
tion beginning ae cannot be greater than one beginning 

either r= 2 and {s—2|t|u...} > {q|plo...}, 

which is equivalent to [q|plo...] > [s—2)¢|u...J; 

or else s = 2 and fe|a...) > [r—2|¢qln...]. 

These are the conditions for the r-s “transition.” For the qg-r 

transition there will be similar conditions involving either gq = 2 or r = 2. 

Suppose »=2. Then the conditions for the q-r and r-s transitions, 

* Markoff’s analysis is complicated by the fact that, though he begins with a transition 

from 2’s to 1’s, he does not confine himself to such crucial points nor treat them compre- 

hensively. [He uses throughout the fullest expressions for the continued fractions involved. | 

+ This ‘‘ duality” is not observed by Markoff, and this affects the symmetry of his work. 

Further his final conclusions do not show explicitly the correspondence throughout of cases 

in which 1’s and 2’s are interchanged. 
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as above, reduce to : 
[s|é[u...]>[¢—2[plo...], (i) 

and [g|plo...] >[s—2|¢|w...]. (ii) 

We have to see how these can be simultaneously satisfied. Of the alter- 

natives g—2<s, s—2<q, one (or both) must necessarily be true for 

any pair of numbers g, s. Suppose g—2<s. Then in the fractions 

compared in (i), the transition from the 1-digits (with which each begins) 

to the 2-digits occurs earlier on the right hand than on the left. For the 

fraction on the right to be smaller, the first 2-digit of the p-set, answering 

there to 1 in the other, must come in an odd place ; for 

il i il itt 

iL i 1 1 il iL 

a Reet RES per Tee gr se 

whatever digits follow, and so on. Thus q—2 must be even and so q 

must be even. Then (i) is satisfied; but for (ii) to hold, s—2 cannot be 

greater than q, or (q being even) the left-hand fraction in (ii) would be 

the smaller; but esther s—2 <q and s even, which with the preceding 

entails s =q and both even; or else s—2 =q, and then (q being even) 

(ii) reduces to 

ipo 5.2 ble et, 

which must also be satisfied. Similarly for the case y—2= s. 

By considering a typical transition we thus reach the conclusion that 

for the requisite conditions to be satisfied throughout :— 

(1) All the numbers ..., 0, p, g, 7, 5, t, u, ... must be even ; 

(2) Of any two consecutive numbers one at least must = 2; 

(8) If » = 2, we have further :— 

erther® (@) 1g = s: 

or (bs, = "GP 2p los) (een 

or Oeg=s2, {tla plo..: 

and similarly for each number = 2. 

The properties of the numbers concerned indicated by (0), (c) are fairly 

obvious. All the numbers being even, a divergence of digits in the frac- 

tions compared, when it occurs, will always come in an odd place, and go 
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the fraction which has to be larger must have 1 there, while the other 
has 2; therefore if the first divergence between the numbers defining the 
fractions is between numbers representing 2’s* the smaller number must 
come in the symbol for the larger fraction (this securing a digit 1 in that 
fraction—in an odd place—where the other still has 2); if the divergence 
is between numbers representing 1’s, the reverse will be the case. Thus 
a proper arrangement in case (b) will be p<t, or p=t and o> uw, or 
p =t, o=w with a smaller number preceding o, in the direct sequence 
of numbers as given in (1) above, than that which follows w, and so on; 
while in case (c) we must have p>t, or p=t and o<u, ete. It 
will ensure that every \ <3, if the conditions just specified hold for 

every 2 flanked by unequal numbers, throughout the entire: sequence of 

numbers, it being understood that the numbers are all even, that one of 

every two consecutives is 2 and that the flanking numbers, when un- 

equal, differ by 2. 

5. These laws, however, may be simplified when we have considered 

the possibilities of repeated doublets, 2=7—=s=....+ Suppose that at 

any point m consecutive numbers each = 2, where m> 1; then, by the 

alternatives in (3) of last section, 4 must stand on each side of this 

sequence of 2’s, and by (2) the next number must again be 2. Suppose 

that here there are  2’s followed again by 4, so that we have in succession} 

...4, 2,2, 2, ... (m times), 4, 2,2, ... (m times), 4, .... Identifying the last 

2 of the m-set with 7 in the conditions of last section, 3 (b) applies; and 

identifying the first 2 of the n-set with r (supposing n > 1) 8 (c) applies, 

giving respectively 

{2|2|2... (m—2 times) |4...} > {2|2|2... (w times), 4...}, (i) 

{2|2|2...(w—2 times) |4...} > {2|2|2...(m times), 4...}. (ii) 

Exactly as in the preceding paragraph, if m—2 <n, (i) implies that m 

is odd—the 4 in the first bracket must represent 1’s not 2’s._ So if 

n—2 <m, (ii) implies that 2 is odd. m—2<n and n—2 < m may both 

be true: then m=, since both must be odd. Suppose, however, that 

not only m—2 <n but m<n—2; then, by (i), m should be odd, and 

by (ii) m should be even, which is impossible. Similarly n < m—2 is 

* T.e. representing 2’s in the fractions compared in (0), (c), not necessarily in the original 

fraction owing to transformations. See the end of § 3. 

+ This is a question not definitely considered by Markoff. 

+ It should hardly be necessary to emphasise that these 2’s are not the digits of the con- 

tinued fraction, but the mwmbers of successive 1’s and 2’s of which these digits consist. 
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impossible. We may, however, have m = n—2 (and so m—2 <n) if m 

be odd, with a further condition, or » = m—2 and odd, with a further 

condition. Since either m—2 <n or n—2< _m must hold for any pair 

of numbers, these are the only possible cases, except that of m = 1, which 

was put aside to start with. In that case the condition (i) of this para- 

graph disappears [since 8 (a) of § 4 holds good, if we take the isolated 2 

for rj, and (i) becomes {2|2|2... (m—2 times)|4...} > {2]4...}, (m 

being by supposition > 1); and this cannot hold unless m—2= 1, 

m=8; since {2|2...} and {4|...} (the fractions which arise when 

m—2>1 or = 0), are each less than {2|4...}. In every case then we 

have proved that m and x must both be odd. Since we saw before that 

one (at least) of every two consecutive numbers must be 2, and now that 

the number of successive 2’s must always be odd, it follows that every 

alternate place throughout the whole sequence must be occupied by 2 

(though 2 may appear in other places likewise). Thus evther the 1’s or 

the 2’s which constitute the digits of the continued fraction must occur 

in doublets only, from and after some fixed point (though there may also 

be doublets of the other).* We may therefore fix our attention exclusively 

on the sequence of alternate numbers, giving the numbers of intermediate 

2’s or 1’s, as the case may be; and the properties enunciated at the end 

of § 4 are much simplified. In the notation of that section we have, say, 

p=r=t=...=2, and any possible divergences between the numbers 

of the ascending and descending sequences which define the fractions 

compared in 8 (b), (c) will be between those which represent 1’s there.t 

Therefore in accordance with the rules of that section, the larger of the 

two first diverging numbers must always come in connection with the 

larger fraction of the two compared. Using ... 2a, 2b, 2c, ... to represent 

the alternate numbers, so that (understanding that the others are all 2’s 

and that ...a, b,¢... denote integers) law (1) and law (2) of § 4 are 

necessarily satisfied, we have the following rules for any two successive 

numbers d, é, identifying 2d, 2e with q, s of that section :— 

(1) Hither d= é, or e=ad-+lI, or d= e+. 

(Il) If d, e are unequal, the sequences ¢, b, a, ...; f, g, h, ...,. formed 

by taking the numbers backwards from d and forwards from e, must, when 

they first diverge, have the larger number in the sequence which starts 

from the smaller of the two d, e—that being the sequence corresponding 

to the fraction which has to be the larger in accordance with (8), (0), (©). 

* Markoff only shows explicitly the case of the 2’s occurring in doublets, though the 

possible vanishing of certain numbers which he uses involves the other case. 

t Not necessarily representing 1’s im the original fraction, as noted in § 4. 
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Eig. if e= d+, either f<c, or f=¢c,g<b or f=c¢g=b, h<a, 
and so on; while if d= e+1 we have c</f, ete. Conversely, if (1), (ID 

are satisfied for each successive pair of numbers, all the requirements for 

AX <3 are fulfilled. 

6. If we consider a little further the implications of the above laws, 

remarkable consequences follow. To begin with, the numbers in the 

sequence, even when not all equal, will be very closely restricted. Suppose 

that, in the sequence ... a, b,c, ..., c differs from 0, but is the first of h 

numbers each equal to c, followed by a different number c’, where h> 1. 

By § 5 (I) c¢ =c+1: suppose c’ =c+1. Then we have c,c+1 preceded 

by ¢ (in fact by h—1 c’s) and therefore by § 5 (II) followed by a number 

=c orless. By §5 (1), again, the number following c+1 cannot be less 

than c: it must therefore = c, the first (suppose) of k c’s. We thus have 

(a) c, c+1 (as indicated by the ordinates at A, B in the graph below) pre- 

eeded by h—1 c’s and followed by & c’s, and (8) c+1, c (as at B, C in the 

figure) preceded by h c’s and followed by k—1 c’s (Fig. 1).* From (a) by 

§ 5 (I), if k < h—1, the mew) number following the & c’s should be <c 

(since the k-th number before A, the smaller of the two values 4, B, is c); 

while by (8) (from a like consideration of the numbers before and after BC) 

it should be greater, since a fortiori k-1<h. Thus we cannot have 

k < h—1; nor (similarly) h< k—1: te. k must = h—1 or hor h+1. 

In the first place suppose that k =h—1orh. Then k—1<h; and 

so, recurring to the sequences preceding and following BC, the number 

following the k-th c (which by supposition is not c) must be c-+1 by §$ 5(II). 

If, of the alternatives now being considered, k =h, and therefore by 

hypothesis greater than unity, this c+1 must be followed by c, just as 

c+1 at B involved c at C; and similarly c+1 and then c will precede the 

hc’s, since h—1<k. If, however, k = h—1, it will still follow, from 

* The object of the graph is not merely to make clearer to the cye the ups and downs of 

the sequence of numbers, but also to distinguish by letters A, B, ... certain of these numbers 

from other equal numbers. 

seR. 2. von, 20, No. 1392. R 
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(a), that the h—1 c’s before A must be preceded by c+1, inasmuch as the 

k c’s are followed by c+1 (see above), so that by $5 (ID the term cannot 

be <c+1, while by §5 (I) it cannot be greater ; and again this c+1 

must be preceded by c, as before. Therefore (again recurring to the 

sequences on each side of AB) even if k =1, so that the original argu- 

ment for c+1 at B followed by c at C which was based on h > 1, does 

not apply, the c+1 which follows the & c’s must be followed by ¢ (as at Y) 

because the c+1 which precedes the h—1 c’s is preceded by c (at X), 

k being = h—1; for by §5 (ID) that at Y cannot be greater than that at 

X, while by § 5 (I) it cannot differ by more than a unit from c+1, which 

immediately precedes. 
So far as noted, then, the sequences preceding and following AB, 1.é. 

those back to X and on to Y, inclusive, in the graph, Fig. 1, will agree in 

the case of k = h—1, as there shown. Suppose the c at X is the last of 

g c’s and that at y the first of J c’s, which g and / c’s, again, by a repeti- 

tion or extension* of the preceding arguments will be preceded and followed 

by c+1, c; and so on, indefinitely (so that the numbers throughout will 

be limited to the values c and c+1). Then in order that, in the sequences 

following c+1 at B and preceding ¢ at A, the larger number, when they 

diverge, may occur in the sequence starting from the lower, we must have 

g <l, if g, J are unequal; and then ¢+1 before the g c’s will answer to c 

in the other sequence, which is right; or, if g = /, then / < m, supposing 

c+1 and then / c’s precede and c+1 and then m c’s follow; or else g = J, 

f=, with a like further condition; and so on. Similarly in the case 

of h = k—1, which was left aside, we should have g >/; or g=1, f>m; 

or g =l, f=™m, with a like further condition ; and so on. The result is 

that the whole sequence of numbers ... a, b, c, ..., restricted as we have 

” * An extension of the argument will be required if ‘‘ singlets are repeated. Suppose 

h=2, k=1, 1/=1, as in Fig. 2; the single c (at Y) given by 1J=1, being necessarily 

followed by ¢+1 as before (because c+1 and then c precede it). Then we must recur to the 

sequences preceding and following AB to show that c at X must be preceded by c+1, answer- 

ing to c+1 in the following sequence, so that g =1. Thenc+1, c immediately following X 

will be the starting point of sequences showing that again c must precede; and then again 

the sequences based on c, c+1 at A, B show that ¢ must follow the c+1 after Y, the terms 

being determined in the order shown by (1), (2), (3), (4) in Fig. 2; and so on. 

(3) (2) cctle (1) 4) 

Fig. 2. 
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seen to sets of c’s separated by single (c+1)’s, must be such that 

fg, h, k, l,m, ... the numbers of c’s in the successive sets, obey pre- 

cisely the same laws as those of the sequence which they thus define, 

namely, the laws § 5 (1) and (II) which we have been using throughout 

the present section. This is all on the supposition that at least two con- 

secutive c’s occur somewhere and that the next number c’ =c-+1. If 

c’=c—1, we have, by precisely similar arguments, single (c—1)’s 

separating groups of ... 7,9, h, ...,¢c’s, as indicated in Fig. 8, where 

... Jf, g, 2, ... obey precisely the same laws as before. 

f.c’s gc’s he’s k e’s 1 c’s Mm c's 

ec—le ce—le ce-le ec—le ec—le 

Fie. 3. 

We may, however, have single c’s alternating throughout with single 

(c+1)’s, which we may consider a special case of either of the above with 

f=g=...=1 (Fig. 4); or the still more rudimentary case where all 

the numbers are c’s (Fig. 5) :— 

AYN tm 
cet+lec+lectlec+le Cr 6ie. Oe 

Fic. 4. Fig. 5. 

But the general result is that the primary sequence ... a, b, ¢, ... con- 

sists of at most two different numbers, one of which, occurring singly, 

differs from the other by unity, while the occurrence of the other in sets 

of ... f, 9, h, .:. together is “regulated” by the “secondary ” sequence of 

the numbers ... f,g, h,..., obeying precisely the same laws as the 

primary; also, since it obeys the laws § 5 (I) and (II) it must obey the 

further laws deduced from them in this section and be “‘regulated”’ by a 
like sequence ... z, y, Z,..., say, and so on; except that we can go no 

further when we reach a sequence of equal terms. Conversely, if the 

*“veoulating ”’ sequence obeys the laws, this will hold also for the sequence 

which it regulates. 

7. So far the work is on parallel lines to that of Markoff. Though 

his results are less symmetrically formulated, the laws of a sequence of 

Rae 
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numbers defining in the way described a sequence of “digits” 1, 2 for 

which every \ <8, where A is of the form 

1 1 1 1 

On a edge ee ne Saree ttl? 
the a’s denoting the digits in order, hold for him and us alike. But for 

us the successive a’s are the digits (or the digits from and after some fixed 

potnt) of the continued fraction for 0, and therefore unlimited on one side 

only; and this has to be borne in mind in making our application of the 

results ; whereas for Markoff (as before pointed out) the sequence of a’s is 

unlimited in both directions. . 

His application to the theory of the (numerical) minima of a set of equivalent quadratic 

forms such as ax? +2bxy+cy*, where a, b,c are given numbers, is briefly as follows. [It is 

supposed that x, y are to receive integral values not both zero,] By linear transformations 

such a form can always be ‘‘reduced’’ to one 

Ay 0? + 2b, Gy Yy + CY, 

whose roots (i.e. the values of x,/y, which make it vanish) are one positive and greater than 

unity = é,, say, and the other negative numerically less than unity =—1/n,. Supposing that 

t= ay + ie rien Nr = Gy -1 + tL AAC 
Great Oy -2+ 

(neither terminating), the transformation 

Ly = Ayphy si Yrel, Yr = Vr4l 

will give a new form of which the roots are 

1 en el 
Ay41 t+ aie —_—«s *——— . 

O42 + Oy + Oy) + 

and similarly through a whole series of transformations. Thus the A’s come in as the differ- 

ences between the roots of a succession of equivalent reduced forms, got by using such trans- 

formations backwards and forwards; the a’s here answering to the a’s in the preceding 

paragraphs. : 

Unless all the a’s are 1’s we may take for our standard form, of this equivalent set, one 

ax? + 2bay+cy for which the root ¢>2%, For this, when y=0, the minimum, got by 

putting « = 1, has the numerical value |a|, and since the form = ay? (x/y—é)(x/y+1/n), it 

can be shown that, when y is different from 0, it can have no lower value than | a] unless, 

supposing x/y positive, |x/y—é&| < 1/2y?and then x/y must be a convergent tof, say the n-th ; and 

the formule of transformation will show that the result of substituting such values of x, yin the 

standard form is the same as the result of substituting 1, 0 for the variables in the n-th form 

from the standard one, 7.e. it is the a of that form, Similarly, if w/y is negative, —a/y (ifaw, y 

give a lower value) must be a convergent to 1/n, and we have a value which is the a of some 

preceding form. Thus the minimum value required is that of the numerically least of the a’s. 

But the difference of the roots of any form, which we have seen 1s one of the succession of r’s, 

is equal to 2./D/| a| where a is the coefficient of x? in that form, D being the determinant of 

the whole set of forms, It follows that the least value of | a| is the same thing as the least 

value of 2 /D/a, which is therefore the minimum required. In particular, if A <3 through- 

out, the minimum is greater than 2 /D, and this is a critical value. If the coefficients a, b, c 

are rational, the a’s must recur. [The case of rational roots need not be considered, as the 

form then has zero for its minimum. } 
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Our concern is with the fact that so long as the successive \’s 
belonging to the continued fraction for @ are less than 3,’ there can be 
no approximation x/y to 8 among the convergents to @ (where alone 
it could be found) such that |«/y—@|<1/8y?; and these \’s, like 
Markoff’s, weil be less than 8, provided the digits for @ consist of 1’s and 
2’s obeying the laws formulated in the preceding sections. But as the 
digits start from a fixed point the numbers which define them are also 
terminated in one direction. Nowthe final law of the numbers ... NG eh os A 
which we reached in § 5, is that the sequences taken onwards from the 
second and backwards from the first of two unequal consecutive terms 

must, when they diverge, diverge in a particular manner, but (though 

certain consequences have been further developed in § 6) the possibility 

of continual agreement without divergence has not yet been faced, and 

this introduces quite new considerations. In the sequences belonging 

to Markofi’s problem, this possibility is of no great moment. Con- 

tinued agreement, with him, is agreement to infinity, and that merely 

means that the corresponding A, instead of being definitely less than 

3, takes the limiting value 3; a contingency impossible in our case 

(with » finite) since our A is the sum of a terminating and an unend- 

ing fraction. For us continual agreement without divergence can only 

mean agreement until the backward-reaching sequence terminates with 

the initial term of the whole series of numbers, and then the result \ <3, 

though not contradicted, is not guaranteed. Further examination is 

necessary to see whether after all X may not then be > 3, in any given 

case. . 
We have then two or three possibilities to consider. Suppose, in the 

first place, that the proper divergences do always show themselves and 

always within a finite number of terms, a number < N, say, where N is 

finite. Here Markoff’s sequences (except that they have no beginning) are 

on the same footing as ours, and his digits, starting from some arbitrary 

point, would equally serve our purpose. Forming the successive derived 

sequences, as explained in the last section, since each is more ‘‘condensed”’ 

than the preceding, we shall at length reach a sequence where the *‘ range 

of fulfilment ” reduces to a single term, 7.¢. a sequence of equal numbers. 

This monotonous repetition involves a corresponding repetition of more 

extended range in the original sequence, and therefore in the continued 

fraction for 0, so that 9 must equal a quadratic surd. In such a case A 

will be always less than 3 by a certain finite amount at least (possibly 

very small) depending on the value of N. Conversely, any quadratic swrd 

for which A beyond a certain point is always definitely less than 3 must 

depend on a sequence such as that described above, where the laws work 
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themselves out within a finite range and lead ultimately to a sequence of 

equal terms. Further, since there will be an infinite number of sequences 

.. a, b, ¢, ... of this character, there will be an infinite number of quad- 

ratic surds 6 (though of narrowly restricted types) for which there are no 

approximations x/y (or only a finite number) such that 

| z/y—0| < 1/8y’. 

But suppose, on the other hand, that the digits are governed by a 

sequence of numbers for which, although such divergences as there are 

between the sequences which have to be compared are always in the 

right direction, instances of complete agreement continually crop up 

however far we go. In such a case everything may depend on the way in 

which the digits start. Even if they may be said to be governed from 

the outset by the sequence of numbers, in the way supposed, it still has 

to be decided whether a doublet of the one digit, or, say, 2a of the other 

digit (taking a to be the initial number of the sequence) is to come first, 

and also which of these are 1’s and which 2’s. And if, as has been con- 

templated, there are digits preceding those thus determined, everything 

will depend. on the arrangement of such initial digits, which may affect 

the question of A > or <3 at any distance ahead, when the sequence 

a, b,c, ... 18 of the critical nature supposed. One way of forming a 

sequence which is certainly not of the character considered in the last 

paragraph is by taking for the primary sequence a set of numbers so ad- 

justed that the primary is identical with the secondary. Then so far as 

the sequence obeys the laws at the start, it will do so throughout, the 

terms which follow being regulated by initial terms which do, and so on, 

indefinitely. Since, however, all the successive derived sequences will be 

identical, we shall never reach a sequence of equal numbers. Therefore 

(1) the corresponding fraction will not recur, (2) the laws will take longer 

and longer to work themselves out as we proceed. Such a case is indicated 

in Fig. 6, where it will be seen that the primary sequence 1212112... 

is identical with the secondary, determined by the numbers of 1’s in the 

successive sets of 1’s in the primary (if in our reckoning of sets we ignore 

the initial 1 and begin with the first which has 2’s on each side of it). Thus 

the secondary sequence begins with 1 (answering to the singlet in question) 

and this is followed by 2, answering to the first doublet of 1’s, and so on. 

It will be found, however, that the laws § 5 (I), (II) are obeyed throughout 

only in the sense that divergences never occur in the wrong direction, and 

however far we go we have pairs of consecutive unequal terms such that 

the sequences which precede and follow agree without diverging until the 

backward one terminates ; so that the case is such as was proposed for 
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consideration at the beginning of this paragraph. Thus 21 at HK are 

B H y U 
AL ae K + x t V §, 

2 2 Se dicthe 612 
Pee ay 

ey 
[ice Nit RT Peal) 

TETRA Rec Le as Gi an Ds DS Te aa 

Fic. 6. 

preceded by 121 and followed by 121..., and similarly 12 at XY are 

preceded by 1212112121 (there terminating) and followed by the 

same numbers (with others beyond); and so continually at successive 

stages. This agreement is an index to a like agreement in the digits, and 

everything may therefore depend on how the initial digits are arranged. 

To examine how this works in detail, suppose that the doubles of the 

numbers of the sequence, viz. 2, 4, 2, 4, 2, 2,4, ... indicate numbers of 

2’s separated by doublets of 1’s,* the alternation starting with 11; and 

that (if necessary) these again are preceded by other digits a, 8, y, 6, .. 

so that the fraction written at length is 
Sb) 

Be SE a ee ee ee eee Bi +ythtatitit+2+2+14+14+2+242+4+241 
A B 

where the two 2’s preceding A and the four 2’s divided into pairs at B 

answer to the initial 1 2 of the number sequence marked AB in Fig. 6. 

Then the condition to secure A <3 for the first 2 of the B group, which 

is critical owing to the agreement of digits before A and after B, will be 

[§ 8 (1)] 

CeO ites) <M ot gy Lyd 22, Oy Lg clo) Ay op, ora)» 

i. ba Ba VAs) Ae, 2h L252) oa) (i) 

Again, the second 2 1 of the sequence, marked HK in the figure, is 

the next critical point, the numbers which follow up to the point marked t 

agreeing, as we have seen, with the 1 2 1 which precede; and so we have 

the condition [$8 (2), first form | 

Oe 810,900, ey eye, Dl, 2, 2; 2,2; d Bt Was Brn) ie 

v.é. (a, B, Y> 6, Jae) om (2, 2, 2, 2, tks tb sae) (ii) 

* It will be remembered that the doubles of the sequence numbers may be interpreted as 

giving either numbers of 1’s separated by pairs of 2’s, or numbers of 2’s separated by pairs of 

1’s; but the available initial digits might not correspond in the two cases if they involved 

other numbers besides 1’s and 2’s. 

rae 
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a, B, y, 6, ... coming now into comparison with the digits detined by the 

numbers 21 which follow + in thesequence. Both conditions are satisfied 

by taking a=2, GB=2, y=1, d=1, or a=2, B=2, y= 2, 6=8, 

and stopping there. Moreover we can show that if these two conditions 

are satisfied all subsequent conditions of a like nature will be satisfied, in 

virtue of the identity of the primary sequence with the secondary, each 

“ critical ’’ point corresponding to the preceding critical point in such a 

way that the conditions repeat themselves. Thus the 2 1 at HK, already 

examined, considered as belonging to the secondary sequence, answers to 

2 ones followed by 1 one in the primary (in the neighbourhood of XY), 

after which the grouping of 1’s up to the point answering to t+ will agree 

with that of those which precede ; and this means that again we have 1 2 

at XY with the preceding sequence of numbers taken right back to the 

beginning agreeing with the following sequence up to t, though there 

will be no other instance of this between HK and XY. Moreover as we 

have 2,1 beyond + (the point in the sequence following HK which 

matches that where the backward sequence preceding HK ends), so in the 

sequence following XY we shall have 2 ones followed by 1 one at the 

corresponding stage (in the neighbourhood of { in the figure); and that 

means that we have 1, 2 beyond the point { where the correspondence be- 

tween the sequence following and that preceding XY ends (owing to the 

termination of the latter), just as we have 1 2 immediately after AB. 

a, 8, y, 6, ... therefore come into comparison as at first with the digits 

22112222; and as the sequences now compared are based on 1 2 at 

XY, we have the same condition (i) as was based on the consideration of 

the digits defined by 1 2 at AB. 

Then, again, corresponding to 12 at XY, we have 1 one followed by 

2 ones in the neighbourhood of U, V; and so the sequence following 1 at 

V will agree with the sequence preceding 2 at U, as far as it goes; and 

as we have { followed by 1 2, we shall have 1 one and then 2 ones at the 

corresponding stage, as indicated by the dotted lines (detached) in the 

figure, and so giving 21 beyond §, the end of the new correspondence 

based on UV, exactly as we had 21 beyond f+, in connection with the 

sequences based on HK, and leading as before to the condition (ii). And 

so continually the conditions for the critical stages will reduce to either (i) 

or (ii). Thus the continued fraction, with its initial digits determined as 

before specified, will have every X, at least after the very first, less than 3. 

We have thus proved that while there are an infinite number of quad- 
ratic surds 0, for which there are no approximations such that 

|x/y—0| <1 ky’, 
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where k = 3, there are also numbers which are not quadratic surds of 
which the same is true. It should be noticed, however, that while, in the 
case of the surd, every \ is less than 8 by a certain definite amount (at 
least), \ in the latter case, though always < 3, will approach 8 indefinitely 
as we proceed ; for, at the critical stages, the continued fractions whose 
difference measures the divergence of \ from 8 will agree to an ever in- 
creasing number of digits. And this must hold in the case of any number 

not a quadratic surd of which the statement is true, whether of the kind 

considered in the present section, or corresponding to a sequence where 

the proper divergences do (at length) always show themselves. For if 

agreement always ceases within a limited number of digits in the fractions 

compared, and so within a limited number of terms in the number sequence, 

while each derived sequence is more “ condensed” than the preceding, a 

sequence of equal numbers must at length be reached and the correspond- 

ing fraction will recur. 

8. The above disposes of the caseof k = 8. We have to contrast with 

it the cases of kK > 3 and k<8. The former was dealt with at the be- 

ginning of the paper (§ 1), where it was shown that however slightly k 

exceeds 3, there are an unenumerably infinite number of 6’s (including 

therefore transcendental values) for which there are no approximations 

(or a finite number) with |x/y—9|< 1/ky?. The case of k <8 is covered 
in the main by what we saw incidentally in the last section—that for 2 

quadratic surd of the type specified X is throughout (or from some point) 

less than 3 by some definite amount (at least); and conversely that, if A 

is always less than 8 by a definite amount, however small, 9 must be a 

quadratic surd. Thus where @ is such a surd, there will be at most only a 

finite number of approximations z/y such that |z/y—0|<1/ky’, where & is 
some number <3, and for this to hold when k <3, 0 must be sucha surd. 

[t is to be noted, however, that k must be greater than 4/5, the value to 

which \ tends when all the digits are 1’s, or there will be no number 0 for 

which the ’s beyond a certain point are all less than hk. If, however, 

3>k>W/5, there will always be quadratic surds to which the statement 

is applicable. Thus the proposed problem is completely solved. In the 

parallel case Markoff infers that there can be only a finite number of 

_ digit-sequences that will do for a given value of & <8, inasmuch as such 

a value implies a definite limit for N (§.7), and therefore a limited number 

of possibilities. He deduces that there can be only a limited number of 

quadratic forms with minima > the corresponding fraction of /D. We 

cannot, however, lay down that there will only be a finite number of 6’s 

for such a k, inasmuch as there may be any variety of digits preceding 
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those which recur in the ways defined by such a sequence. But the re- 

curring part of the continued fraction for @ will admit of only .a finite 

variety of forms. The main conclusion however is that, if there are only 

a finife number of approximations «/y such that |z/y—0|< 1/ky?, 0 must 

be a quadratic surd if k < 3, but not otherwise. 

9. Though it has nothing to do with our own problem, it may be of 

interest to notice, in conclusion, that in a way parallel to that of §7 we 

may construct a sequence such as Markoff uses, unlimited in either direc- 

tion, where the primary sequence is identical with the secondary and 

therefore with all that follow, and which strictly obeys the sequence-laws 

ies 7), 

TED seta Be Sad AN A aks a DE 

Fic. 7. 

Here A will always be less than 3, approaching however the limiting 

value 3 as we recede indefinitely from the central point of symmetry, 

shown by * in the figure. But the coefficients of corresponding quadratic 

forms would be irrational, not to say transcendental, functions. [See the 

paragraph in small print under § 7.] 
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THE DIFFERENTIATION OF THE COMPLETE THIRD JACOBIAN 

ELLIPTIC INTEGRAL WITH REGARD TO THE MODULUS, 

WITH SOME APPLICATIONS 

By F. Bowman. 

[Received August 3rd, 1920.—Read November 11th, 1920.—Received in revised form, 

February 5th, 1921,] 

Tue first part of this paper contains some results relating to the com- 

plete third elliptic integral. They may be regarded as complementary to 

the formule 

dK _ EH—k"?K dE  EH—-Kk 

dk” + kk® ” dk” &k 

They are followed by examples of their application. 

1. The third Jacobian elliptic integral with parameter v and modulus 

k is defined by 

Ilu,v; = { =s 
k?snv env dnv sn’ U 

—k* sn? v sn? u 
du 

and the identity 

l= (K, v; k) = KZ(v) = KE(v)—vE 

relates the complete elliptic integral of this kind with those of the first 

and second kinds. 
In the last equation II is a function of v and of k. If there is a func- 

tional relation between v and k it can be proved* by differentiating this 

equation that 

an KK. (1) = (K dn? o—B)| a — a {H(v)—kv} } tsa» env dnv 

Now suppose that sn v and & are both given as functions of a certain 

* Proc, Edin. Math. Soc., Vol. 37, 1918. 
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number of parameters A, \’, A’, ..., and let it be required to find the deri- 

vative of II with regard to any one of them, say A. In order to ‘fix our 

ideas let sn v and k be given explicitly in the form 

=O , (2) 

slo.) ei ee (3) 

Ale flied? We shall have = (=), So 

where (S) means ‘“ a when A alone varies.” 
dk } x dk : 

With a similar meaning in the notation, a differentiation of (3) gives 

a 

CONG aaa yt, qa 82. en v if 

Gan eae ES ee dn v lip: dn v 7 

IN 

: ; : ; ; a oll 
This expression being substituted in (1), we obtain (=) , and on 

is A 

multiplying by Ss 

oll _ K dn? v—E 0s k snvcnv _ok 

OA envdnv ae dn v a (4) 

If sn(v, k) be given as a function of k only, this can be written 

oll — Kdn’v—E ds sn v env 

ok envdnv dk aE A dn v ) (5) 

where sn (v, k) = s(k). 

‘There are four cases in which the last equation reduces to a very 

simple form. They occur when sn(v, k) is given as a function of k by 

the relations : 
(i) sn (v, k) = const., 

(ii) sn(v+K, k) = econst., 

(111) dn(v, k) = const., 

(iv) dn(w+K, k) = const. 
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The respective values of ay dk are 

_ sneyeny & 

3 cn Vv dk ’ 

_ envdnv dnv 1 dH (9) 

4 sn v k”? dk’ 

(a z), dnv  k” = (6) 

ee. ae = snvenv dnv za K, (7) 

a) _. snv dn v dk (8) 

2. As a first application of the above formule, consider the direct 

determination of the components of electromagnetic force due to a circular 

current. 

Ii the current be of unit strength the potential at a point P is repre- 

sented by the solid angle Q, subtended at P by the circle, and can be 

expressed in part as a complete elliptic integral of the third kind. The 

components of magnetic force at P are usually found by differentiating 

Maxwell’s expression for M—the coefficient of mutual induction of two 

circles which have the same axis and lie in parallel planes—under the 

sign of integration; M being the Stokes function of Q. 

Suppose that the plane of the paper is horizontal, and that the point 

P is at a height z vertically above A. Let C be the centre of the circle, 

CQ=2, CA=p, QA=r, LQCA=9, LQPA =e, YP = £; so that 

z, p are the usual cylindrical coordinates ; then 

where dS is an element of the area of the circle at @, and the integral is 
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taken over the circle. Writing cose = z/R, we have 

a dx 

0 = 22) ao’ FF pba? 2pa cos OF 

If we transform to the notation of elliptic integrals by means of the 

substitution 

Os = sn wu 
‘ 2 : = pk (p + 2+ (pa)? 4 

the value of Q can be reduced to the form 

Q = Ir rea snv K—2II(K, v: h), 

where v—which is of the form K-+7v’, where v’ is real—is defined by 

a _ Vieé+(e+a)*] 
p+a ‘ 

pee Bah ents 
pra’ a+ p’ 

the sign of dn v being chosen so that its value may be equal to unity on 

the axis p = 0, and elsewhere it may be obtained by continuous variation 

from this value. 

For the axial component of magnetic force we then have 

0Q Liooeeee . oll cy aa: amy Bees Papa x me (zk* sn v K)+ 20 ae 

and in order to find oII/dz we may quote formula (8), §1, since dnv re- 

mains constant when z alone varies. The radial component is 

== = be) = i? sn vK) +24 oll 
p dp op’ 

and to obtain oII/dp it is necessary to fall back upon the general equation 

(4). After performing the differentiations we find the known values 



1920. ] THE COMPLETE THIRD JACOBIAN ELLIPTIC INTEGRAL. 255 

where 7 is now written for CP, and T1, 7, are the greatest and least dis- 
tances of P from a point of the circle.* 

3. As a second application, consider the problem of determining, on an 
‘ellipsoid of revolution, a particular geodesic whose period in longitude is 
assigned. 

Let a point on the ellipsoid 

be defined by 

z=asindcosy, y=asinédsinyw, z=ccos8. 

Suppose, for example, that this surface has the prolate form, so that 

ce? = c’—a?, and c>a. 

Along the geodesic which touches the parallels of latitude 6 =a, 

6 = z—a, we know that 

dy _ csinar/(1—e’ cos” 6) 
d@ ~~ asin 04/(cos” a—cos? 6)" 

Transform this equation to the notation of Jacobian elliptic integrals 

by writing 
cos@=—cosasnu, k=ecosa, 

the minus sign being chosen so that the value of 0, beginning at $7, will 

increase with w, and w= 0 will correspond to a point where the geodesic 

crosses the equator. If we introduce the parameter v defined by 

a2 2__ 7,2 

et, yes Eee Sipe) 
€ é € 

dy .snvudnv , .#’snv env dnv sn?u 
pefind ins tia ton te? ad =e ent pie 

and if Y represent one quarter of the longitudinal period, 

y= (& ae j BOO REAL, Bei (1) 
du cn Vv 

sine 
= 7 G25 5 A +a Ct aig) (2) 

* See Greenhill, Trans. Amer. Math. Soc., Vol. 8 (1907), §31; Maxwell, lec. and Mag., 

Vol. 2, §701. 
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Making use of (6) of § 1 (sn v being constant), we find on differentiating 

7s ae oe 5 GI e dE 
da Gk a eee 8) 

and NRE al vc me @E dk ¢_, ak (4)" 
de» Wi—e) de daw Ue) - - dia 

Algo, if in (1) we write K—t for wu, and substitute for v in terms of a, 

appears in the form 

_ 1--e cos? a ( dt 
~ sin aa/(1—e*) Jo 1+(1—e?) cot? a-sn? ¢’ 

& 

(5) 

in which the lower limit of integration corresponds to a point where the 

curve touches a parallel of latitude. Now when a— at 

T C 
, T Jit oie k—>0 K->—, and Yaa (6) = ae 

d 2 BES PLP 

Again,* the value of Y given in (5) can be expressed in the form 

s/(1—e? cos? a) a par sin a (1—e* cos” a) (* 1—dnt 
vie) tare 1% J (1—e?) 9 sin?a+(1—e*)cos?asn?t ” 

and when a—O, the last integral remains finite, and VY — $7. 

This result and (8) and (6) show that as a varies from 0 to 47, the 

longitudinal period of the geodesic defined by a steadily increases from 

Qa to cla.27. 

The simple forms of (3) and (4) make it easy to compute the numerical 

value of a for any particular geodesic whose longitudinal period is given 

in advanee. The numerical work was carried out for the case c = 4a, 

and the values of a calculated for those two geodesics which exactly close 

upon themselves after two and three turns round the ellipsoid. In this 

case we have, from (5) and (8), 

oe K ne 1415 sin* a \ ae (7) 

sin a ype ae. 

16 

d S ETLG 
and is (4V) = conte (K—E). (8) 

A rough graph was first drawn to represent the variation of 4¥ as a 

* See Forsyth, Differential Geometry, p. 141. 
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varies from 0 to 47. In order tc draw it the values of 4¥ corresponding 
ny) 

sin-?k = 0°, 15°, 80°, 60°, 90°, 

or a = 90°, 744°, 59°, 264°, 0°, 

were calculated approximately by means of (7), and the directions of the 

tangents to the curve at the corresponding points by means of (8). The 
integral in (7) was evaluated by expanding it in the form 

ee 1+15 sue | K 
> 2 Dex! Sack (1—wu sn* t+? sn* t—+...) dt, 

0 

cot? a 
where « = 7g’ and integrating term by term; the formula of reduction 

(+1) RP Ins2—n(1 +k?) L+a—}) Ln~9 =0 

being used to calculate the integrals 

K 

Lon = | sn’"t dt. 
0 

If the series does not converge fairly rapidly it is more convenient to 

use some other method of approximate integration. 
From the curve thus drawn the two approximate values of a required 

were obtained, and the accuracy was then improved upon by using 

Newton’s rule in the form :—if a is an approximate solution of the equa- 

tion 
a = mr—V¥ (a) = 0, 

a better value for the solution is 

fy) (fay 
W'(a) Teas Gre, ine Gd 

a+ ; 

The values of a obtained by this process were 18°55'"7 and 33°39'4 for 

the two geodesics which close themselves after two and three turns re- 

spectively round the ellipsoid. 

4. A last application is made to the problem of the Poinsot motion of 

a rigid body. 

It is known that Euler’s equations of motion for a rigid body moving 

about a fixed point under no external forces 

Ap =(B—Oqr, Bq = (C—A)rp, Or = (A—B) pq, 

seR. 2. vou. 20, No, 1393. s 



258 F. Bowman [Nov. 11, 

can be solved by writing 

p=Pent, g=—Qsnnt, r=Rdnnt, 

or by p=FP' dint. ¢ =—Q sn Cay rs 

where P, Q, R, P', Q’, R', n,n’ are certain functions of A,B, C, D; A: 

B, C being the principal moments of inertia of the body at the point of 

support, and D = I°/T, where 

I’ = the resultant moment of momentum, 

T = twice the kinetic energy ; 

and we suppose A > B> C, and write 

TY’? = A*p?+ Bg? +C? 2 D*u?, 

T=Ap+BP?+Cr =Dp’, 

« having the dimensions of an angular velocity, and D those of a moment 

of inertia. 

In the first case, 7 never vanishes, and this solution is adapted to the 

family of polhodes which surround the axis of C; in the second, p never 

vanishes, and this solution applies to the family of polhodes which 

surround the axis of A. | 
The motion being represented in Poinsot’s way, by allowing the 

momental ellipsoid of the body to roll on a plane, let J be the point of 

contact of ellipsoid and plane, and let OJ be the perpendicular from the 

centre (OQ) of the ellipsoid to the plane, so that OJ = 1/,/D, if the mass 

of the body be taken as unity. 

Let (p, ¥) be polar coordinates of a point on the locus of J on the 
plane (the herpolhode), referred to J as origin. The following summary 

of results to be used in what follows is made for the case in which 

A>B>D>(, and the polhode cone surrounds the axis of C, 

n= V (qa=o) & eo ov Gua) = 
D(A—D) 

ee ay casas ay) one 

n _ (B—O(A—D)D 
where iC we =e ABC ) 

2 — D—O(4A—B) i? = (CAO) Mare /l) « 
(B—C)(A— Dp)?  4—D)\B-—C)” 

(1) 
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dae =e Fail ai by, 

soa = > th (il), 

ma =—iy (Fo) 

dnta=S SP (<p, 

so that a is of the form K+ 7a’, where a’ is real.* 

Consider the problem of finding the variation in the apsidal angle of 

the herpolhode due to increments in 4, B, C, D (or, equally well, in the 

lengths of the axes of the rolling ellipsoid and in OJ). 

259 

(2) 

As before, the 

mass of the body is taken as unity, so that the next paragraph has a 

purely geometrical meaning, and concerns a rolling ellipsoid, of semi-axes 

1//A, 1//B, 1/4/C, whose centre is fixed at a distance 1//D from the 

plane on which it rolls. 

From (2) the apsidal angle of the herpolhode is defined by 

where 

ys, —4 De_, Os i [au sf pk sl (K, a; k) 

= AK—ill(K, a; 4, 

Se ma eee 

Using the results collected in (1) we notice that 
‘ 

when 4 alone varies, sna remains constant, 

99 B 9 sn(a-+Jf) ” 

”? C ” dn a 9 

9? D . ”? dn(a+ K) > 

Consequently, when A, B, C, D receive increments 64, 6B, 6C, 6D, the 

* See Greenhill, Elliptic Functions, pp. 29 and 109. 

s 2 
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corresponding increment in V is 

ov = K6A+A oo bk 

~‘[ (Gi), 3a 64+ (ie), a5 98+ Ge) 6 80+ Cae), | 
When the right-hand member of this equation is evaluated, we have 

D ee CEE ie a z) 6A— sam
 (=K+5=p 8) 6B 

(3) 

We observe that, since K > H, and 4A >B>D>C, the coefficient of 

6A is negative, and that of 6C is positive. Also in the coefficient of dB, 

hg De eee BD 
—(-K+ 5-5 )=-$55 (F-7p ) 

eee —— ee Foes a 

i (i FR ea 
aK ,B—DA—B ) 

B—D : 

Both the terms in the bracket are positive, and so the coefficient of 6B is 

negative. Similarly, that of dD is positive. We may write 

aY — —X$A—YSB+Z6C0+USD, (4) 

where X, Y, Z, U are all positive and have the values defined by (8). 

It may at once be verified that 

ow 
DA AvP = 0, 

as we should expect, since this condition merely corresponds to an altera- 

tion in the unit of length. 

We pass on to a dynamical application of equation (3). Suppose that 

the point of support of the moving body is its centre of gravity G, and let 

this point be suddenly released and the neighbouring point G'(€, n, ¢) 
fixed. A new Poinsot motion will begin about the new point of support, 

and this motion will depend on values of A, B, C, D, differing slightly 

from their old values. It is proposed to find the change in the apsidal 
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angle of the herpolhode. Let the release and fixture be made at any 
moment when the component angular velocities are p, qg, 7. The principal 
axes at G’ are known to be the normals to the confocals to the ellipsoid of 
gyration at G which pass through G’. The mass of the body being unity, 
the equation of this ellipsoid is 

a mle ee ; 

Ae APEC 

We find for the new values of the principal moments of inertia 

A'= A+774+@2, B'’ = B+@C'+ 8, C' = C+E?+7?; 

and for the new values of the components of moment of momentum 

cS Ay eho i fe Et Ap BG Gan AO? Gt ap 

M' = Ap —£". 4. Bq—Cr —8 
A—B B—C’ 

vu ee <9 ng we 

; _f 
and since D=7F, 

the value of D for the new motion will be 

ibe oT 
fe ae a ay 

for the resultant moment of momentum remains unaltered when the point 

of support is moved from the centre of gravity to any other point. 

Dt 4M? | 3) 
TW; ene 6: 

= — S(gf—1rn)? = — oP, 

Also TO) ( 

where J is the distance of (€, 7, ¢) from the instantaneous axis, and 

Oo Pg +? 

The small changes in A, B, C, D are therefore given by 

SA =P tO, SB= OTE, 80 = F*-+9%, 
=) a 2 

3D= X(g¢ : rn) 
M 
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Substituting in (4), we have 

Qn 

uD 
SO = — XP? +H) — VP’ 429 4- FZ? +777) +0 

If the expression on the right-hand side vanish, we shall have 6¥ = 0. 

Hence, if the point of support be moved from G to a neighbouring point 

on a certain cone of the second degree, whose apex is at G, the apsidal 

angle of the herpolhode will remain unchanged. Regarding these terms 

as the first approximation to the equation of a certain surface, we may 

surmise that, for given values of p, g, 7, the locus of the point P, which is 

such that, when the centre of gravity is released and the point P fixed, 

the apsidal angle of the herpolhode is unchanged, is a surface which has 

a conical point of the second degree at G. 

When we substitute for p/u, q/u, r/u, X, Y, Z, U, we obtain the value 

of dV in terms of the time and the dynamical constants of the motion. 

The resulting expression is rather long, and we confine ourselves to a 

particular case, in which the moving bodyzis a lamina (A = B+C, and 

B> 0), and the release and fixture are made at the instant n¢ = 0 (that 

is to say, when the instantaneous axis is in the plane of A and C). 

The equation of the cone then becomes 

EAGLE a | Bp—Ce)+ (x— 758) V (4¢5= | cé=0. 

_ When the same work is carried out for the case in which the polhode 

surrounds the axis of A the corresponding equation is found to be 

C D—C 2 a ( ~5 Be) PP a 2 KAO ea i eee Oh Bice 

Bren) (Oren CRO 
The equation of the lines in which these cones cut the Pree of the 

lamina (€ = 0) is 
Br?—C&? = 0, 

this is to say, they coincide with the equi-conjugate diameters of the 

momental ellipse of the lamina at G, no matter what polhode, defined by 

D, is being described. Hence we may state the particular theorem :— 

Let the principal moments of inertia of a lamina about axes in its 
own plane through its centre of gravity G be B and C (B>O), and let 
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A (= B+C) be its moment of inertia about a perpendicular axis through 

the same point. Let the lamina be moving about G as a point of support 

under no external forces. At a moment when the instantaneous axis 

lies in the plane of 4A and C, let the point of support be displaced from 

G to a neighbouring point. A new Poinsot motion will begin, and the 

apsidal angle of the herpolhode in the new motion will be the same as 

that in the old, to the first order of small quantities, provided that the 

displacement of the point of support be made in the direction of any 

generator of a certain quadric cone, one of whose principal axes is the 

axis of B, and which cuts the plane of the lamina in two lines which 

coincide with the equi-conjugate diameters of the momental ellipse of the 

lamina at G. 
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ON THE MAXIMUM ERRORS OF CERTAIN INTEGRALS AND 

SUMS INVOLVING FUNCTIONS WHOSE VALUES ARE NOT 

PRECISELY DETERMINED 

By BE. A. Mitne and 8. Pounarp. 

(Received February 6th, 1921.—Read February 10th, 1921.] 

Experimental Setting of the Problem. 

1. A type of problem occurring not infrequently in practice may be 

illustrated by the following example. It is required to determine the 

path of a sound ray in a moving medium such as the atmosphere. It can 

be shown that the effect of the motion of the medium (z.e. the wind) on 

the ray largely depends on the mean value of the component of wind in a 

certain horizontal direction, taken with respect to height between the 

extreme points of the ray. This mean value is thus the principal physical 

constant to be determined in the course of a practical solution. But the 

mean value of the wind depends on the values of the wind at intermediate 

points. These values may not be exactly determined; they may be sub- 

ject to errors of observation and instrumental errors, or they may be sub- 

ject (for example) to day-to-day variations. The mean value derived from 

them will also be subject to errors or variations. It is with this mean 

value and the errors and the problems arising out of them that this 

paper is concerned. 

Theoretical and Practical Determination of Mean Values. — 

2. Let A and B be respectively the initial and final points of the ray, 

and AB the straight line (not the ray) joining them. Take any point P 

on AB and let v be the velocity of the medium at P. If AP/AB=z, 
then the theoretical value of the mean required is 

1 

= [,vae. (1) 

Now in practice v is not known at every point of the range (0, 1); in 



1921.] ON THE MAXIMUM ERRORS OF CERTAIN INTEGRALS. 265 

the majority of cases it can only be determined at a limited number of 
points of this range, say 

Mi — On the Sa, Caen, <P wens 

To obtain the mean value we make use of some approximate formula 
giving the value of the integral (1) in terms of the values Dis Ops wait. Ol 

v at the points taken. 

A rough and ready approximation is got by treating v as linear ve 
tween the points z,. This gives 

” 

m= FX (v.+05-1)(€;— 2-1) 
s=1 

=4 [vd +2, (6,+63) + 09 (Ga-b09)-- «<< + On bn], (2) 

where Of — Ge Og = Fo — Way os On == On nl: 

Better approximations can be obtained by using one or other of the 

various rules for approximating to the integral (1). Simpson’s rule, for 

instance, gives 

— = [vp tin t2 Wotost.. FOx2 +4 (vy +u3+.. Fue! DI, (3) 

it being assumed that » is even and the x’s at equal distances apart. 

Both (2) and (8), and indeed all the values of « obtainable by the 

ordinary rules for approximating to an integral, are of the form 

B= e.g 104 Cite etn Ca, (4) 

where the c’s are constants, depending on the choice of z’s and the mode 

of approximation, and such that 

Pt is waa oe a (5) 

We have now obtained two forms for ~: one, a theoretical form, giving 

mas an integral; and the other, a practical form, giving « as a finite sum. 

Error of the Mean Value due to Inaccuracy of Measurement. 

3. Take first the mean value as given by (4). It is subject to two 

kinds of error. There are the errors due to the deviation of the functional 

form of v from that required for the particular rule taken in making the 

approximation to (1)—these are errors about which we can say very little ; 
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and there are the errors due to inaccuracies in the values of v9, 0, ---, Un 

—it is these with which we are immediately concerned. 

To investigate them let 

or iG wee Oe 

be the deviations of the measured values of vp, v1, ..., Un from their true 

values. The error in « due to inaccuracy of measurement is evidently 

given by 
Apu = Cyag- 61% +--+ On An. (6) 

This gives us the definite mathematical expression with which we shall 

presently be concerned. 

Preliminary Assumptions as to the Nature of the Inaccuracies im the 

Values of v. 

4. The deviations of v from its true value will not usually be com- 

pletely arbitrary. If the errors (instrumental or observational) are of the 

usual type occurring 7m practice, then we say (a) that they will all be 

within a certain standard, z.e. there is some positive number p which the 

absolute value of a never exceeds ;* and (0) that they are just as likely to 

occur one way as another, and so if our mean is based on a good many 

determinations (v.e. we take a fairly large value of n), then their total 

will be nil, 2.e. 

ee eee te 

* It may be pointed out here that in this paper we are not concerned with mean Gaussian 

errors: we are attempting to find out the worst that is likely to \happen in practice. 

There is no question of random distributions of error, and so on. We assume that what we 

find happening in practice is so, namely, that we hardly ever make very big errors. And 

what we want to know is the worst that may happen if these small errors occur in bad places. 

We allow ourselves certain limits of individual error and then determine the worst that may 

happen, swhject to these limits. In the Gaussian theory it is assumed that big errors are not 

so likely to happen-as the smaller ones. We assume that they do not happen at all. Of 

course exceptional cases will occur when our maximum values are exceeded. But for a good 

many practical purposes we may allow ourselves exceptions. If our gun does shoot badly now 

and again it does not matter. What we really want is to know that apart from these excep- 

tions it is quite certain to shoot up to a certain standard; and it is precisely this kind of 

information that work based on our lines gives. See also, N. R. Campbell, Physics, The 

Hlements, p. 487. 
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Maximum Error of the Sum. 

5. We have to find the maximum value of (6) subject to the conditions 

G) lal<p, 

Cy hoe 0. 

where s takes all integral values from 0 to m inclusive. 

To do so we observe that in virtue of (ii) the value of (6) is unaltered 

by an alteration in the c’s, provided each c is altered by the same amount. 

Choose this amount so that half the resultant c’s are greater than or 

equal to 0, half are less than or equal to 0 and (when n is odd) the one 

left over is equal to 0. The maximum value of (6) is now evidently ob- 

tained by taking a = p for the c’s of the first set, a =—p for the c’s of 

the second, and a = 0 for the odd one over if it exists. 

Let us consider one or two particular cases. 

I. The es are all equal. 

The sum (6) reduces to ED Us, 

which is zero in virtue of condition (ii). This shows that, with the instru- 

ments working as assumed above, the error to be expected due to in- 

accuracies of observation is zero, when the values of x for which the 

observations are made are so chosen that the factors c are the same 

throughout—a fact of no small practical importance. 

II. The c’s are obtained by making use of the approximation (2) wrth 

the points Xo, LZ, ---, Ln equidistant. 

We have Co = 36, 

a Ch cn Cg 0, 

Cy, = 46 

The maximum is best obtained as follows. 

By (ii), Loa. 0. 

Therefore Cota tia +--+ onan = — 406 (ag +n), 

the maximum value of which is 

p 

v —16(—p—p) = pd =~, 
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showing that for this case the maximum error is directly proportional to 

the distance between the points Zp, 2, ..., Ln 

III. The c’s are obtained by making use of Simpson’s rule. 

x is even in this case, = 2m, say. The c’s are given by 

: me a! 

ema ater HE) 

he Pears aa canal 
Cy = Cy =... = Coma = 5 

we) 
Cy = C3 =... = Com-1 = BO 

To obtain the maximum by the standard procedure, decrease each ¢ 

by 1/8m. We get m new c’s greater than or equal to 0, namely, 

= eee eae a 1 

Cy = 63 (= «25 = Comat — ayy 

and m less than or equal to 0, namely, 

1 OF ete AR ar wy (es — 
Cg = Og = ey CONC ite ei? 

and an odd ¢ over, which is zero, namely Con-2. 

The maximum is given by 

p(citest...+¢im-—p (abet... + Cams co+ Con) = Sta. 

In this case there ig in the maximum error a constant term of value 

p/8, together with a term varying inversely as the number of intervals be- 

tween the points of observation. The term p/8 shows that Simpson’s 

rule, though excellent from the point of view of avoiding errors due to the 

deviation of the form of v from the standard, is not at all good for avoid- 
ing errors due to inaccuracies of observation. 

The approximation (2), although inferior in the usual way to that ob- 

tained by Simpson’s rule, is here very much better: the maximum value 

error of (2) is p/n; that of (8), obtained by Simpson’s rule, is p/3+2,/8n, 

which is considerably greater. 
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The Analogous Problem for Integrals. 

6. There is no question of obtaining the errors of (1) because the 

analogue of (ii) gives 
1 

\ Cie v— (0). 
0 

and this is equivalent to saying that the error of (1) is zero. 

(1) is, however, only the physical analogue of (4). If we omit alto- 

gether the way in which (4) was derived and consider it merely as a certain 

kind of sum, we find that its analogue (which we may term the mathe- 

matical analogue) is 
1 

: = paiva) de, (7) 
0 

where v(x) is a function subject to variations, and y(x) depends only on z. 

If a (zx) is the variation in v(x) at any point x, then the variation in u 

is given by 
t 

NaS | a(x) y (a) dx.* 
0 

This is the quantity whose maximum we wish to find. \ 

The appropriate restrictions analogous to those of § 5 are, of course, 

(i)’ | a(z)|<p, 

(ii)’ [awe d= 0; 
0 

To find the maximum value of Aw we increase or decrease y(x) by a 

constant amount adjusted so that the function y,(x) obtained is such that 

the interval (0,1) can be divided into two sets H, and H, of equal measure 

in the one of which y,(z) > 0 and in the other y,(x7) <0. The maximum 

* Tt may be remarked that this expression is not altogether devoid of practical significance. 

Suppose we are concerned, not with the mean value of v (x) but with the mean value of some 

expression based upon » (2), i.e. with that of some function F' [v (x)], which is 

1 

: [, Pl @)lae. 
0 

The variation in this due to a variation a (x) in v (x) is approximately 

[.« (a) F (0 @) de, 
0 

which is of the form given. 
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value of Aw is then given by 

p 3 yi(a)dx —p |, (x) dz. 

It is not, however, obvious that HZ, and H, can be obtained as stated. 

lo establish their existence let H(t) be the set of points in (0, 1) for which 

y (x) +t > 0. 

y(z) being supposed a measurable function,* H(t) is a measurable set 

and its measure gives us a function m/(t) of ¢. 

mt) evidently increases with ¢. Thus there is a unique value 7 of ¢ 

such that 

mt) <= 4) “for t <7, 

Mt) > &  10r tee 

Let us now make use of the idea of the limit of a variable set. Just 

as numbers depending on a variable parameter may tend to a limiting 

number as the parameter tends to some particular value, so sets of points 

depending on a variable parameter may tend to a limiting set as the 

parameter tends to the particular value. As in the case of numbers, when 

the set either increases steadily or decreases steadily as the parameter in- 

creases, the limiting set always exists. t 

In the case in point 

lim H(t), te. H(r+0), 
: t>r+0 

exists. 

Since mE (t)=m(t)>4 for t> 7s 

mE (r-+0) > 3. 

Also, since E(t) includes H(r) for t> 7, 

H(rt-0) 5 (zr). 

Now let € be any point such that 

NAG tea 

= 

* In all modern work dealing with integrals it is almost invariably assumed that the 

functions concerned are measurable functions (in Lebesgue’s sense). 

+ De la Vallée Poussin, Intégrales de Lebesgue (Borel Tracts), p. 9; Carathéodory, Vorles- 

wngen tiber Reelle Funktionen, pp. 113-119. 
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Then there is a value ¢, of ¢ greater than 7 for which 

y ©)+t =U: 

Hence £ does not belong to E(t,), and therefore does not belong to 
E(r+0). 

Thus in E(r++0), y(x)-+7 > 0. 

But every point for which ye)--7n— 0 

belongs to E(r). Thus in the difference H(r+0)— EH (7), 

y(a) +7 = 0. 

If we take EL, to be H(r) together with sufficient points of 

E(r+0)— F(z) 

to bring its measure up to 4 it is easily seen that H, has the required 

property. , is then the remainder left after taking H, from the interval 

On 1).* 

Example on the above. 

7. As a simple case take that in which y(x) steadily decreases.t Hj, is 

evidently the interval (0, 4), and H, the interval (4, 1), 4 being included 

in either #, or HE, but not in both. y,(x) is y(@)—y(4). The maximum 

value of Au is 

3 1 2 1 

p | {y(@@)—yG)} dz—p | {y(«)—y(3)} dx =p| ia)de—p| y (x) dz, 

the terms in y(4) cutting each other out. 

Imposition of an Additional Restriction. 

8. In the above nothing has been said about the total numerical error 

which may be committed, i.e. D|a|. In extreme cases, when the maxi- 

mum error p is made at every observation, this will be either np or 

* The above result being of a certain amount of interest we formulate it as a general 

proposition. It runs as follows :—/f f(x) is measurable in any measurable set G, then a con- 

stant k can be found and G divided into two parts of equal measure in such a way that 

f(x) > k in the first and f (x) < k in the second. 

+ For instance, when 7’ (a) is negative. 
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(n—1)p, when n is the number of observations; np being taken when 

is even, and (n—1)p when n is odd. But in a good many cases it will be 

nothing like as much. So it is not without interest to consider what 

happens when the additional restriction is made that the total numerical 

error is not to exceed a fixed amount o.* 

The a’s are now subject to (i), (ii), and 

(ii) Zla|<o. 

To find the maximum error we may,.in the first place, proceed exactly as 

in § 5, obtaining new c’s which divide into two groups, the first containing 

no negative members and the second no positive. Only we do not take 

a = p for the first group and a =—p for the second. This is prohibited 

by the new restriction. Instead we take a= pp for the greatest positive 

c, then a = —p for the greatest negative ¢; then a =p for the next 

greatest positive c, a = —p for the next greatest negative c; and so on— 

proceeding in this way until another step would make the total numerical 

error exceed o. 

We are now left with the problem of distributing the remainder Ff of 

the permissible total numerical error (of an amount less than 2p, as other- 

wise we could take another step) among the remaining c’s. To see how it 

must be distributed, observe that from (i) it follows that half of it must go 

to the positive group and half of it to the negative group. This being so, 

the maximum is evidently obtained by taking a = R/2 with the greatest 

positive c’s yet unused and = — R/2 with the greatest} negative. 

Since the c’s used above may be altered back into the original c’s with- 

out affecting the value of u, we can state a practical rule as follows :— 

Arrange the c’s in descending order of magnitude. Take a =p with 

the first and = —p with the last, then a = p with the second and = —p 

with the last but one, and so on, until another step would make the total 

numerical error exceed o. Let g be the number of steps taken. Take 

a = o/2— qp (i.e. R/2) with the (¢+1)-th and = —(¢/2—qp) with the last 

but g. The maximum value of mu is obtained. 

The actual value of the maximum, it should be noted, is 

q—1 n 

Pp ( 2 Cs >> «) +fp(Co—Cn—0)s 
s=n—qtl 

where g is the greatest integer such that 2¢p <, 7.c. the greatest integer 

in o/2p, and f = o/2p—q, a positive proper fraction. 

* o is evidently less than (n +1) p. 

t ‘‘ Greatest ’’ is used here as above, as is evident from the context, in the sense of 

greatest numerically. 
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Maximum Error of the Integral subject to the New Restriction. 

9. The analogue of (iii) for integrals is 

a 

(iii)! \ | a(x) |\da <o, 
0 

where o is some positive number less than p. 

To find the maximum value of Ax we first of all obtain the sets H,, LH, 

as before, in the first of which yi(z) is never negative, and in the second 

of which it is never positive. If, now, we can establish the existence of 

sub-sets e; of H, and e, of Hy such that 

= —l1 

and no value of y, (x) in H,—e, exceeds any value in ¢,, nor is any value 

in H,—e, less than any value in ¢, then the maximum of Au subject to (i), 
(ii)’, and (iii)’ is given by taking a(@) =p in eq, =—p ine, and = 0 

elsewhere. Its value is 

at yala)de—p | n(x), 

1.€. since y;(2)—y(x) is constant, 

p | (a) de— p ‘ y (a) dx. 
Jey 

The existence of the sub-sets e, and e, is established as follows :— 

Take any positive number e and form the infinite scale 

D6, Re Mera, MVD se ai 2% 

Let S, be the sub-set of H, for which 

v—le <y,(x) < ve. 

The sets S,, S:, ... so obtained do not overlap and together make up the 

set H,. Since, as we have already supposed, y(x) is a measurable func- 

tion, so is y,(z), and these sets S are measurable. This gives, from the 

above, by means of a well known theorem in the theory of measure, 

mS, +mSo+...+mS,+... = mH). 

Every term of the series on the left is positive, and so there is a first 

number N such that 

pp {mSysitmSyi2t...} < he. 

SER. 2. vou. 20. No. 1394. T 
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Write now SnaitSwaet:.. =J, 

S, +S8,+...+Sy = K, 

Syn — ®. 

Then pmd < to, 

p(mJ+mo) > so, 

and no value of y,;(#) in K exceeds any value in J. 

Now Jet « assume in turn each of the values 

Uf) AOR etl Sey heaee 

and let J,, K,, @, be the determinations ‘of J, K, w, where « = 1/2’. 

From the inequalities 

: 2 ad) ke) ee v— 1) 9! 97 gr-1 ya 

10; 

(8) 

(9) 

it follows that the sets S for e = 1/2" are all sub-sets of the sets S for 

e = 1/2""". No one of the former overlaps two of the latter. And it is 

quite easy to show that 

dh@Wdreatn  eliGsn . OFS Orsi” 

Thus the sequence of sets 

BP ae nan ack 

is an increasing sequence, and those of sets 

VME RRS re Lee 

M1; Wa, 22+) Wry oeey 

are decreasing. All three, therefore, by the theorem quoted in § 6, tend 

to limits, which we will denote by 

respectively. 

From (8) and (9) it follows that 

pmJ < te, < 

p (md’ +mo') > 4o. 

* > denotes ‘‘ contains’’ and C ‘‘is contained in.’’ 

(10) 

(11) 
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Also y; (z) is constant in w’. For its oscillation in w, does not exceed 

1/2". Since w, decreases, w’ is contained in w,, and therefore the oscilla- 

tion in w’ does not exceed 1/2", 7.e. it must be zero. 

Let us now show that no value of y, (x) in K’' exceeds any value in 
either J’ or a’. 

The first part is evident, for no value in K, exceeds any value in J,. 

Therefore no value in K’ exceeds any value in J,, for K'CK,. But every 

value in J’ is a value in at least one J,. Therefore no value in K’ exceeds 

any value in J’. 

For the second, no value in X, exceeds any value in w,, by the defini- 

tion of K, and ,. But ow’ Cw,. Therefore no value in K, exceeds any 

value (which is really the value) in w’. As before, every value in XK’ is a 

value in some A,. Thus no value in K’ can exceed any value in o’. 

It follows from the above that if we take e, to be J’ together with any 

part of w’, then no value in H,—e, (which is contained in K’) can exceed 

any value in e,. It is now only a matter of choosing the portion of w’ so 

that pme, = 4c to obtain e, as required. And this can be done in virtue 

of (10) and (11). e, is thus obtainable. 

In exactly the same way so is é. 

Hxeample. 

10. Suppose y(z) is decreasing. Then e,, é, are evidently given by 

a= (0, ae pee Gaon 1), 

and the maximum value of Aw is given by 

‘ao /[2p 1 

p| yx) dx — p y (x) dz, (12) 
0 Jl—a/2p 

Alternative Method for Sums, based on Abel’s Transformation. 

11. The maximum value of the sum (6) can also be obtained in an 

entirely different way, as follows. 

: Write A, =o 1% +>... Oe 

Then, by Abel’s transformation, 

Au — Coty tty Oy: tee + Cn an, 

= Ay(Cg— 6) Ay (C1 — Cy) +... FAn—1 Cn-1— Cn) FA nen 
tr 2, 
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As in § 8 let q be the greatest integer such that 

< 0/2, 

and f=c/2p—¢. 

We bave, by (i), 

l4ol<p, |Ail]< 2, «.., |Aa1| < 9p, 

|Anal<p, |An-2| << 2p, ..-, |An-al < gp, 

the latter since | Anon) = \Agoa dees We Aah 

Also, in all cases, 2|A,| = |A;—(4,—A,) 

<|A.|+|4.—A,| 

<a] +] | +... | an | 

<o. | 
Now, supposing, as we may, that the c’s are arranged in descending 

order of magnitude, so that the factors cy—c,, ¢y— Cg, ---; Cn-1— Gn affecting 

the A’s are all positive or zero, we have 

| Au | < p(Go— 6) + 2p (0, ey) +... + Gp (Cqa— Cg) FH (Cg— Cg) + 

+ $e (Cn—g-1— Cn—) +99 (Cn—g—Cn—g4 +--+ (Cn—1— Cn) 

< ptt... +eq-1) + (F/2—gp) ¢g—(¢/2—Yp) Cn—q 

—(Cy—941 + Ca—gt0- + Sn) 

—fy (a Cs— : cs) +p (Cg—Cn—¢)- 
s=0 s=n—qt+l 

Taking Cy =" Gy — 2 Ope — 

An—g+1 = Un-qi2 = --- = An =——/P, 

Og = fp, 

dn—q = — Sp, 

which values evidently satisfy (i), (ii), and (iii), we see that Au actually may 
be equal to the bound given above. This bound is therefore its maximum 
value. This is the result of § 8, and it has been obtained by an entirely 
different method. 
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Alternative Method for Integrals, based on Integration by Parts. 

12. For the special case in which y(x) has a derivative of constant 
sign the result of § 9 can be obtained as follows. 

is 

Write Ate) = \ a(x)dx. 
0 

As in § 11, we can show that 

Pate) p= pe for! 0" £2 6 )2p, 

= pUl—é) for 1—o/2p < ¢ <1, 

< co in all cases. 

i 

0 

Now | a(z) y@)dz = | 4 (x) y cw) | —| A (x) y' (x) dx 

=—| 4 wae, 

since AA os 240) == Os 

To fix the ideas, take the case in which y'(z) is constantly negative or 

zero. We get 

| Au| = || ac) y (x) dx 

a/2p 1 1—a/2p 

<p = Ly’ (x) ae—| (l= 2) y' (@) ax |—4¢ | y' (x) dz. 
a) l—o/2p ‘ a/2p 

a [2p o/2p o/2p 

But -| zy’ (x)dz = —) xy) +| y (x) dz, 
0 0 0 

1 , 1 1 q 

“ee sae bad (@) ees —[a-ay ele a ye) a 

o/2, 1 

and these give |Au| <p |, : y (x) ae—| y(0)de |. 
—a/2p 

As before, we show that Au may take its bound, which is therefore the re- 

quired maximum. ‘This is the result of § 10. 
¥ 

The Constants K, and Ky. 

13. For the integral 
1 

Ap =| a(x) y(x) dz, 
0 
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the maximum value is, by $ 9, given by an expression 

pk, — pk, 

where K, and K, are independent of « (2), t.e. for any given function *y(x) 

they are constants. 

Now we have shown that these constants exist, but we have not ex- 

hibited in any very obvious way their relation to the function y(#). This 

relation we proceed to investigate. 

Turorem I.—If ¢ ts any sub-set of (0, 1) of measure o/2p, then 

Since y, (x) differs from y(x) only by a constant, it is sufficient to show 

that 

| yi (x) dx =| y1 (a) da = | v1 (x) da. 

For this gives | yada > \ y (x) dx >| y (x) dx, 
ey @ é2 

since é,, é, e are all of the same measure, and these inequalities are the 

inequalities required. 

Let CH denote the complement of any set H with respect to the in- 

terval (0, 1), z.e. the points of (0, 1) which do not belong to Z. 

From the definition of e, it is evident that no value of y,(x) in ce, 

exceeds any value in ¢;. Thus, if ee, is the common part of e and e,, no 

value of y,(z) in e—ee,, the remainder of e, exceeds any value in e,—ee. 

But e—ee, and e,—ee, are of the same measure. Hence 

| yiWode > | yi (x) dz, 
e—ee} 

1.6. | via) aa > (a) dx. 

In exactly the same way 

| nwae <| nwae, 

and the theorem is proved. 
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From this result it follows that A, and A, can be defined as follows : 

Derinition.—Let = be the aggregate of values of | y(x)dx where e 

is any sub-set of (0, 1) of measure o/2p. Then K, is the upper and K, 

the lower bound of =. 

Elementary Determination of K, and Ky. 

14. THeorem I.—In forming the aggregate X we need only consider 

such sets e as consist of a finite number of non-overlapping intervals. 

For since e, is measurable there is a set 6 consisting of a finite number 
of non-overlapping intervals such that 

é; = E+e'—e", (13) 

where e’ and e” are measurable sets of measure less than any positive 

number e given in advanee.* (13) gives 

|m& —me,| < me’ + me" 

=" De. 

i.e. | m& —o/2p| < 2e. 

Thus we can make & of the right measure by the addition or subtraction 

of intervals of total length not exceeding 2e. Let F be the set thus ob- 

tained. Then m (e,~F) < 4e,+ 

and therefore, by a well known theorem on summable functions, { 

| y (x) de—| y (x) da 
ey F 

is arbitrarily small with e, 7.e. \ y(x)dx can be made as near K, as we 
F 

please. 

It follows that K, can be obtained by considering only sets of the 

‘manner described. Similarly for Aj. The result is obtained. 

* De la Vallée Poussin, Cowrs d’ Analyse Infinitésimale, t. 1, 3rd ed., p. 63. 

+ E ~ Fis the complete difference between H and fF’, v.e. the points of # which do not 

belong to F' together with those of #’ which do not belong to H. 

13 De la Vallée Poussin, wbid., p. 260. Also, Intégrales de Lebesgue, p. 48. 
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Application of an Approximation Theorem. 

15. The result of the preceding section may become a little plainer if 

we make use of the fact that we can approximate to summable functions 

in a certain way. 

Call a function which is equal to a constant in some interval and zero 

elsewhere a function of zero type, and a function consisting of the sum of 

a finite number of functions of zero type a function of simple type. Then, 

if f(z) is any function which is summable in a measurable set H, we can 

find a function of simple type wW (x) such that 

| lf@o—ve@)| de 
is as small as we please.* 

Take H to be (0, 1) and f(z) our function y(x), so that 

1 

[ iy@—yaldr <. 

Let K{ and K3 be the constants for y(x) corresponding to K, and K, 

for y(z). Then Ky differs from K, and K}; from K, by less than e.t But 

Ki and K3 are evidently of the form 

|, W(x) da, 

where e’ consists of a finite number of intervals of total length o/2p. 

Now an integral of the form \ vW(a)dx differs from an integral of the 

form | y(x) dz by less thane. Thus K, and KH, can be approached to 

by integrals of the form 

| y@ae, 

within the standard 2e. ‘This is substantially the result required. 

* This result is substantially obtained by de la Vallée Poussin on p. 106 of the second 

volume of his Cours d’ Analyse. 

+ To every member of the aggregate of which K, is the upper bound there corresponds a 

member of the aggregate of which Kj is the upper bound differing from it by less than «. 
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Converse of the Fundamental Theorem. 

16. We shall show: 

Turorem III.—If K, and Ky, are the wpper and lower bounds of 

P y(e)dx for all possible swb-sets e of (0, 1) with measure o/2p, then the 

maximum of Au is pky—phy. 

For suppose it is not. Then it differs from pK,—pK, by an amount 
of positive absolute value w. By properly choosing y(x) we can ensure 
that 

1 

(a) The maximum of Au, = \ a(x) W(x) dx differs from that of Au by 

less than o/3. : 

(ob) The constants Ky, K% for v(x) differ from those of y(x) by less 

than /3p. 

Now p(Ki—£:) is evidently the maximum of Au,. Thus the maximum 

of Au differs from pi,—pK, by less than 

@ ® @ ae 

t.é. oO < a, 

which is impossible. 

Remars.—The proof given above may at first sight seem unnecessary, 

as the converse follows at once from the way in which the theorem was 

proved in $9. There we showed that the maximum was given by 

P| y(o)de—p|, y (x) dz, 

where e, and e, are sets obtained in a certain way. In § 13 we show that 

\ y(e) dz, | y (x) dx 
Je 

are the bounds by which A, and K, are subsequently defined. Thus the 

converse must be true. 

But if we examine the proof of § 9 we find that it depends on the two 

following propositions :— 

(A) If S,:+8.+...4+8,+... = FE, 

mS,+mS,+...+mS,+... = mH. 
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(B) lf J,, Jo, ... inerease to J’, then 

md, > md". 

Neither of these propositions have yet been demonstrated apart from 

the use of the so-called Multiplicative Axiom,* a result which as far as can 

be seen does not follow from the ordinary axioms of mathematics and 

whose truth at present we do not know how to ascertain. 

It is desirable, if possible, to establish the existence of a solution of 

the problem apart from this axiom. And this is precisely what the proof 

of § 16 enables us to do. For K, and KK, can be defined as upper and 

low. er bounds apart from the Multiplicative Axiom. And the approxima- 

tion theorem of § 15 can be established without it. The problem is thus 

solved without it. 

Determination of K, and Ky when y(x) is Riemann-integrable. 

17. When y (x) is integrable in Riemann’s sense then K, and Ko, as 

we are about to show, can be obtained by a direct process as limits of cer- 

tain approximative sums, just as a Riemann integral can be obtained as a 

limit of sums. From a theoretical point of view, of course, this fact is 

not of any great importance. But from a practical point of view it is the 

one thing that matters, because it provides us with a reasonable means of 

calculating the constants required. 

Contrast, for the moment, a limit of a sequence with a bound of an 

ageregate as regards practicability of calculation. Suppose that a number 

Lis given 

(a) As the limit of the sequence 

Ay, Ag, «++, Un, ---- 

(b) As the bound of an aggregate of numbers a; 

where the a,’s and the a’s are not explicitly given, but have to be calculated 

according to certain rules; and that we try to find ZL radu cest i by 
calculating the a’s. 

We are at once faced with the fact that we can only calculate a finite 
number of the a’s. Consequently, as far as (b) goes, we cannot in general 
get anywhere near determining LZ. For there is no reason at all for 
supposing that the greatest of the a’s calculated is anywhere near L. It 

* See Russell, Introduction to Mathematical Philosophy, Ch. xii. 
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the a’s in (0) form a more than enumerable set, the odds are that we shall 
never hit on a’s near L. For instance, if the a’s consisted of all the num- 
bers between 0 and 1, together with the number 100 aggregated together 
in some random manner, the likelihood of our calculating the a which is 
100 is nil. We should almost invariably deduce from our calculations 
that L was some number not greater than 1. Even if we could calculate 
an enumerable infinity of a’s we should not in general include 100 and 
would still get D <1. 

But when we come to L as given by (a) we are on different ground. 

We know, by the definition of convergence, that by calculating sufficient 

a’s we can get as near L as we please. It is always possible to determine 

L™ by calculating a finite number of a’s, and the only difficulty is, when 

we have obtained some likely value, to verify—by means of the law de- 

fining the sequence—that this value is a proper approximation. Whereas 

before we were outside the bounds of even probability, now we are within 

the bounds of the actually possible. The only difficulty that remains, is, 

as we have stated, the difficulty of verification. 

Consequently if we can show that A, and K, are capable of exhibition 

as the limits of definite sequences, then, from the practical point of view, 

we have made enormous strides towards numerically obtaining them.+ 

Approximative Sums for K, and Kg. 

18. Take any set of dividing points 

Lo = 0, z,, XQ; coey Le—-1, Uy +20) Ln = 1 

in the interval (0,1). y(x), being Riemann-integrable in (0, 1), is bounded 

in (0, 1), and therefore bounded in each of the intervals (x,-1, a). Let 

M,, m, be its upper and lower bounds in the representative interval 

(t,.-1, 2%), Which we will denote by 6;. 

Rearrange the intervals 6; so that the corresponding upper bounds M, 

form a descending series. In their new order let the intervals be 

M1, 1292 +++> Wks +++) Mn 

the corresponding upper bounds 

ees ee 

* Approximately, that is to say. 

+ It may make matters clearer if we state that one of the great advantages of the Riemann 

integral is that the value of any given definite Riemann integral is within the bounds of 

practical caleulability. That of a Lebesgue integral does not in general seem to be so. 
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and the corresponding lower bounds 

Dus Don <.s9Dieos am Dn: 

Find the first integer satisfying 

m+m+... tm > b, 

where / = a/2p, and form the sums 

5 = faa yea) aly she? , 

8 = Pim Pog +++» Pr-1 7-1: 

Again, rearrange the intervals 0, so that the corresponding lower 

bounds m, form an ascending series. In the new order let the intervals 

be ‘ 
Si Gos eee Cus vee) Gr 

the corresponding lower bounds 

1, Jar +++9 Yho +++ Yny 

and the corresponding upper bounds 

V1 Qo C05) Qs COOY, Qn 

Find the first integer « satisfying 

Cet eee 
and form the sums 

e= Hot dofote..+ Gis Ge 

z= Qi + Qasatk ss OpaiG ae 

The sums S, s are approximative sums for Jj, and 2, o approxima- 

tive sums for A, analogous to the approximative sums for an integral 

obtained by Darboux in his account of Riemann integration.* 

We proceed to show that, as the length of the maximum interval 6 

tends to zero, S and s tend to K, and 2 and o to Ky. First of all,- how- 

ever, we shall prove one or two subsidiary results. 

* Goursat, Cours d’ Analyse, t. i, 2nd ed., pp. 171-176; Whittaker and Watson, Modern 
Analysis, 3rd ed., p. 96. 
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Inequalities for the Approximative Sums when y (x) satisfies certain 

Conditions. 

19. THeorem.—lf y(x) > 0 throughout, then S>K,>s. If y(a) is 

negative throughout, then o < Ky <>. 

Let us prove the first. 

In the first place, if is the set consisting of m, m, ..., m—1 together 

with any part of (0, 1) outside the intervals of length such as to make 

mw = 1;* then 

K, >| v(x) dx >| y (x) dx 
Mayet. Ay 7 

=i yeyde+| yede+...+| y (a) dx 
ne 

> Pym t+Patet.-.+Pr-1m-1 

eee 

Again, denoting by I(£) the integral of y(z) in any interval # we have, 

if e is any sub-set of (0, 1) of measure J, 

| v@az = Tie} 

= Tiemtent...+emnte(nsit-.. +) 

< Pym(en)+ Pome) +... + Pymem) +Prm {e(mszit...+m)}. 

Now S = PymtPomt-.-+Prm- 

Thus 

s—| y(«)dz > Dis ee ee ne oe + Py mga — em) 

— Pym felmart +1} 
> Py[m(m—en) +... mlm —em) —m (e(m4it-.. tn) } | 

= Pylmtat...t+m—m(en+emt...+em)| 

= Py[m+mt+...+-m—me] 

* mis here the sign of measure. 
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and so. - Ss \ y (x) da, 

whence, ¢ being arbitrary, Sie ate 

This completes the result. 

The Fundamental Property of the Approximative Sums. 

20. Lemma.—As the maximum interval tends to zero, S—s and X—a 

tend to 0; 

For let A be the difference between the Darboux upper and lower sums 
1 

for | y(x)dx for the same mode of sub-division, 2.e. let 
0 

A = 2 (Mi,—m,) ox. 

Then evidently |S—s|, |2—-c|<A+G.6, 

where G is the upper bound of | y(z) | in (0, 1) and é is the length of the 

maximum sub-interval. Darboux’s theorem* in the theory of integration 

states that AO as d6—>0, and we have our result at once. 

Cor.—If y(a) 1s positive, S,s > K,; if y (@) 1s megatwe, 2,o —> Ky. 

THEoREM.— Whatever be the sign of y(x), S,s—> K, and 2, a — Kg. 

For suppose y(z) is not positive. By the addition of a suitable con- 

stant @ we can make it positive. 

If Ki, K, S', s’ are the respective constants and sums fer yin)-C, 

then, by what has gone before, 

S', s' > Ky. 

But eG, 

Also S’ and s’ evidently differ from S$ and s by an amount which tends to 

Cas 6>0. Thus 
Da CNS Chea. 

1.€. Sous ay, 

In exactly the same way we show that 

= oe — Ko. 

* Goursat, loc. cit. 
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Generation of K, and K, as Limits of Sequences. 

21. Although we know that S, s— Ky, this is not yet sufficient for the 
exhibition of A, as the limit of a sequence of calculable terms. For S 
and s being expressed in terms of bounds are not themselves calculable. 
But if we replace them by a sum of the form 

T= Wi tyod2t... Fy 4, 

where ve = y (Ey): 

the intervals being rearranged in descending order of y;, and & being some 

point in 6;, then T is calculable ; and if 7 — K, as 6 (the maximum sub- 

interval) +0, then what we set out to do, namely, to exhibit K, as the 

limit of a sequence of caleulable numbers, has been achieved. 

To show that we can get a sequence of 7’s tending to K, observe that 

for any given sub-division of (0, 1) we can find three sums: 

(a) By rearranging the d’s in descending order of upper bounds; this 

gives a sum S. 

(6) By rearranging them in descending order of lower bounds; this 

gives a sum we will call s. 

(c) By rearranging them in descending order of y(&); this gives the 

sum 7’. 

In each case, of course, we take just enough sub-intervals to obtain a 

total length not less than /, and in forming the sum the length of each 

sub-interval is to be multiplied by the appropriate factor, whether upper 

bound, as in (a); or lower bound, as in (0); or y(&), as in (¢). 

Now make the sub-division so that all the sub-intervals are equal. Then 

Sete 8, 

For, if 6 be the length of a sub-interval, s consists of 6 multiplied by the 

sum of the A greatest upper bounds, s of 6 multiplied by the sum of the 

greatest lower bounds, and 7 of 6 multiplied by the sum of the A greatest 

intermediate values. But S, as has been shown, tends to K,. 5%, in a 

similar way, tends to K, Thus 7’—> K,. Our objective is reached. 

Nors.—On the Solution of the Problem by Elementary Methods. 

It should be stated that the method given above, depending essentially 

on the theory of sets of points, for the solution of the problem in the case 
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of an integral is not the only one. When the functions concerned are 

Riemann-integrable the solution can be obtained, in a form not differing 

in any vital way from that actually given, by means of arguments which 

are throughout of an elementary character. The problem was, in fact, 

solved first in this way ; the solution by means of sets of points andzargu- 

ments in the Lebesgue theory only occurring to one of the writers after 

he had become acquainted with the original solution. We omit the7ele- 

mentary method, which formed the subject of the paper as first commu- 

nicated,* simply because the paper is already long enough. 

* By the first author alone. 
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ON THE RECIPROCITY FORMULA FOR THE GAUSS’S SUMS 
IN THE QUADRATIC FIELD 

By L. J. Morpeun. 

[Received September 21st, 1920.—Read December 9th, 1920. ] 

Some account of the Gauss’s sums, that is series of the type 

hye 
G (+) = > erat (1) 

s=0 

where @ and 0 are integers, not necessarily positive, is to be found in 

text books on the theory of numbers as part of the fundamental elements 

of the subject. It is well* known that (if } or a@ is even, or if the summa- 

tion for s extends to 2||—1) - 

ee a 
where the radical is taken with a positive real part, and that this formula 

contains implicitly not only the sum of the series (1) but also the ordinary 

law of quadratic reciprocity. 

2. The last twenty-five years, however, have seen the laws of not only 

quadratic reciprocity, but also of J-ic reciprocity (where / is any prime) 

for the general algebraic field, investigated with complete success by 

Hilbert and Furtwangler, in a series of memoirs of the greatest importance 

in the advancement of mathematical knowledge.t The latter writer, de- 

* See Bachmann, Zahlentheorie, Vol. 3, p. 160. 
+ For an interesting résumé of the subject and references, see the paper by Fueter ‘‘ Die 

Klassenkérper der komplexen Multiplikation und ihr Hinfluss auf die Entwicklung der 

ZYahlentheorie,” Jahresberichte der Deutschen Mathematiker-Vereinigung, Vol. 20 (1911). 

“Hilbert’s chief papers are his well known ‘‘ Bericht tiber die Theorie der algeb. Zahlkoérper,’’ 

‘of which there is a French translation published by A. Hermann, ‘‘ Uber die Theorie des 

relativ quadratischen Zahlkérpers,’’? Math. Annalen, Vol. 51 (1898), and ‘‘ Uber die Theorie 

der relativ-Abelschen Zahlkérper,’’ Gétt. Nachr., 1898, or Acta Math., Vol. 26. Furt- 

wiingler’s chief papers are in the Math. Annalen, Vols. 58, 63, 67,72, 74, and in the Git. 

Nachr., 1911. 

SER. 2. vob. 20. No. 1395. U 
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veloping and extending the ideas initiated by Hilbert, proved the general 

law for any algebraic field about ten years ago. 

Under these circumstances, it seems rather surprising that the Gauss’s 

sums were not also generalized for an algebraic field at the same time. 

This, however, was done as follows, only in the last few years, by Prof. 

Hecke, in a very interesting paper,* reminding us what vast mathe- 

matical treasures are still at hand if we could only find them. 

Let K be the quadratic field of discriminant —d, and suppose 4/d is 

taken with a plus sign if d is positive,.and with a positive imaginary part 

if dis negative. If Q is any number in K, we write 

S(Qhe= 04-07 

where {2’ is the conjugate of Q. It is easily seen then that S(w/4/d) is a 

rational integer if m is an integer in K. If, however, » is fractional, we 

remove the common ideal factors from its numerator and denominator, put 

Pg == Al B; 

and refer to the ideal B as the denominator of w. Itis now clear that if 

b is any rational integer divisible by the ideal B, then 6S(w/,/d) is an 

integer. Hence if k is any integer in K, e’’°©"/” igs a b-th root of unity 
depending upon the residue of k (mod B). 

The Gauss’s sum for the quadratic field is then defined by 

G(w) = ~ erry eld): 

where p takes all the values of any complete set of residues (mod B). 

Prof. Hecke then proves a number of results very similar to those for 

the ordinary Gauss’s sum, and in particular that 

Gob =(F)G@, @) 

if the ideal B is prime to 2, and & is an integer in X prime to B and 

where (=) is the symbol of quadratic reciprocity in the quadratic 

field K. 

* « Reziprozitatsgesetz und Gauss’sche Summen in quadratischen Zahlkérpern,”’ Gétt. 

Nachr., 1919. D bes a 
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All this, of course, applies to the general algebraic field; and it is 
all the more surprising that it has not been discovered sooner, when we 
note that sums involving an exponent similar to S(w) had already been 
considered by Stickleberger* in a paper of exceptional beauty, wherein 
he generalized some results of Kisenstein, who had proved} some formule 
such as: if p is a prime of the form 7n+2, then from 

e+Ty? = p= Tn+2 

3n)! 
we have 2s =4+—-—_ ( 2 aT Qn)! (mod p), «2 =8 (mod 7). 

Having defined the Gauss’s sum, Prof. Hecke, who had _ previously 

discovered a method of associating a theta function{ with an ideal, an 

idea through which he has already considerably enriched mathematics, 

deduced in the case of a real quadratic field, from the transformation 

formula for the theta function with two variables, the formula 

* N(A) 
wie) & (—n)° . 

where A is the denominator of b/a, and B, the denominator of —a/4od. 

Also N(A) is the norm of the ideal A, while sgnad = +1 according as 

ab is positive or negative. He then applies this formula to the proof 

of the law of quadratic reciprocity in the real quadratic field K. 

In a recent paper,§ I gave a very simple method for summing the 

series (1) in the particular case when a= 2. The same method, how- 

ever, applied to the general series (1) gives at once the reciprocity 

formula (2), as I noticed when writing that paper, though I did not 

mention it at the time. In reading Prof. Hecke’s paper, I saw at once 

that my method gives immediately the reciprocity formula for any quad- 

ratie field, real or imaginary. This I shall now prove. 

Let a function f(z) be defined by 

(E27? — 1) f(z) = = exp 7iS [(z +p)? w//d], 

b @: (~) = — e277? (sgn ab— sgn wd’) 9, bb, 

a aay, 

* ‘Ueber eine Verallgemeinerung der Kreisteilung,”’ Math. Annalen, Vol. 37 (1890). 

+ Crelle’s Journal, Vol. 37, or H. J. S. Smith, Collected Works, Vol. 1, p. 280. 

t It seems difficult to realize that as long ago as 1845 Hermite, in bis first letter to 

Jacobi (Hermite, Hwvres, t.1, p. 100), gave a method for associating a definite quadratic form 

with an algebraic number. 
n-1 z é 

§ “On a Simple Summation of the Series = CO Ye Messenger of Mathematics, 

Vol. 48 (1918). eS ae 
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where « = +1 will be fixed later, and 

p = E+7n9, 

where the numbers (1, @) form the base of the quadratic field K, so that 

6 = 4,/d if d =O (mod 4), 

or §6=4(—1+/d) if = 1 (mod 4). 

Also S [(z+p) Q)] = (e+ p)? Q+(z+p,)? Q,, 

where p,, Q, are the conjugates of p, Q respectively. 

The summation is extended to the values 

(a oN DMG Peay. at (5) 

HO Ot oe Men Ih aie 

where v= 

b, is the conjugate of b, a, the conjugate of a, and » = a/b, r =|aa,bb,|. 

Consider now the integral 

| fl de 

taken around the parallelogram ABCD where the parallel sides AD, BC 

cut the real axis of z at z= —4, z= 4, respectively, and are inclined 

to its positive direction at an acute or obtuse angle, according as S(w/,/d) 

is positive or negative. The sides DC and AB respectively are at an 

infinite distance above and below the real axis. The integral around the 

sides AB, DC obviously* vanishes, since if we put z = «+ 1y, 

ese gree) | — enemy Bte[vay 

and the direction of the sides DA, BC is such that zy S(w/,/d) is positive.* 

The only singularity of the integrand is a simple pole at z= 0. Hence, 

* Provided that » is not rational, for then S(w/,/d) =0, The results of the paper are 

trivial in this case. 
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by Cauchy’s theorem, 

D 

i (Me +I) fel] dz =u 3 exp ri Sool Vd. (6) 

We now take the standard expression for the Gauss’s sum in a form 

slightly different from that used by Prof. Hecke, and write 

G ($1) = Sexp wi Sip’o/V ad, 

where p runs through a complete set of residues (mod B), and B is the 

denominator of w/2 = a/2b. Hence the right-hand side of (6), when we 

adopt the limits of summation given by (5), can be written as 

74uM | bd, | G (4). (6a) 
N(B) 

The success of my method depends upon the fact that /(z+1)—/(z) is 

an integral function of z, really a sum of exponentials of the form 

exp (mz?-+nz). Hence as the path of integration can be deformed into 

the real axis of z from either —® to © or © to —® according as 

8 (J) = She 
is positive or negative, we can evaluate the left-hand side of (6) which 

then becomes, except for unimportant factors, a sum which is symmetrical 

in a/b and —b/a. 

For we have 

(2 —1)[f+)—f(2] = Z exp mt [S(e+27 | bd,| +79)? w//d] 

—2 exp [wt S(z+76)? o//d], 

where the summation refers to 7 =0,1,...,27M—1. The general term 

on the right-hand side is the product of two factors of which the first is 

exp [iS (z+)? w/a, 

while the second is 

—1-+exp wi S[4z7 | 60, | @+79) oo|/dA+47°b7b? 0/4/d]. 
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But S(4| bd, |O@e//d) and S(4b7b) a/r/d) . 

are even integers. Also 

| bd, | (ab, — a, b) 
ea z= 4u7Mz, S(4z | 6b, | w2z/4/d) = 47 

if we take uw = sen[bb,(ab,—a, b)//d]. 

Hence since exp(47iu7Mz)—1 is divisible by exp(27iuz)—1, we have 

fle+D)—fe) = S, exp {wi8[le+10) oly d]+ 2mings} = & exp wiV say, 
; (7) 

where y and ¢ also take the values 0, 1, 2, ..., 27M—1. 

Now it is well known that 

| ef? +292 a= (Sees 

where the radical is taken with a positive real part. In evaluating the 

left-hand side of (6), we change z into z+43y when 20 = —1+4/d, and 

hence we have 

nab +a, b) , 1(ab,—ay 2 (ab, — a, 6) 1 b)/d 
3 te bb, ae 4bb, + 2ucz+y, 

where y=yn¢ or 0 according as d2=1 or 0 (mod 4). Hence the integral 
(6), remembering that the path of integration is deformed into the real 

axis from —® to © or © to —@, becomes 

nate ( BEIN/ aN) abP= tes vee 

x exp | win earliteme me ee | 

and this reduces to 

ab,—a, °) ( 1bb,/d js v 

jh ( bby A/de a bieeaeb) aa en 

xexp (FES) (aa? +unclab, bad) +0]. (9) 

Now it is clear, by putting ¢+27M for ¢, that the summation for € (also 

for 4) need only refer to any complete set of residues (mod 27M), that is to 

say we can replace ¢ in the summation by ué. 
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It is then obvious that the sum of the series YX is unaltered if we re- 
) 

place a, b by —b, a. Hence noting (6), (6a), and (9), we have at once 

sgn(bb,)bb,G (+) eat sen (aa,)aa, G = °) FOUN 

eee mye) ay 
where A is the denominator of —b/2a. Since 

(ab)! ein | (a4 °) 

bb, Jd) ~~ | \ bby/d 

as the left-hand radical is taken with a positive real part, we have 

4 
: e7a sgn [ (6b, Va)/(aby—a0)) 

? 

| bd, |? G Ge, eX art sen [(0,v/d) | (ad, —a,2)] | NB) 

wel (- *) ea arisen [aa,va){(ar—a0)) INT (A), (10) 
a 

= |aa, 
for the final result. 

In the case of an imaginary field, aa, and 6b, are both positive, and 

we have 

1 b 
| bd, [3 G (+) /v@) =jaa,|'G (- ) /N@. (11) 

In the case of a real field, if aa, and bb, have the same sign 

b job,|8 @ (F) /wB) = |am|' ¢ (—{) [ww (12) 

If, however, aa, and bd, have opposite signs so that 

sen (aa, bb,) = —1, 

that is sgn(ab,) = —sgn(a,b), 

bb,/d ‘bb, /d 
and hence = sgn ee = sen (eee = sen(ab), 

da/d\ _ .. se) fe * 
sen aan, = sgn tesa = sgn(d,0)), 

we have 

i eo eee nae 
| bd, |? G (F) /x@ Se get en een) (aa, |? G (==) [N@. (13) 
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This formula, which also includes (12), is equivalent to Prof. Hecke’s 

formula (4). 

I need hardly remark that we can prove the law of quadratic recipro- 

city in the imaginary field just as Prof. Hecke has done in the case of the 

real field from (18). The details are now rather simpler (as is known to 

be the case in the general investigations of Hilbert and Furtwangler) be- 

cause of the absence of the factor exp[477 (sgn ab—sgna,b,)|. Thus if 

a and 6 are two co-prime numbers of odd norms (i.e. aa, and bb, both 

odd), and if one of them is a primary number, that is a quadratic residue 

(mod 4), then : 

ee 
where (+) is the symbol of quadratic reciprocity in the imaginary field. b 
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SUR UNE SERIE DE POLYNOMES DONT GHAQUE SOMME 
PARTIELLE REPRESENTE LA MEILLEURE APPROXIMA- 
TION DUN DEGRE DONNE SUIVANT LA METHODE DES 
MOINDRES CARRES* 

Par Cuarues Jorpan. 

[Read November 11th. 1920.—Received in revised form February, 18th 1921.] 

1. En statistique mathématique on rencontre souvent le probleme 

suivant: étant données certaines valeurs 2p, 21, ..., Z,-1 par ordre de 

grandeur de la variable x auxquelles correspondent respectivement les 

fréquences Yo, Y1, ---» Yn—1, le nombre n étant géneralement grand, il 

s’agit de reproduire ces résultats aussi bien que possible a l'aide d’un 

polynome /,,(z) de degré m plus petit que ». Les écarts ou erreurs 

étant 6; = yi—/»(xi), il faut déterminer les coefficients c, du polynome 

fn(Z) = Xc,x” conformément a la théorie des moindres carrés, en rendant 

la somme des carrés des erreurs 6; minimum. 

Les caleuls ne présentent pas de difficultés, mais ils sont longs et 

pénibles; en effet, les valeurs de m-+1 déterminants du m-ieme ordre 

doivent étre calculées. 

Les constantes c, évaluées, on peut, pour se rendre compte de la pré- 

cision obtenue, déterminer d’apres la théorie des moindres carrés, la somme 

des carrés des écarts 6; par la formule suivante: 

Ld? = Dy?—cy. Dyi— 6, - LYt Li— Cg: DY — -.. — Cm DY AP. 

Si on trouve que l’approximation obtenue n’est pas suftisante, pour 

en avoir une plus grande, on est obligé de refaire le calcul, et de déterminer 

les coefficients d’un polynome de degré m, > m; le grand inconvénient 

de la méthode est que dans ce cas, tout est a recommencer, car les m-+1 

constantes obtenues précédemment ne conservent pas leurs valeurs. 

* L’origine de ce travail est dans un cours de statistique mathématique et de probabilités, 

que j’ai fait en 1919 a l’Université de Budapest. 
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Si, au lieu de développer le polynome /,,(x) suivant les puissances de z, 

on fait ce développement suivant les factorielles de x, x (a—h), etc. ¢.-a-d. 

si l’on pose: 
Fn@) = Ue, 2 @—Na@—2h) se — yh hy), 

et qu’on détermine les coefficients c, d’apres le principe des moindres 

carrés, on rencontre les mémes difficultés. 

Par contre, si l’on fait ’approximation a l’aide d’une série de Fourier, 

cette difficulté ne se présente pas; en effet dans une telle série les 2m+1 

constantes étant calculées, si l’on veut obtenir celles d’une série a 2m,+1 

termes (m, > m), il suffit de déterminer les constantes supplémentaires, 

car les premiers 2m-+1 coefficients restent les mémes. 

Tchebichef a considére la premiére fois une série de polynomes tels 

que le développement d’une fonction suivant ces polynomes possede la 

propriété précieuse des séries de Fourier.* 

Ktant données les valeurs Yor Ys --+> Yn-1 QGu'une fonction y prend 

pour les valeurs 29, %, ..., n-1 de la variable x, il s’agit de déterminer 

une suite de polynomes ¢,(x), $2(a), ..., dm(z), le polynome ¢,(x) étant de 

degré v, tels que si l’on représente y par la somme de degré m (m < 7) 

Pine) = Cot Cy p(X) + Cy gpg (@) + 3-0. Cpe Pm(Z), 

ly i fi, (x Ale la quantité+ 
iM 

soit minimum pour toutes les valeurs de m. 

Tchebichef a montré que les polynomes ¢,(z) sont proportionnels aux 

dénominateurs v(x) des réduites de la fraction continue suivante : 

i, ay ere 
a—bd y+ 

i=0 LV; Ag 

ds 

car AU pe 

* “ Sur une formule d’Analyse,’’ Bull. Phys. Math. de l’ Académie Impériale des Sciences 

de St. Pétersbourg, t. 13 (1854), p. 210; ‘‘ Sur les fractions continues,’’ Jowrnal de mathé- 
matiques pures et appliquées, 2 série, t. 3 (1855), p. 289; ‘‘ Sur l’interpolation par la méthode 
des moindres carrés,’’ Mémowres de lV’ Acad. Imp. des Sciences de St. Pétersbourg, 7 série, 

t. 1 (1859), p. 1. 

+ Dans ce travail, conformément aux principes du calcul des différences finies, la variable 

x ne prend pas la valeur de la limite supérieure de la somme définie, c.-a-d. 

> f(x)=F(4)+f (2) +... +f (n). 
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Le facteur de proportionnalité étant quelconque on peut choisir : 

Sy2 v—l n pS SY eS 

Sz Sy Sd ; 

CV ls ei a Za 
v 

Lai" Se eg DT ate 

Alors en déterminant les réduites on trouve 

it “ oe Sen gy, | Hirt 

n Da a Oe wey ae 

(x) = | Xa; Soe ee De Sertt ‘ 

Pa ia ae 

Tchebichef a obtenu la formule suivante donnant les coefficients c,, 

a Lyi py (3) 

"Bhi (@i) 

Dans le mémoire de 1859, mentionné ci-dessus, il a traité en outre le 

cas particulier dans lequel les valeurs x, x1, ..., Z,-1 sont équidistantes, 

dans ce cas entre les fonctions ¢,(z) définies dans son mémoire et les poly- 

nomes v/,(x) précédents il y a la relation : 

=o 
v(x) Yr (a). 

Tchebichef a donné de plus une formule de récurrence pour déter- 

miner les polynomes ¢,/(7). 

Poincaré dans son Calcul des Probabilités,* a repris ia question et il 

est arrivé, par le développement de 2 1/(x—z;) en fraction continue, a des 

polynomes D,(x) proportionnels aux polynomes ¢,(x) de Tchebichef. 

A. Quiguet, dans les Proceedings of the Fifth International Congress 

of Mathematicians, Cambridge,t a indiqué une méthode d’application de 

ces polynomes aux fonctions de survie. 

‘ L’emploi de ces polynomes est certainement avantageux, malgré qu’il 

nécessite la détermination préalable des valeurs de ¢,(x;) et de 2 P?(x;) qui 

* 1 6d., 1896, p. 251; 2 éd., 1912, p. 280. 
+ Cambridge Press, Vol. 2 (1918), p. 385. 
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est généralement laborieuse. [eur avantage ressort surtout dans le cas 

ou l’on a plusieurs approximations a faire, dans lesquelles les grandeurs 

Xo, Ly, ..., Z,-1 sont les mémes, en effet les valeurs de ¢,(x;), ete., peuvent 

étre calculées alors une fois pour toute. C’est ce qui a lieu si les valeurs 

de 2», 7, ..., etc., sont équidistantes, ce qui arrive tres souvent en statisti- 

que mathématique. 

Dans ce travail nous allons déduire directement la forme générale des 

polynomes possédant les propriétés mentionnées des séries de Fourier, et 

étudier leurs propriétés ; puis en supposant les valeurs de x; équidistantes, 

nous allons donner des formules simples et des tables permettant de 

déterminer les valeurs de ces polynomes; enfin, on va montrer sur un 

exemple l’emploi de ces formules et de ces tables. 

2. Déduction des polynomes.—Etant donnés n points de coordonnées 

Zo, Yo L1, Yrj +++ Ln-1y Yai, 801b ¥ = fyi(@) Véquation d’une courbe de 

degré »—1 passant par ces points. Développons f,-1(z) en une série de 

polynomes : 

(1) y —— fer) = 2 ANG, 
r=0 

ou A, est un coefficient constant, G, un certain polynome de degré v. 

Considérons une somme partielle de l’expression précédente 

m+1 

mi Ce) Wet D2 Il Oe 
v=0 

Disposons des coefficients 4, de maniere que la courbe y =f,,(x) de 

degré m passe aussi prés que possible des m points donnés, suivant le 

principe des moindres carrés c.-a-d. que la somme (2) des carrés des écarts 

soit minimum : 

(2) : [yi in (xa). 
4=0 

A cet effet, il faut égaler a zéro les m-+1 dérivées par rapport a 

Ao, Ai, --+, Am de cette somme. ; 

Cela nous donne les m-+1 équations : 

(3) > [ys (dot AiG, +a Got... +n Gn) ] G, = 0, 

pour pi OF Teor o cece: 

Si les polynomes G, sont des polynomes quelconques, les valeurs de 

A, obtenues a l’aide de ces équations dépenderont en général du degré m . 
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de Ja courbe. Notre but est de déterminer les polynomes G, de manidre 
que les constantes A, soient indépendantes de m. 

La résolution des équations précédentes pour m = 0 donne: 

Ay = Lyi[nGo; 

en remplacant A, par cette valeur dans les deux équations obtenues de (3) 
en posant m = 1, on a YG)G, = 0 (équation de condition) et 

Si nous posons dans (3) m = 2 et si nous y remplacons A, et A, par 

les valeurs précédentes, nous trouvons : 

=G> Gy = 0, =G, Gy = 0, A, i Lyi G,{[=G2. 

; : * : n\ , : 
En procédant de la méme maniére, on arrive aux @) equations de 

conditions 
n 

(4) >» Go) G, Ga) = 0 “pour + sop. 
i=0 

Les polynomes Gp, G,, ..., Gr-1 contiennent en tout lees) con- 

stantes arbitraires, on peut donc satisfaire a ces équations et, en plus, on 

peut choisir arbitrairement dans chaque polynome un des coefficients. 

Outre les équations de condition, on trouve encore: 

A DiGat = > 4% G,e). 
i 4=0 i=0 

Par suite, le développement en série de polynomes G posséde non 

seulement l’avantage, vis 4 vis d’un développement suivant les puissances 

de x, qu’en poussant l’approximation plus loin, les coefficients déja ob- 

tenus conservent leurs valeurs, mais encore l’extréme simplicité de la 

détermination de ces coefficients A,. 

On peut donner une autre expression aux équations de condition (4) ; 

en supposant ~ > vy on peut mettre a la place de G, un polynome quel- 

conque F,,(x;) de degré v. En effet ce dernier peut étre considéré comine 

la somme de plusieurs polynomes G,; tels que s<v; il en résulte que 

les conditions (4) sont équivalentes a 
‘ 

nw 

(4’) p> EL @;) Ga) ==10 81 We Saye 

1=0 

Les polynomes mentionnés de T'chebichef et de Poincaré satisfont a 

cette équation. 
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3. Nous nous proposons de résoudre les équations (4’) en supposant 

les valeurs de x; équidistantes : 

eee (—") aia 

C’est dans ce cas, comme nous l’avons remarqué que lutilisation de 

ces polynomes est particulicrement avantageuse. Dans ce cas particulier 

nous désignerons les polynomes G, par Q,. Pour abréger l’écriture dans 

la résolution des équations (4’), introduisons une notation nouvelle; les 

sommes indéfinies de Qn seront désignées, comme il suit : 

= Om =e 107; a> Oral = X(ZQinh) he 707 etc., 

de maniére que la ~-ieme somme indéfinie de @,, sera “Qn; et la u-ieme 

différence de Qin sera 

OY = AY Qn: 

Pour déterminer les polynomes @,, nous allons partir de la somme 

indéfinie qui correspond a (4’), 

DF,(e) Qn(2)h. 

Ein utilisant la méthode de la sommation par parties, de maniere a prendre 

la somme de Q,,, et la différence de F,,* puis en répétant Vopération s—1 

fois, jusqu’a arriver 4 7 = constante, notre somme indéfinie deviendra : 

(5) Dy (in ee cS ‘ORE — "On (c+ h) FO 430 n(a@+2h) FO
 iG 

4(—1)' *Q,, (e+ sh) FO. 

Les sommes "@),, ci-dessus ne sont pas completement déterminées ; en 

effet, on peut leur ajouter sans inconvénient un polynome arbitraire de 

degré v—1 sans changer Qn; nous pouvons done disposer de ces poly- 

nomes arbitraires de maniére a annuler les expressions "Qn(e-+vh—h) 

pour «=a out=0 «¢.-a-d. pour avoir quel que soit », 

(6) "On @tvh—h) =0, vem. 

Il y aura ainsi m conditions et m constantes arbitraires disponibles dans 
mv 

me 

* 3Q(e) F(a) h =1Q (a) F(x)—3'Q (w+ h) FY (a) h. 
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Comme dans ces conditions la somme indéfinie précédente est nulle a 
la limite inférieure de (4’), pour que cette condition soit satisfaite, il faut 
que (5) soit aussi nulle a la limite supérieure, ¢.-a-d. pour «= b oui = nn; 
le polynome F, ainsi que ses différences étant arbitraires, la somme (5) ne 
peut étre nulle pour x =) que si chaque terme est séparément nulle. II 

faut done avoir pour toutes les valeurs de », 

(7) "On(b+rvh—h)h = 0. 

De (6) on conclut que l’on a *Q,.(a) = 0, ce qui veut dire que (2—a) 

doit étre un facteur de Q(x) ¢.-a-d., 

"Qn(e) = (© a) fn(@). 

De cette relation on arrive, en appliquant la méthode de la sommation 

par parties, a ult); 

20,42) = z (2—a)(x—a—h) f,,(x)—= 5 (2—ath)(2—a) f(a) h. 

Pour abréger les formules, nous allons adopter la notation suivante 

pour la factorielle* : 

(7x thy(e2tk—Ai(etk—2h)(xtk— Bh)... (2tk—mhth) = («e+h)m. 

Revenons a notre expression de ?Q,, et répétons la sommation par 

parties m—1 fois pour avoir : 

pore (r—at+vh), +2 2 = 3 Re SE ADE ANRC) 
On (x) 6 ( 1) (y 2)! TSA (x). 

On en coneclut que (x—a) et (r—a—h) doivent étre des facteurs de 

2Qn(a) de maniére que 

*Qm() = (4 —a)(@—A4—2) Jm() = (C—4)2 Im (2). 

Par sommations successives on démontre de la meme maniere que 

Pins (z) = (2— 2) Om (x). 

Cette grandeur satisfait a la condition (6) pour qu'elle satisfasse aussi 

* Cette notation fait bien ressortir l’analogie entre les puissances et les factorielles ; 

. eX, on a: 
d 1 it 

Ee > (a+ k) rr 
mM + 

(c+ h)n+i et ‘ | (e+ bnde at gethym. 
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a la condition (7) on part de *Qn(b) = 0 et en procédant de la méme 

maniére on est conduit a la formule 

nO). i = iG} (L—A)n (x —. Oya. 

C étant un facteur constant arbitraire. Le polynome Q, se trouve donc 

déterminé, c’est la m-teme différence de ’expression ci-dessus, ¢.-a-d., 

On == Oar (a On (x i, One 

En prenant successivement les différences de C(x—@)m(a@—b)m on est 

conduit sans difficulté a la formule suivante ou » < ™, 

(8) APC(e— an (@— Bm = V1 WC S (2) peel )e- oben eee 
PLoS 

La méme formule peut servir pour les différences d’ordre supérieure a 

m p. eX. pour vy = m+, mais dans ce cas s ne varie que de uw a m+1; 

en effet, les termes sous le signe sont nuls sis <u ou si s > m. 

Si nous posons y = m et C = 1/2”. m!.h™, les polynomes cherchés 

deviennent : 
m+1 2 

(9) Qm (a) = (4)” Dy ty (2—a-+sh), (=D nas 
s=0 \$ 

La formule (8) donne les différences des polynomes Q,, ; citons comme 

exemple : 
)} Jym (10) A"O, = (Qm)! h 

2” ny! 

De la relation (9) on peut déduire les valeurs des polynomes Q,, corres- 

pondant a des cas particuliers; p. ex. en posant a——1 et b=—1, il 

résulte : 

= 1, 

Qi a a+th, 

OC tae nie oer es 

Qs = 9 @ hg te sea pas : 

4. Pour pouvoir effectuer les caleuls indiqués au commencement du 

no. 2, il faut encore connaitre la valeur de 

b 

2 Qn (a) h. 
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On peut déterminer cette somme par la méthode des sommations 
suceessives par parties, on trouve un résultat analogue a celui obtenu par 
Tchebichef dans son mémoire Sur wne méthode @’ interpolation deja cité. 

(11) Soe eT cae (n?—1) (n? — 2?) (n? — 8”) ... (n? Sh 
my 4™(2m-+1) ah ed 

5. Si l’on veut caleuler les valeurs des polynomes Q,, correspondant a 

des grandeurs données de n et de x, on peut bien se servir de la formule 

(9), mais il est préférable de déduire d’autres formules plus commodes 

et plus maniables. Pour y arriver nous allons développer (t—@)m (t—5)m 

en série de factorielles de (rx—b), (ec—b), (e—b)y, ... etc., en employant 

la formule d’interpolation de Newton, qui remplace la formule de Taylor, 

lorsque au leu de développer suivant des puissances on veut développer 

suivant des factorielles. Ona: 

2m+1 te 

(t—a)m(ax—b)m = (a—b) 

gay Rath 
‘ [ A” (x ay a) m (x ae b)m (w=b)> 

D’apreés notre formule (8), la v-iéme différence de («—a),, (t—b)m est 

égale & zéro pour « = b si v<< 7m; par contre, si vy > m cette différence 

est égale pour x= 0 a: 

y! ne ( se )@= a+ mh) an» 
V —m 

Il résulte de la 

2m+1 

e! 2) i Fly (e— D) in = = ( 
v—m 

™m 

y— MN 
) aay eee ae SiN 

De la méme maniére en développant Q,,(z) suivant les factorielles de 

(r—b), on aura 

(13) Qm(Z) = o 3) (3)™ (@) Gar (b—a+mh)m—y (2—b),. 
v=o V V 

Comme (4—@)m(#—b)», est symétrique par rapport aaet b et par 

suite Q,, aussi, il existe un développement de Q» en factorielles de (c—a) 

analogue a l’expression (13); on l’obtient de cette derniere en changeant 

a en b et inversement. | 

De (13), on peut déduire directement la différence d’ordre u de Qn, 

wm m+1 y 

(14) A“Q,(2) = @)” (m+ mu)! he s ("3 (PF) atm)» (w—bd)y—. n- 
m! ee 

SER. 2. vou. 20. No. 1396. D4 
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Voici quelques valeurs particulicres de Q,, tirées de (13): 

Q, = $(b—at+h)+(e—b), 

Q. = 4(b—a+2h).+3(b—a+t 2h) (4—b)+3(e—)):, 

Q3 = 4(b—a+ 8h) +3 (b—at+ 8h)o(a—b) +1) (b—a+ Bh) (@ — bd). +3 (a@— B)s. 

6. Les polynomes Q,, montrent une certaine symétrie. En effet, si 

dans la formule (9) on remplace « par a+b—h—z, on obtient: 

m+1 mM) 2 

On = (3) = ( ) 6—2--sh—lh)NA—2—h) aes, 
s 

et en changeant le signe de chaque facteur, on trouve 

om © yaed mM 2 

) pe) A (2—b), (2—atmh—sh) mss 
s=0 

résultat identique a (9), seul le signe est devenu (—1)”; on en conclut 

(15) Qin(&) = (— 1)” Om(a+b—h—2) ; 

et si nous introduisons une nouvelle variable x, telle que : 

v= a+ (at+b—h) 

nous aurons Q(t) = (—1)” On(— 2). 

Par conséquent, si m est paire, le polynome @» ne contient que des 

puissances paires de x,; et si m est impaire, @,,(z,) ne contient que des puis- 

gances impaires de z,. Dans le cas particulier de a =—1, b= 1, ona 

Q; = £3, 

Qs = sai +th?—3, 

Q3 = a3 +2(7h?+12)ay. 

7. Nous allons maintenant introduire au lieu de z une nouvelle variable 

€, cette derniére prendra les valeurs entiéres 0, 1, 2, 8, ..., »—1 définies 

par la relation 

b—a 

<2 
(16) C= OP hee oun hes 
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Nos formules établies précédemment deviennent : 

(9 = Fen =a > (") C40, C-man 

1s" = Fan = Gyr > (")("F") mt-ma(E—mn 
ra 1: m+1 

Gaon = a 2 ("2") me On” 
foam * =O ) 

(15’) dm) — (—1)” In(n—1—€). 

La relation (13”) donne immédiatement le développement de dm(€) 

suivant les factorielles de €. Bete re os dans ces factorielles, la 

différence étant l’unité, (€), signifie €(€— .(E—v+1). | 

q, = $(1—n)+6, 

da = £(2—n).+$(2—n)E+3 (8), 

I3 = ¥(B—N)g+F(3—M)g E+32 (38 —2) (Elo +$(E)3. 

En remplacant dans la formule (13”) les factorielles par les puissances 

de €, on trouvet 

qa = 3€°—F(m—1) E+4(n?—8n+ 2), 

q3 = 3€°—1AZ(n—1) €°?+-4(6n?—15n+11) €—3F (nv? —6n? + 11n—6), 

da = 2264-23 (n—1) B+ 8 (On? —21n +17) €?—8 (Qn? — 9n? + 17n—10) € 

+75 n'—10n? + 85n" —50n+ 24), 

dg = S2£°— 335 (n—1) E4435 (4n?—9n+ 8) EA (n? —4n? + 8n—5) & 

qs (1504 —105n? + 365n?— 5252+ 274) € 

—A, (n’?—15n*+ 85n* — 2251? + 274n — 120). 

* On obtient la formule (13’’) en partant de (13), si, avant d’introduire la variable ~, on y 

change a en b et inversement. 

+ Cette substitution est faite par la formule connue : 

m+ 

(a)m = = (—1)™-* Ci * a 
pal 

od les coefficients C2~* sont ies nombres de Stirling de premiére espéce (Voir Nielsen, 

Gammafunktionen, p. 67). 

xe We 
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8. Maintenant nous sommes en état de pouvoir développer un poly- 

nome F(z) de degré »—1 en séries de polynomes Q,(x), ou un polynome 

f(€) en séries de polynomes q, (€) : 

1’) F@) = 24,00), fO= 2 walé. 
v=0 Vv U 

Pour déterminer les coefficients A, il suffit de multiplier la premiére 

équation par Q, et de faire la somme des quantités obtenues, x variant de 

aa b, ou x; de % AXn-1. D’aprés la formule (4), tous les termes du 

second membre disparaissent sauf le terme en A, et l’on trouve : 

A=—Z EFe)Q) ot 8 = D [Qu(edF. 

De la meme maniere, on aura 

(16’) Ay « Rar ie) = 2 TENGE). 

Remarquons en passant que a, = h”.A, et que qh” = Q,. 

Si la fonction F(x) est donnée par n points de coordonnées 2, yy; 

Uy Yj +++ 3 Ln-1, Yn-1 ON peut considérer (1’) comme une formule d’inter- 

polation que l’on pourrait appeler formule d’interpolation de Tchebichef ; 

cette formule présente de grands avantages sur les autres formules sem- 

blables ; les calculs sont plus simples et plus rapides, surtout dans le cas 

considéré dans ce mémoire ou les grandeurs x; sont équidistantes. Alors 

non seulement on peut utiliser les formules simples que nous venons de 

donner, mais encore comme nous le verrons, on peut construire des tables 

abrégeant beaucoup les calculs. 

Il n’est pas sans intérét de comparer les diverses formules d’interpo- 

lation : 

(1) La formule de Lagrange : 

ea 
(c—z,) Ee “ 

Si nous considérons une somme partielle de y, dans laquelle v varie de 

Oak, Véquation obtenue représente une courbe de degré n—1, passant 

ou L,(z) = ob. w(%).== (%— a) @— Ais Bay) 
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par les premiers k points de coordonnées x, Yy 3 21, Ys.) Ley Yr—1 et 
par les points de coordonnées 2,0; 243, 03 2.03 &_-1, 0. 

(2) La formule d’Ampére: 

¥ = Yor 2 By(e—x)(e— 2) ste (22,9): 

Les coefficients Bb, sont déterminés successivement en remplacant a et 
y par les valeurs correspondantes de 29, Y¥y; 21, Yyj +. 3 Vn—1s Yas» Lid 

somme partielle de y, ou vy varie de 0 4 k, représente une courbe de degré 

k—1 passant par les premiers & points. 

(8) Formule de Tchebichef : 

y= > ATG (2), 
v=(0 

ou A, est donnée par : 

A = Gy On eee ne yi G,(x,), 
i=0 i=0 

et ou G,(x) est le dénominateur de la v-iéme réduite de d/dx|log w(x)] dé- 

veloppé en fraction continue. La somme partielle de y, ou vy varie de 0 

ak, représente une courbe de degré k—1 passant aussi prés des points 

donnés que possible selon la théorie des moindres carrés, 

Nous avons vu que cette derniére formule ne devient réellement_ prati- 

que que si les valeurs de x sont équidistantes. Dans ce cas, on a 

g 2. dy Qu (E), 

ou g,(€) est donnée par la formule (13"), et a, par (16’) ; la valeur de s, 

est conformément a la relation (11): 

= Fame — 1)(n?--2?) ... (n?—’). a) 6-— = lg) R= 

En outre, on peut construire une fois pour toutes des tables donnant 

les valeurs de q,(€) et s,. 

9. Les tables les plus importantes pour le travail statistique en vue 

de lVutilisation de nos formules sont les suivantes: 

(A) Des tables & double entrée donnant les valeurs de q, (n, €); une 
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table pour chaque valeur de » variant de 1 a 6 ou tout au plus jusqu’a 

10. L’interpolation a l’aide de polynomes de degré supérieur a 6 ne se 

fait que trés rarement. On fera varier dans ces tables nm de v+1 a 20 ou 

& 50 selon les besoins. 

Nous avons vu que € doit varier de zéro a m, mais on peut réduire les 

tables de moitié en tenant compte de la symétrie des polynomes q,(€) 

selon (15). ‘ 

Cette formule, comme celle de 

peut servir comme vérification aux calculs des tables. Pour déterminer 

les valeurs numériques de qg,(€) on se servira de la formule (13”). 

(B) Une table a double entrée donnant les grandeurs s,(n) pour les 

valeurs de y et de m qui figurent dans les tables précédentes. On utilisera 

la formule (11'). 

A titre d’exemple, nous avons joint & ce mémoire six tables. Les 

Tables I-V donnent les valeurs. de q,(n, €) pour v= 1, 2, 8, 4,5 et pour 

n jusqu’a 20; la Tabie VI donne s,() pour les mémes valeurs de »v et 

de n. 

Nous allons montrer sur un exemple la facilité avec laquelle les con- 

stantes a, se déterminent en se servant de ces tables. 

La somme des carrés des erreurs mesurant la précision obtenue est 

262 = L(ye—Ay— 1 M1 — 89 Fg—-..)” 

= Ly: — Way Dyz— 2A, Tyzequ— ... Fagn+aj Ugi+azzq7+.... 

En y substituant Dyzq, a a,.2q? on trouve: 

(17) 282 = Lys Ay Ze — U2 Leda ++ — Ain ZYETms 

dans ces sommes, € variedeOan. De la relation 

LYE = Sy, 

‘il résulte : 
n ; n ‘ isi , 

iff 2 OAS 22 URS ST ae. 
cy) #20 Sb eESO Ye ¥=0 4 

Notons que tous les termes du second membre sauf le premier sont 

négatifs, ce qui n’était_pas nécessairement vraie dans le cas de la formule, 

du no. 1 donnant la somme des carrés des erreurs. C’est un point im- 
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portant, en effet si approximation obtenue a Vaide d’un polynome de 
degré m est insuffisante, pour avoir une meilleure approximation a l’aide 
@un polynome de degré m-+1, les constantes QM; Ay, -++, Amn Obtenues pré- 
cédemment conservent leurs valeurs et il suffit de calculer la constante 
@m+1- La somme des carrés des erreurs sera diminuée de ,41-Sm41- 

Par suite, en calculanit ces termes au cours des calculs on se rend tou- 

jours compte de approximation déja obtenue, cela permet de juger, si la 

nécessité de continuer s’impose. 

Les calculs sont si simples et peuvent étre exécutés si rapidement que 

méme lorsque un développement suivant des puissances de x est nécessaire, 

il y a avantage a passer par les polynomes q,. 

Les polynomes g, sont utiles non seulement aux statisticiens, mais 

encore aux physiciens, quand il s’agit d’interpréter par un polynome les 

résultats numériques des expériences. 

10. Nous allons montrer un exemple d’interpolation appuyé sur les 

polynomes q,, en partant des données empreuntées a Bowley, Elements of 

Statistics (3-ieme éd., p. 91). 

TABLE DES SALAIRES JOURNALIERS DANS L’ANNSE 1891 EN AMERIQUE. 

Salaires. Nombre d’ouvriers. é y? 

0.50 317 0 100489 

1.00 1472 1 2166784 

1.50 1297 2 1682209 

2.00 970 3 940900 

2.50 506 4 256036 

3.00 198 5 39204 

3.50 254 6 64516 

4.00 96 7 9216 

4.50 4 8 16 

5.00 9 9 81 

Ly = 5123 Dy? = 5259451 

Dans l’exemple ci-dessus a = 50 cents, h = 50 cents, 7 = 10. Onen 

tire immédiatement 

Si lon s’arrétait a ce terme, la somme des carrés des erreurs serait : 

D2 = Lyj—ay Lyx = 2634988. 
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Pour déterminer la constante a, écrivons en utilisant la Table I pour 

q,(10, €) et la Table VI pour s,(10), 

g y (t)—y (9-2) un (é) a: (é) Ly ()—y (9-24)] 

0 308 —4°5 ‘ —1386 

1 1468 —3°5 —5138 

2 1201 —2°5 —3002'5 

3 716 —-1'5 —1074 

4 308 —0°5 — 154 

Lyq, = —10754°5 

Tl en résulte: 

1 

ei = ae = —180°357 et Xd? = Sdj—a,LYyq, = 1233015. 

Pour déterminer az et 263, on procéde de la méme maniere : 

£ y (&)+y (9-2) Q2 (é) g2(é) (y() +y¥ (9-2) 

0 326 18 5868 

i 1476 6 8856 

2, 1398 — 8 — 4179 

3 1294 — 9 —11016 

4 704 ae 12 — 8448 

2Yqe = — 8919 

On en tire 

gical, Xd? = 1166981. 

Détermination du coefficient a, et de la somme 243, 

é y (t)—y (9-2) qs (E) qs (é) [y (&) -y (9—28)] 

0 308 —63 — 19404 

1 1468 21 30828 

2 1201 52°4 68052'5 

3 716 46°5 33294 

4 308 18 5544 

Syqs = 118814°5 

dg= 5°87, dds = 500879) 
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Détermination du coefficient a, et de la somme S62, 

y(&)+y (9-2) Qs (é) qs (é) Ly (é) + ¥ (9-8)] 

0 326 189 61614 

1 1476 —231 — 340956 

2 1393 —178°5 — 248650°5 

3 1224 Seo 38556 

4 704 189 133056 

Syq, = —356380°5 

a,=—118, 6? = 98597. 

Détermination de a; et de Se?, 

g y (&)—y (9-2) Qs (8) as () Ly) —y (9-8) 

0 308 ata) — 145530 

1 1468 1102°5 1618470 

2 1201 main (holes) — 94578°75 

3 716 — 866°25 620235 

ae 308 — 472°5 — 145530 

Ly Is = 612596°25 

par suite a; = 0°1268, 20, = 20850. 

Jl en résulte que si nous nous arrétons a a;, erreur moyenne e sera: 

$2743 
a = == 4 OT. 

nN 

La fonction y cherchée est la suivante : 

(a) y = 512°34130°4q,—7°51q.+5°87q;—1'13q,+0'1274¢;, 

ou en substituant aux polynomes g leurs développements suivant les 

puissances de €, on trouve : 

(b-) —-y = 820°544-2144°76E— 127125? + 280°385£°— 27 45 Ek +E. 

Comme vérifieation, déterminons a laide de la formule (a) et les 

Tables I-V les écarts 6 correspondant aux valeurs de €= 0, 1,...,9; ona 
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tres rapidement : 
5 

3°54 

— 24°05 

63°71 

—67:15 

— 629 

79°99 

— 68°27 

16°35 

4°59 

— 2°44 
OANA K WD FH Ow 

La somme de ces erreurs devrait étre égale a zéro, et la somme de leur 

carré A 20810; effectivement nous avons 26 = — 0°02 et Xd? = 20565, ce 

qui prouve que les calculs ont été exécutés avec une précision suffisante. 

II Partie. 

Propriétés mathématiques des polynomes Q, (x). 

11. Examinons la limite des polynomes Q,(x) lorsque Vintervalle h 

tend vers zéro. Comme 

¥ * . A”™ 44 d™ 

ae (2—a), = («@—a)” et lm a fe da F, 

on conelut : Linn QW) eee Rtas we (2—a)” (a -—b)” 
: azoeee ON one da™ ; 

Posons a =— 1, 6 = 1, nous trouverons lim @,, = P,,; ou P,, est le 

m-ieme polynome de Legendre. 

En égalant dans nos formules (9) et (18) 2 a zéro, nous obtenons des 

expressions donnant les polynomes de Legendre. 

be m+1 mM 2 at)’ ay) 

pe ion: meg (4) 
(18) Pin — SS (”) ( s 2 ’ 

r= Zier CP ERY: Sy 
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Si nous remplacons x dans les formules (18) par cos § elles deviennent 

identiques aux développements des polynomes de Legendre suivant les 
puissances de tan’ 48, de sin* 3$ et de cos” $$ donnés par Dirichlet.* 

Remarquons que l’on a aussi d’aprés Ja formule (11), 

1 

lim: 2(O.)° k= \ CP ds 
=] h=0 

pee 
2n+1° 

12. Nous allons déduire maintenant une équation aux différences 

finies, dont la solution est le polynome Qm. Désignons (*—@)»(¢—9)m 

- par Um(x) et déterminons la premiere différence de m4, (2) : 

Atini(@) = (M+1)h[Qa—mh+h—a—b] um(a). 

Kerivons la différence de m-iéme ordre de ce produit en utilisant la 

formule suivante analogue a celle de Leibnitz 

n+1 

(18a) - A*(U(z) V@)] = > i A'V (a-+-nh—sh) A*—*U(@), 
s$=Q \c 

d’apres cette formule on a: 

(19) A™* en. = (m+1) h[(Qr+mhth—a—b) An + 2mh A" Um]. 

On peut encore exprimer cette quantité autrement, en considérant wn+1 

comme le produit des deux facteurs Un(x) et u(~—mh). On trouve alors 

a Vaide de (18a), 

(20) A”? 651 = u(a-+h) A™* a, + (m+ 1) Au, (e) A” Un (@) 

- (ex " An, (e—h) A®- un (2). 

En remarquant que Au,(z) = Qe+h—a—b)h et que A’u,(x) = 2h? 

on tire de (19) et de (20), 

uy (a+ h) A"*? Wn (x) —m(m+ 1) h? AU, (a) —m(m-+ 1) h? A"! Uy (x) = 0. 

La premiere différence de cette expression donne, si l’on remplace A”, (x) 

par 1/C.Qm, Véquation aux différences cherchée : 

(21) (e—a+2h)(e—b+ 2h) M2Qn+[22+3h—m(m+1)—a—b] h.AQn 

—m (m+1) h?.Qn= 0. 

* Crelle Journal, Bd. 17, pp. 39, 40. 
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Si nous posons a = —1, ) = 1 et si nous faisons tendre h vers zéro, 

V’équation (21) est transformée en une équation différentielle du second 

ordre admettant comme solution le polynome de Legendre de degré m. 

En introduisant la variable € au lieu de x d’apres (16) on a: 

(22) (€+2)(€—n+ 2) Amt [2€—n+8—m(m+1)] Agn—m(m+ an = 9. 

La solution de cette équation est donnée par la méthode de Boole (Treatise 

on Finite Differences, 1860, p. 176), 

m+1 

Gale = 2s b,(E4-»),, 

trie Cogs ) eae aie 

ou by est une constante arbitraire. De la premiere de ces deux relations 

il résulte que 6) = dm(—1). En remplacant € par —1 dans notre formule 

(9’) nous obtenons: 

( bo = (— 3) a (m ate N)m 

(28) 
{ 

m+t 

et Gm = > (—1)”-” (4)” (”") tue
s 

v=0 
) (mpm nne (EF 

C’est une formule semblable a celle de (13’); elle est aussi tres commode 

pour le caleul des polynomes q,(€). En y remplacant par 2/h, la 

variable € par (a+1)/h, et Qm(€) par Qn(x)h™ et en faisant tendre h vers 

z6r0, la formule (23) coincide 4 la limite avec la troisiéme formule (18) 

donnant les polynomes de Legendre. 

13. Pour établir [’cquation fonctionnelle qui relie les polynomes @ de 

divers degrés, il suffit de développer z.Q, en séries de polynomes Qn ; 

d’aprés ce que nous avons vu, ce développement ne contient que les trois 

termes suivants : 

(24) LO aS Api On +4AaQetAnei Oras 

Les autres termes étant nuls conformément a l’équation (4’) ; et ’on a: 

b 

Ani = >> Re On Qniaalts 
m—-1l “=a 

A ae S FACT m — s. am m ’ 

b 

Labo = > 2 On Orailt: 
Omi L=O 
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La détermination des coefficients d,,-1 et Am si ne présente pas de 
difficultés, en répétant sur (24) la sommation par parties, on est conduit a 
la grandeur Y(2+mh—a) m(e+mh—b)m que l’on peut évaluer a l'aide 
dune formule analogue a celle donnée par Cauchy pour le développement 
de (r+y), en factorielles de x et y. On trouve enfin: 

pt 
Aah Tae 

{ —  m (b—aPr—mh? 

Im+1? hse rete) TEL | 4 ; 

La détermination du troisi¢me coefficient, par la méme méthode, con- 

duirait a des difficultés. Elle nécessiterait l’évaluation de 

Y(e@thm+th—a)n(@thm+th—b), 

ce qui est difficile, par contre on arrive directement au résultat en re- 

marquant que l’équation (24) doit avoir lieu pour toutes les valeurs de z 

done aussi pour z = 0, mais de (9) il résulte que 

Qn(0) == aes (b—atmh). 

in remplagant dans (24) Ami, Amsi, Qmn(b), Qm—-1(d), et Qm+i(b) par les 

valeurs correspondantes, on peut déterminer la seule inconnue 4,,, 

Ane a e\a- 02) 

Finalement on a 

(25) 

4(m+1) Qn 11—2(2m+1)(22—a—b +h) Qntm[(b—a?— mh] QOn—1 = 0. 

En posant a = —1 et b= 1 nous obtenons l’équation de Tchebichef 

mentionnée au no. 1; si en outre nous posons h = 0, l’équation (25) coin- 

cide avec l’équation bien connue vérifiée par les polynomes de Legendre, 

(m+1) Pinii— (2M +1) %.Py+tm.Pm-1 = 0. 

14. La méthode des fonctions génératrices de Laplace appliquée a (25) 

conduit a une équation différentielle dont la solution est la fonction 

génératrice des polynomes Qn. 

En désignant par G[v-(m)] la fonction génératrice de Yy(m), on a: 

G[y(m)] = » v(m) t™. 
i= 

d 
Posons C(O = eb os =, 
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nous aurons: 

G | (m--2) On+2] = > (b’—Q)s GlOna == -. (p—Q); 

G [m+ 1) Onail = p', G[MQn| = to’, 

Glm'Qul = Pg"+ty’, GE [m'Qu] = Pg" +309"-+6. 
En écrivant dans (25) m-+1 au lieu de m et x, au lieu de r—4(a+b—h), 

on obtient a l’aide des quantités précédentes la fonction génératrice du 

premier membre de l’équation (25); en égalant cette fonction génératrice 

a zéro, nous obtenons une équation différentielle linéaire du troisieme 

ordre dont la solution est la fonction génératrice cherchée : 

(26) p!"ER+6¢"ER2+ ¢! [(7h? —B2+ 2ab—a?) P+ 8x, t—4] 

+ ¢[(W?—0?+2ab—a?)t+47,] = Qi— 21 Yo. 

Remarquons que dans le cas particulier des polynomes (),, cette équa- 

tion se simplifie, car Q) = 1 et YQ, = x, Qo, done le second membre de 

Véquation (26) est nul. 
Si nous posons dans (26) h = 0, a=—1, 6 =1, l’équation se trans- 

forme en une équation différentielle admettant comme solution la fone- 

tion génératrice des polynomes de Legendre, 

¢' (P —2a,t+1)+¢4(t—2x,) = 0. 

On en tire: p= (P—22,t+1)-. 

Dans notre cas, il est possible de donner une forme plus simple a 

VPéquation (26) en posant 

g=t?y 

Lippe 27 42 Dee 
et ap iL —(b—a)"}P+82,t—4} = 

Tl vient 

a) VI" -+y'R+4y S = 0. 

La résolution de cette équation donnerait la fonction génératrice des 
polynomes Qn. 

Nores. 

Ce mémoire ayant été communiqué a Mr. L. Fejér, il a démontré les 
propositions suivantes : 
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1. Etant donnés points dont les abscisses sont par ordre de grandeur 
Xo, Lj, Lg, ..-, X»-1, parmi tous les polynomes gm(xz) de degré m, dans les- 
quels le coefficient du terme en x” est l’unité, le polynome Gn(x) qui rend 
minimum VU expression 

(28) 
ze 

i be 
z [om(ai) (m<n) 

est proportionnel au polynome Wm de Tchebichef, mentionné au no. 1. 

Si les différences z;—2;_; sont constantes, G(x) est proportionnel a 

notre polynome Q,n(z). 

Cette proposition présente une analogie avec la suivante: Parmi les 

polynomes considérés précédemment, celui qui rend minimum lintégrale 

Na [gm(x) P dx 

est proportionnel aux polynome P,,, de Legendre.* 

2. Les racines de l’équation G,,(z) = 0 et par suite aussi des équations 

Ym = 0 et Qn =O sont toutes réelles et comprises dans |l’intervalle 

i. ta—1)- ' 

3. L’équation G,,(z) = 0 n’a pas de racines multiples et dans tout in- 

tervalle (x;, 2:11) il y a au plus une racine de cette équation. 

Pour prouver ces propositions, nous allons poser avec Mr. Fejér : 

Jm(2) = Cot tt eg? +3227 +... 46m 12" 1+2™ 

Proposition I.—En vue de rendre minimum l’expression (28) égalons 

a zéro les dérivées de cette dernicre par rapport aux coefficients c,, 

(29) LL Ont) = On. 10 <p <M). 
i=0 

Ces conditions sont identiques a nos conditions (4) qui déterminent les 

polynomes Y, et Qn, on peut donc définir ces derniéres comme rendant 

minimum |’expression (28). 

Proposition Il.—Cette proposition est la conséquence immédiate d’un 

théoréme plus général dt a Mr. Fejér. 

* Voir Runge, Prawis der Reihen, p. 112. 
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Etant donnés n points 2%, 2; -.-, Z»-1 dans le plan de la variable com- 

plexe z, soit Gn(z) le polynome de degré m (m <x), dans lequel le coeffi- 

cient de 2” est égal a l’unité, et qui rende minimum |’expression suivante : 

(30) = lgm(e) |® 

Théoréme: Sia, b, c, ..., sont les racines de G,,(z) = 0, aucune de ces 

racines ne peut représenter un point extérieur au plus petit polygone 

convex contenant les points 2, 2, ..., n—1- 

Démonstration: Supposons que l’une de ces racines, p. ex. 7 = a 

corresponde & un point extérieur au polygone mentionné. S’il est possible 

de déplacer le point a en a, de maniére que toutes les distances |z;—a | 

diminuent, (@ = 0, 1, ..., »—1), ¢.-a-d. que 

Zj—a| < |zi—a| 

pour toutes les valeurs de 2, nous obtiendrons un polynome 

A n(Z) = (¢—a,)(2—b)(2—©) ... 

tel que | Hin (zi) | < | G(z)| 

pour toutes les valeurs de 7 pour lesquelles G(z;)) 40; aux autres valeurs 

H(z) = G(%), par conséquent on aurait 

pe | An (Zi) \2 <= 2 | Gin (2a) |? 

ce qui serait contraire a la supposition que G,,(z) rend minimum lex- 

pression (80). 

Il reste encore a montrer que, le point a étant un point extérieur au 

polygone mentionné ci-dessus, il est effectivement possible de déplacer ce 

point de maniére a diminuer toutes les distances |z:—a|. En effet, si le 

point @ est un point extérieur, il est toujours possible de mener une droite 

D de maniére que le polygone soit situé d’un coté de la droite, et le point 

ade l’autre. Menons par le point a une perpendiculaire a D, si le point 

a se déplace sur cette perpendiculaire vers la droite D, on peut voir aisé- 

ment que toutes les distances | z,—q@| diminuent; on en conclut qu’aucune 

des racines de G,,(z) = 0 ne peut étre située en dehors du polygone con- 

sidéré ; la démonstration du théoréme est done complete. 

Dans le cas particulier ot les. points donnés sont tous situés sur 

Vaxe réel, le polygone est réduit au segment de droite (%, %,-1), par suite 

Vapres le théoréme que l’on vient de démontrer, les racines de G,,(z) sont 

toutes situées entre ces deux points, done elles sont toutes réelles. 
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Proposition IIl.—Nous allons démontrer qu’entre deux points con- 
sécutifs queleonques 2; et x;4, le polynome Y = G,,(x) ne peut changer de 
signe plus d’une fois. 

Danord dans la suite Y,, Y,, ..<, Ya correspondant & 2%, 4, ...,'\%n—1 

la quantité Y; change de signe m fois. 
En effet G,,(x) étant de degré m, il est évident que la série ci-dessus ne 

peut présenter plus de m changements de signe. Supposons, qu’il -y ait 
moins, p. ex. u (u < m), dans ce eas il serait possible de mener une courbe 
de degré « soit y=f,(x) telle que pour toutes les valeurs de 7 les grandeurs 
yi =f. (@) et Y; aient le méme signe, lorsque y; et Y; sont différentes de 
ZEro. 

Supprimons les points x; correspondant aux valeurs nulles de Y;; 

supposons qu’en suite les changements de signes de Y; ont leu entre les 

points x; et x,, entre x, et x,, etc., alors la courbe suivante de degré wu, 

(31) y = f,.(2) = (—1)" Y,@—42,—44,) (@—$x,—4$2,) ... 

change de signe au milieu des mémes intervalles que Y, et l’on voit facile- 

ment que le signe de /,(x;) et Y; est le méme pour toutes les valeurs de 7 

pour lesquelles y; et Y; sont différentes de zéro. Or il y a de telles valeurs, 

car d’aprés notre supposition Y;, est différente de zéro et a cause de (81) 

yx Vest aussi. On en conclut que 

S f(a.) nla) > 0, 
i=0 

ce qui contredit notre condition (29). Le polynome G,,(x) ne rendrait pas 

Vexpression (30) minimum, done en supposant qu’il ya moins de m change- 

ments de signe dans la suite Yo, Y;,..., Y,-1 on arrive a une contradiction. 

Ainsi nous avons démontré que le polynome G,,(z) change de signe m 

fois entre x) eb z,-1, comme il est de degré m toutes ces racines sont 

simples. a premiére partie du théoreme est done démontrée. Pour 

montrer qu’entre deux racines conscécutives de G,,(2) = 0 se trouve placé 

au moins un des points ~;, il suffit de remarquer que dans le cas contraire 

la suite Yy, Y,, ..., Y,-1 présenterait nécessairement moins de m change- 

ments de signe, ainsi dans l’intervalle 7; < # < 441 il y a au plus une 

racine de C—O. 

En résumé: étant donnés n points, dont les abscisses sont par ordre de 

grandeur : Lor Lp» +++) Ln—-1, parmi tous les polynomes gn(x) de degré m, 

dans lesquels le coefficient de 7” est l’unité, soit Gn(x) le polynome qui 

SER. 2. Vor. 20. No. 1397. Ni 
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rend minimum l’expression : 

n € 

> [Ome Onn): 
4=0 

Le polynome G(x) est proportionnel au polynome Wm de Tchebschef, 

de plus toutes les racines de ce polynome sont réelles et comprises entre 

x, eb £,-1; en outre, cette équation n’a pas de racine multiple et parmi 

les »—1 intervalles il y a m intervalles (#;, xj:) renfermant une racine 

de G»(z) = 0. 

Dans le cas particulier o« m =n—1, chacun des intervalles men- 

tionnés contient une racine. 

I. TABLE DES VALEURS DE q, (Mn, é). 

n=, 0 1 | 2 3 4 5 6 7 8 9 103, eae 

| | ae | 
2|—0°5 | 0-5 | 
Sul Can rt 
4|/-1'5 |-0°5 | 05 | 1:5 
S|) —1 0 if 2 

6 |=2°5 |-15 |-0°5 | 05 | 1:5 | 95 
Tens aera 0 1 2 3 
8 |—3:5 |-2°5 |-1'5 |-0'5 | 05 | 1:5 | 25 | 35 
= 2) \—3) 2) it 0 iw 2 3 4 
10 |—4°5 |-3°5 |-2°5 |-1°5 |-0°5 | 05 | 1:5 | 25 | 35 | 4:5 
11|-5 |-4 |-8 |-2 |-1 0 eg ee 3 4 5 
12 |—5'5 |—4°5 |-3°5 |-2°5 |-15 |-0-5 | 05 | 1:5 | 25 | 35 | 405 | 55 
13|-6 |-5 |-4 |-8 |-2 |-1 0 1 2 32. id 5 
14 |-6:5 |—5°5 |—4:5 |-3°5 |-2-5 |-1-5 |-0°5 | 05 | 1:5 | 25 | 3:5 | 4:5 
150 |= | — Oe —5 ee —4 en ee nt 0 1 She lee 4 
16 |—7°5 |-6'5 |-5°5 |—4°5 |-3°5 |-9°5 |-1°5 |-0°5 | 0-5 | 1:5 | 25 | 3:5 
L787 Ns |Get Ae) So pile son aieg: 0 1 ee 3 
18 |-8°5 |—7'5 |-6'°5 |-5°5 |—4-5 |-3:5 |-2°5 |-1°5 |-0°5 | 0:5 | 1:5 | 2:5 
19|-9 |-8 |-7 |-6 |-5 |-4 |-8 |-2 |-1 | 0 1 2 
20 |-9'°5 |-8°5 |—7°5 |-6°5 |-5°5 |—4°5 |—3-5 |-2°5 |-1°5 |-0-°5 | 0-5 | 1:5 

| | | | | | 
a a ee SS RS TR A ET 

Remarq ues : a(n, n—1—£) =—4q,(n, &). 

La table a été caleulée a l’aide de la formule : 

M1 = §-§ (n—1). 
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II. TaBLE DES VALEURS DE q,(m, £). 

eo 

io MOP O13 

8 if 

= 

Cel ee ee COMARDaA FW DH O 

| 13-5 |—15 | 

| 18 

23 

as 

5 

| 28°5 | 9 

58°5 ‘Boks a | 

Remarque : 2 ( 

La table a été caleulée A l’aide de la formule: 

gz = 4(2—N)2 + § (2—N) E+ B (E)2. 

nN, nm—1—?) = 4 (n, é). 
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eG 
14:5 
~ 29:5 

| 

27°5 

16°5 

6 

[aoeva 

-30 
37 | 
—43°5 

— 49°5 

—13°5 

—22°5 

—31 

—39 

(—46°5 

IIT. TABLE DES VALEURS DE q3 (7, é). 

7, 0 ere |) (<a 3 4 5 
| | | | 
— 075 | 2-25 | 225 | 0-75 
mee | 6 |j-O j-~e6 | 8 
I-75 | 105 6 |-6 |-10°5 75 
aay 2 | 15 Pa a0) aid) Lis 
|= 2625 | 18-75 | 26-25 | 11-25 |—11-25 |-26-25 
|- 42 21 en ee ee ne 
— 63 21 52°5 465 | 18 |-18 
90 | 18 66 69 42 0 
(123-75 | 11-25 | 78°75 | 93°75 | 7175 | 26-25 
—165 | 0 G01 4190. hA05 60 
2145 |— 165 | 99 | 147 | 1425 | 1005 
\-273 |— 39 105 | 174 183 147 
341-25 |— 68-25 | 107-25 | 200-25 | 225-75 | 198-75 
—420 105 105 225 270 255 
510  —150 97-5 | 247°5 | 3815 | 815 
—612 —204 | 84 267 360 | 378 
72675 |—267-75 | 63°75 | 282°75 | 404-25 | 443-25 

| 

oo a 8 9 10 
| | | 

15 
—18-75 | 2625 
—39 |—21 49 
—46°5 |—52°5 |- 21 63 
—42 |-69 |- 66 |- 18 90 
—26°25 |—71:25 |— 93-75 |— 78-75 |— 11:25 

0 |-60 |-105 |-120 |— 90 
386 \—386 —100% |—142% |—147 

| 81 0 j|-— 81 |-147 |-183 
18425 47°25 |— 47°25 |—134-25 |— 198-75 
| 195 105 0 —-105 |-195 
| 262°5 | 172°5 60 |—- 60 —172°5 
ese. | 249 | 182 | 0 |=182 
(414-75 | 983-75 | 215-25 | 74:25 — 74-25 

| 

ee eee 
Remarque : 93 (n, mN—1—8) 

La table a été calculée par la formule : 

G3 = 4 (3—n)3+ 3 (3—N)3F +46 B—N) (E24 3 (4) 

— (n, &). 
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IV. TABLE DES VALEURS DE q,4(M, é). 

15 
45 | 
67°5 
67°5 | 
31:5) 189 

— 52-5) 315 315 
St OS) he |— 495 405 
— 405 | 825) |— 405 720 
— 690 |— 97°5| 97°5|— 690. 

—1303°5|—1056 |—373°5 | 876°5|— 373-5 
—1657°5 |—1507‘5|—757°5 | | 967°5 172°5 

—2047'5 |—2047°5 —1260 | 1627°5) 892°5 
—2467°5 |— 2677-5 —1890 2310 | 1732°5 
~2910 |—3397-5 —2655 | 2970 | 2640 
—3366 |—4206 |—3561 | 3564 3564 | 

Remarque : q (1, é) = q(n, n—1—8). 

La table a été calculée 4 l’aide de la formule: 

qa (&) = ds ((4—10)4 + 20 (4—1)3 E+ 90 (4—1)2 (E)o + 140 (4—)(€)3 + 70 (E) 4]. 

V. TABLE DES VALEURS DE n . 5 ) 

me 30 | 2 3 4 beet S ieee aes 8 9 

6) 375) 18-7514 875 | 87:6 | 18-75 3°75 | 
Mle 295) 00 1119'S Om iy it2-5 i= 90 92°5 
gl— 78:5 | 258°75|—191-25|—168-75| 168-75 191°25|— 258:75 78°75 
9 |— 210 5775 |—210 |—472°5 0 472°5 210 |= B76 210 

10 |— 472°5 | 1102°5 |— 78°75|—866-25|— 472°5 472°5 866:25 78°75 |—1102°5 472°5 
11 |— 945 1890 315 |—1260 |—1260 0 1260 1260 |— 315 |—1890 
12 |—1782°5 | 2992-5 | 1102-5 |—1522:5/-2310 |— 1050 1050 2310 1522°5 |—11025 |—: 
18 |—2970 4455 | 9430 |—1485 |—3510 |— 2700 0 2700 3510 1485" <= 
14 |—4826°25 6311°25| 4455 |— 945 |—4691-25|— 4893-25|— 2025 2025 4893°25| 4691-25 
15 |—7507°5- 8580 | 7842°5 330 |—5632°5 |— 7500 |— 5062°5 0 5062°5 | 7500 
16 | —11261-25 11261-25 |11261-25 | 2598-75 | 6063-75 | — 10316-25|— 9056-25|— 8543-75| 3548°75| 9056-25 |10 
17 |—16380 143325 |16380 | 6142-5 |—5670 |—13072°5 |-13860 |— 866u°5 0 8662°5 [13 
18 |—28205 17745  |22863-75 |11261-25|—4095 |—15485 |—19241-25 |—15303-75 |—5775 5775 (15: 
19 |-32180 21420 (30870 18270 |— 945 |—17010 |—24885 |—23310 |—13860 0 (13 
20 |—48605 25245 40545 27495 4207°5 |—17347°5 |—30397°5 |—32422-5 |-24910 |—8910 | 8 
ES SO SSS SS SS ES SS EAE RS A EE SC 

Remarques: On a qs (, &) =—q, (n, n—-1—8). 

Les valeurs ci-dessus ont été calculées i l’aide de la formule 

Qs (1, &) = gg (5—n); + 48 (5—1),& + 495 (5—1)5 (E)2 + SB (5—)2 (E)3 + SSP (5—M)(8)5 + 8 (E)s 
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VI. TABLE DES VALEURS DE s [Gm (n, &)}°. 
€=0 

a lea ee ee 

im, mM 1 2 3 4 5 

2 0-5 
3 2 1°5 
4 5 9 11°25 | | 
5 10 81°5 | 90 157°5 | 

6 17°5 g4 | 405 | 1675), || 3543°75 
7 28 189 13500 8662°5 | 42525 
8 42 378 3712°5 34650 | 276412°5 
9 60 693 | 8910 | 112612°5 1289925 

10 82°5 | 1188 19305 | 315315 | 4837218°75 
ide etst 1930°5 | 38610 | 788287°5 15479100 
12 | 143 3003 72393°75 1801800 43857450 
18 | 182 4504°5 | 128700 3828825 112736300 
14 | 2297°5 | -6552 218790 7657650 267843637°5 
15 | 280 | 9282 | 358020 14549535 595208250 
16 | 340 | 12852 566865 26453700 1249937325 
17| 408 | 17442 872100 | 46293975 2499874650 
18 | 484:5 | 23956 1308150 78343650 4791426412°5 
19 | 570 | 30523°5 | 1918620 128707425 | 8845710300 
20 | 665 | 39501 2758016'25 | 205931880 [15795911250 

Remarque : La table a été calculée 4 l’aide de la formule suivante : 

m+] 
one n 2__ 2 = (qu) m+ 1)2™ qT (n? —s*). 
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AN EXTENSION OF TWO THEOREMS ON JACOBIANS 

By C. W. GiuHam. 

[Received January 25th, 1921.—Read March 10th, 1921. | 

1. Two well known theorems on the reduction of Jacobians are here 

extended to forms involving any number of variables. 

The theorems are :— 

I. The Jacobian of a Jacobian is reducible. 

II. The product of two Jacobians can be expressed as the sum of three- 

term products. 

The extensions depend on the reduction of a certain covariant of 

weight 2. 

2. Reduction of (a, Aqd3 -.. Aq) (A563 ... by). 

Let f= OP = (Ap LZ + Ope Lot Arg hg... + Ang q)” 

(1 eon 

and be = 0 = (bn at beta Oe Oa ee 

eed 2a, Ga, 

be 2q quantics in the q variables x, 2... Xq. 

The fundamental identity for g-ary quantics is 

Ay Ae, Ay .-- Aq by | = 0, 
| 

Ayn Ag, Ago Ag Dag 

| “1s Ag 3g Ags Dag 

| oe 

| Ay Are Asy Aug bog 

| | 
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1.6.5 (Ay Mg -.. Ay) bay = (baGg Ay... Aq) Ary H(A, bgQg ... Aq) Ary 

+ (Q; ig bay... Aq) Asay... F(A, Mg... Aq—1 0g) Agy- 

Let bey = (a, 6,63... bg). Then 

Ary = 0, Ary = (A, Agbg ... bg), Asy = (A, agb3 ... bg), -22) Agy = (A Ay dg... Yq). 

Hence we get the following identity between covariants (as usual, only 

writing the bracket factors) 

(Q Ag Mg ... Aq) (Ay bgb3 ... by) 

= (Ay by Gz ... iq) (Ay Aq dg ... Dg) (A, Ag dg My «24 Aq) (A, 3 bg ... bg) +... 

+ (G1 Gq... Ag—1 Og) (A A bg ... Bg). (I) 

But (1 bag ... Mg) (Ay Aq bg ... by) = (AgbgQg ... Aq) (A Aq bg ... bq) 

= (yb, Gg ..: Gg)(G, bg bg ... bg) = — (A, Ag Gq ... Aq) (A, bg by ... bg) 

reducible terms being omitted. Similarly, : 

(G, Aq ba Gy ... Aq) (Ay Ag bz -.- Dg) = — (A, Aq Az ... Aq)(A, gb; ... Bg), ete. 

Hence, substituting in (I), we have 

(@ dgQq .... Aq) (a, by bg ... bg) = 9, 

2.e. 16 is reducible. 

ee) ep ee Py ooh = Sai anit feaie a). 
Pi Pee. Dg OG ho, 12, La) oe : 

Then 

1 dO(Fdo9z -.- 

Seba = (ry —Wlarty 4) @adadsy «By 
+ (po—1) (a, a, vee Ay) (dg bz b3 eee by)+... 

+ (pg—1) (a, ag... Aq) (Aq bo bg ... by), (IT) 

' 

where A= Po Ps e+ Pq 

But each term of (II) is reducible by §2. Hence the Jacobian of a 

Jacobian is reductble. 

ae Of fe --- fd 
Di Da beg 0 (Lp hq «x» Ly) 

and Ff, Wipes. Dy, OC Gey... La) Ce 

4. Let F, = (04 Ag -2+ a) 
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Ven yl =" (Gdn ss Ay) (Op Ogee Un) 

== (Aj Aq -u Aq) (Ay 0g <5- 0g) NG Gn ee ay) (Ay On OD ye) 

+ (Ay iy ... Bq) (Ay O, bg. b4 .-. Og) —.n- 

(12 (Gy Og el gO Oe pee 

By § 2, each of the terms of this expression can be expressed as the sum 

of terms, each of which only contains (2¢—2) of the symbols in its bracket 

factors; v.e. as the sum of terms each of which is the product of three co- 

variants. Hence the product of two Jacobians can be expressed as the 

sum of three-term products. . 

It is assumed in the above work that each quantic is of order 2 at 

least. 

5. In general, the evaluation of the reduced forms leads to somewhat 

complicated expressions. In particular cases, however, the results may 

be more compact, as, ¢.g. for the square of a Jacobian. Thus, if 

meecees Ue af 245 4 a ’ oS = ! 

fi = &, = As jp = OF = ,", I= Cy = 6,", 

are three ternary quantics, I find, with the customary notation, the follow- 

ing result in terms of the fundamental covariants :— 

YOGA 
~ ban 0G 2575) 

J? = (abe)? + (baCat Cgdg+ayby) —% (agt+ a+b; + 62+ 02+ c2) 

+4 | (Byx)’+(yax)’+ (aBx)?}. 

If = (abc), 
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THE GROUP OF THE LINEAR CONTINUUM 

By Norzpert WIENER. 

[Received September 28th, 1920,—Read November 11th, 1920.] 

1. The linear continuum has already received a complete characteriza- 

tion in terms of order* and of limit. Now, the author has shown that 

over a wide range of cases the notion of limit may be defined in terms of 

that of bicontinuous biunivocal transformation.{ It is the purpose of this 

paper to develop a categorical theory of the structure of the line in terms 

of bicontinuous, biunivocal transformations, or, in other words, to give a 

complete postulational characterization of the analysis situs group of the 

line. 

The set of postulates will be so framed that only one will have any 

direct effect on the dimensionality. All the other postulates together 

determine an analysis situs property of space which is shared by a large 

number of systems of a finite or infinite dimension number. A number 

of necessary conditions and a sufficient condition for a system to possess 

this property will be formulated. 

INDEFINABLES. 

2. Our indefinables are two in number—a set K of elements and a set 

> of one-one transformations of the whole of K into itself. 

DEFINITIONS. 

3. A sub-set # of K is said to have a limit-element A if A is invariant 

under every transformation belonging to = that leaves invariant every 

member of # except possibly A. 

* Cf. E. V. Huntington, ‘‘ A Set of Postulates for Real Algebra,” Trans. Am. Math. Soe. 

(1905); O. Veblen, ‘‘ Definition in Terms of Order alone in the Linear Continuum,”’ ibid. 

+ R. L. Moore, ‘‘The Linear Continuum in Terms of Point and Limit,’ Annals of 

Mathematics (1914-15). 
+ N. Wiener, ‘‘ Limit in Terms of Continuous Transformation,’’ Bull. Soc, Math. de 

France (1921-22). 
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A set E is closed if it contains all its limit-elements. 

A set E is connected if, whenever it is divided into the two non-null 

sets, F and G, either F has a limit-element in G or G has a limit-element 

in F, 

E is the set of all elements in K but not in Z. 

An interior element of E is one that is not a limit-element of Z. 

An element A is exterior to E if it is interior to H. 

An element A is a bowndary-element* of H if it is at once a lmit- 

element of # and of H. 

A segment is a closed, connected set with at least two boundary ele- 

ments. 

A component} of a set H is a greatest connected sub-set of LH. 

The transformation R is the inverse of R. R|S is the transformation 

which consists in performing first S and then ZR. 

PostunaTEs. 

4. I. K contains at least three distinct elements. 

Il. If # is a biunivocal transformation of the whole of A into itself 

that turns all closed sets into all closed sets and only into closed sets, then 

ft belongs to 2. 

III. If R and S belong to &, so does R| S. 

IV. If F belongs to &, so does R. 

VY. If there is a transformation from 2 changing A and leaving 

every member of # invariant, while there is a transformation from = 

changing A and leaving every member of f' invariant, then there is a 

transformation from 2 changing A and leaving every member of H+F 

invariant. 

VI. If A, B, C, and D belong to K, and A= C0, BD, then there 

is a transformation from ~ changing A to B and C to D. 

VII. If # is any sub-set of A and A is an element of K not a limit- 

element of H, then there is a segment of which A is an interior element 

and which contains no element of H. 

VIII. There is.an at most denumerable sub-set K’ of K such that no 

member of = except possibly the identity transformation leaves every 

member of K’ invariant. 7 

* Ci. F. Hausdorfi, Grundziige der Mengenlehre, p. 214. The notions of boundary ele- 

ment and Randpunkt are not identical. 

{ Ibid., p. 245. 



1920. | THE GROUP OF THE LINEAR CONTINUUM. 331 

IX. If H and F are two connected sets, and two boundary elements 

of # are boundary elements of F, then every other element of H is an 

element of F. ; 

DeFrnitTIons oF Systems. 

5. A system satisfying postulates I-IX inclusive will be called a system 

(Li). A system satisfying postulates I-VII inclusive will be called a 

system (Sp). 

A system (T) will be defined as in the author’s previous paper in the 

Bull. Soc. Math. de France, as a system satisfying Postulates II-IV. A 

system (R) will be defined as by Fréchet,* as a system satisfying the 

conditions of F. Riesz. 

1. Every limit-element of a set H is a limit-element of every set con- 

taining LH. 

2. Every limit-element of the sum of two sets H and F is a limit- 

element of at least one of the two sets. 

3. A set containing a single element has no limit-element. 

4. If A is a limit-element of a set H and B is distinct from A, there is 

always at least one set which has A for a limit-element without having B 

for a limit-element. 

It has been proved by the authort that in the case of a (T,), the necessary 

and sufficient condition that the system should also be an (R) is that it 

should satisfy the following three conditions :— 

2’. This is verbally identical with V. 

3’, Given any two elements, A and B, there is a transformation from 

x changing A but leaving B invariant. 

4’. If there is a set H not containing the element A, but such that 

every transformation from > that leaves all the elements of H invariant 

leaves A also invariant, then, given any element B distinct from A, there 

is a set F not containing A such that there is no transformation from = 

changing A but leaving each member of invariant, while there is a 

transformation from > changing B but leaving # invariant. 

* ‘Sur la notion de voisinage dans les ensembles abstraits,’’? Bulletin des Sciences Mathé- 

matiques, May 1918. 

t+ Loe. cit. 
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A system (H) is one in which neighbourhoods are so defined as to 

satisfy Hausdorff’s ‘‘ Umgebungsaxiome ” :* 

(A) Given any point 2, there is at least one neighbourhood U,, of 

which « is a member. 

(B) If U, and V, are two neighbourhoods of x, then there is a neigh- 

bourhood W, contained in both. 

(C) If y belongs to U,, there is a neighbourhood of y, U,, contained 

Ines, 

(D) If a and y are two points, then neighbourhoods U, and Y, can be 

so chosen as not to overlap. 

In a system (H) a set # is said to have a limit-point A if every neigh- 

bourhood U, of A contains an infinity of points of H.t 

A vector-system, or system (Ve), is defined as in my previous paper? as 

a system Kt of elements (represented by capitals), associated with entities 

called vectors (represented by Greek letters), real numbers (represented by 

lower case letters), and the operations ©, ®, and || || by the following 

laws :— 

(1) If € and » are vectors, € ® 7 is a vector. 

(2) If €is a vector and n > 0, n © € is a vector. 

(3) If € is a vector, || € || is a non-negative real number. 

(44) nOEOn = NOH BNO”y). 

(5) m© (n© €) = mn O €. 

(6) (m © €) PB (nO €) = (m+n) OE. 

(7) ||mO€| =m Ell. 

(8) l€Sal <i Ell+iial. 

(9) If A and B belong to K, there is associated with them a 

unique vector AB. 

(10) || AB || = || BA |). 
(11) Given an element A of K and a vector &€, there is an element 

B of K such that AB = &. 

* Loe. cit., p. 2138. 

+ Ibid., p. 219, definition of g-Punkt. 

+ Loc. cit, 
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(ea ABO RO 

(13) || AB || = 0 when and only when 4 = B. 

Cael A Boe CD. DO = BA. 

A system (Vr), or a restricted vector system is a vector system of at 
least two elements in which the sum of two vectors is independent of their 
order, and in which, if 4, B, andC are any three distinct elements such 

that || AB || = || AC ||, then there is a finite set By nls, ey, LOte Ole 

ments such that 

PeR ae a 

(2) Porall & |)-4B; |i = |! AB ||. 

(8) For all &, || Bz Bras || < || AB |. 

We shall say that a set H has A for a limit-element if, for all the B’s 

that belong to H, the lower bound of || AB || is zero. 

RELATIONS OF SYSTEMS. 

6. We shall say that a system of one of our classes belongs to another 

of our classes if a translation into the language of the second class is 

always possible in such a manner as to keep limit properties invariant. 

We have already seen that every (Sp) or (Li) is a (Ty), and every (Li) is 

clearly an (Sp); we shall prove the further relations : 

(1) Every (Sp) is an (R). 

(2) Every (Sp) is an (H). 

(3) Every (Vr) is an (Sp). 

Proof of (1). 

All that we need to prove is contained in propositions 3’ and 4’ of § 5. 

If there are at least three elements, 3’ is a consequence of VI. Now, there 

are at least three elements, by I. 

As to 4’ it is enough to show that, given any two elements 4 and B, 

there is a set H having A but not B as a limit-element. It follows from 

VII, I, and 3’, that there is at least one set 1’, which has limit-elements 

without having the whole of & for the class: of its limit-elements. 

Let A, be a limit-element of this set, and B, an element not a limit- 

element of the set. By VI, there is a transformation from > changing A, 

to A and B, to B. Let this transformation change F’, to F. Then, as a 

result of III and IV, F will have A for a limit-element, but not B. 
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Proof of (2). 

Let a neighbourhood U, consist of all the interior elements of some - 

set H of which A is an interior element. By I, 3’, and VII at least one 

element has a neighbourhood, and by the use of VI, III, and IV, as above, 

every element will have at least one neighbourhood. Indeed, it may be 

shown by I, 3’, and VII that there is at least one set with both interior 

and exterior elements, so that this same argument may be used to show 

that any two elements will have two mutually exclusive neighbourhoods, 

thus proving that Hausdorff’s conditions (A) and (D) are satisfied. (C) is 

an obvious result of the definition of neighbourhood, for a neighbourhood 

is a neighbourhood of any of its elements. As to (B), the interior ele- 

ments of a set H that are also interior to a set #' are interior to the 

common part of H and F’; this follows from condition 2 that our set be a 

set (R). 

It remains to show that limit in a system (H) corresponds to limit in 

a system (Sp). It is a result of our definition of neighbourhood that if # 

is a set having 4 as a limit-element, every neighbourhood of A contains 

some element of H other than A. It results from Riesz’s condition 2 that 

every neighbourhood of 4 contains a set of elements of H having A as a 

limit-element. From 2 and 8 together it follows that every such set is 

infinite. Hence every (Sp)-limit is an (H)-limit. The converse relation 

follows from VII. 

Proof of (8). 

Let = consist of all biunivocal, bicontinuous transformations in our 

system (Vr). ‘That this will give the same notion of limit as that defined 

in a system (Sp) I have proved in my previous paper. Postulates I, II, 

III, IV, and V demand no discussion. VII will be obvious if we consider 

that a “sphere” with its boundary-elements will answer to our definition 

of a segment, for it is closed, has at least two boundary-elements, and is 

connected, for any point is connected with the centre by a radius. More- 

over, the centre is an interior point. VII will then follow from our defi- 

nition of limit. 

There remains only condition VI. It is clear that any element A of 

K can be changed to any other member 2 of K by a transformation from 
>, for it will follow from II and the various properties of vectors that the 
transformation which turns C into the element D such that CD = AB 
belongs to 2. In a similar way, it may be shown that the transformation 
which consists in holding an element 4 fast and “multiplying” all the 
vectors AB by the same numerical factor also belongs to =. We shall 
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establish our theorem, then, if we show that if AB and AC are two vec- 
tors such that | 4B |— AC |, there is a transformation belonging to 
2 holding 4 fixed and changing B into (©, for every transformation of a 
point-pair into another may be reduced, as in ordinary geometry, into a 
“ translation,’ an “ expansion,” and a “ rotation.’ Our special hypothesis 
for a (Vr) enables us, moreover, without essentially limiting our problem, 

to suppose || BC || < || AB |). 

Let us consider the vector transformation which turns € into 

| Riese ) 
E@ | 1] ABI OBC). 

This transformation is clearly univocal; it is, moreover, biunivocal. To 

prove this, let us make use of the fact that it results from our assumptions 

that if € By =9Y, » is uniquely determined by 9 and €, and may be 

written $O€. Now suppose that 

é eS I ee ia | 
ei eee © BC CO} =1® | apo BC}. 

eeeetied rill 
It results that sk = | 4B | © BC, 

. eo ee | 
(a) =— { '_— yn or L€Snll = {él lal Taq 

Now, by our hypothesis, || BC |/|| AC || <1. Hence either 

{€On||_=0, or | EOnI << Ell—ilal. 

If we write this latter proposition in the form 

l€Snlltlial< ES) Onl, 

it will be seen to contradict (8) in the definition of a (Ve). Hence 

'€On || =0, 

or what results from (18), € = 7. 

Let us consider the point-transformation which retains 4 invariant 

and changes every other element P into the element P’.such that 

eS Tee | ee fo 

It results from what has been said and the properties of vectors that this 

is biunivocal ; let us consider how it affects the magnitude of vectors. If 

P is transformed into P’ and Q into Q’ by our transformation, we wish to 

determine a relation between PQ and P’Q’. 
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Now, as an immediate consequence of the commutative law and the 

definition of our transformation, 

(IAQ I=IAP I PQr=ho Cus © BC} .* 

As a consequence, 

| PON <1 PQ + Fee 4@ il AP | 
<2 | PON. 

On the other hand, it may readily be proved that 

| Ways | eheBCo| \| phe sea ie? } 

| BC || 
> PQ 1 Tagyl 

It follows from these inequalities that, to put it roughly, P’Q’ is small 

when and only when PQ is small, and that a set of elements approaching 

indefinitely close to a given element is transformed into a set approach- 

ing indefinitely close to the transform of the given element, and vice versa. 

In other words, our transformation leaves limit-properties invariant in 

both directions, and so belongs to >. Moreover, our transformation 

leaves A invariant and changes B into the element D such that 

(||AB 
AD =ARG rie 

(|| AB || 
© BO; = AB® BC = AG, 

or, in other words, into C. We thus have completed our proof of the 

equivalence of point-pairs by the consideration of “ rotations.” 

ExaMpLes oF Sers (Vr). 

7. (1) The system consists of all »-partite numbers (x, 2, ..., &n)- 

Ii A = (ey, @, ..., &») and B = (y;, Yo.-.-» Yn), AB shall be the »-partite 

number (%1—Y1, Yo— Ya, «+++ Ln—Yn), and every n-partite number shall be 

a vector. If 
CSUs RA, a (0 Og UR 

L€ || = f@i+vt+...tu), kOE= (kuy, huts, ..., hun), 

and ED y= (UAV, UgtvVs, ..., Un+ten). 

* (—n) © UV is to be understood as n@ VU. 
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The independence of addition on order is immediately obvious. The other 
specifically (Vr) property results from the fact that any are of a circle can 
be traversed with a finite number of chords each less in length than e, for 
any given e. 

(2) The system of elements and that of vectors alike consist in all 

o-partite numbers (x, 2, ..., 7, ...) such that there is a finite X such 

that for all k, |a,|< X. If 

i ie ann ih, uu) CON OB CY Ua, tans ke se) s 

AB = (@—Y1, Lo— Yor «++» Le— Yor +++). 

If ee th en oe a) NG 47 =a) (4), Vas cay Ven <cas 

\| € || = least upper bound |x, |, 

m © & = (Mu, Mug, ..., Ne, ..+), 

and ED n= (Ut, UgtvVo, ..., URtVUE, ...). 

The commutative law is obvious; the other condition for a (Vr) can be 

demonstrated if we show that given € and 7 such that || €|| = ||7|| 40, 

there is a chain of vectors, €, = &, &, ..., &: =, such that for all J, 

IGli=€ll and lGnOGgl<l el. 

Such a chain may be constructed as follows; let ¢ be the vector 

(24, Zq) -++5 Zip ---), Such that for all k, z, is the larger of the two quanti- 

ties wz, and v; if they differ, and their common value, if they agree. Then 

UF a gral cal 

gue | | 
Let Ng Os £ S aa Vy RAs ert Sou d = ¢ 

fii Il Ell 

Let r be any integer larger than both p and qg. Then the sequence of 

vectors 

may readily be shown to satisfy the conditions for a chain {&}. 

(8) The system of all points and the system of all vectors consist alike 

SER. 2. vou, 20. No. 1398. Z 
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in all &-partite numbers (x1, %, ..., Zp, ...) such that the series 

aitas+...far+... 

converges. AB, m © €, and €@y» are defined as in (2). If 

Fae Pane YE wisrhein 5) cia) 

| El = Sui +ust+...tupt...). 

To show that our system is a (Vr), let us introduce a few considera- 

tions from the trigonometry of infinitely many dimensions. If 

Ec GU tay ae pes) AUGe 2 (0s Ue, ee Ope 

let us define < & as 

-1 WV Ugg... Un Unb... 

oe rae 

‘The first question to arise is under what circumstances < €y will exist. 

It may easily be shown that if 2w;, and Xv? converge, D(u»,+v,)? and 

Y(u,—v,)? will converge.* It results that Yt {(w,+0,)?—(u,—v,)*} -will 

converge, or that Yw,v, will converge. Furthermore, it is obvious that 

to multiply € or » by a positive constant will not affect the magnitude or 

existence of < &. We may thus assume || € || = |j 7 |!, which gives us 

ees cog ) Ui Meet e+ Fn Un HN 

UU +... uz 

Now, consider the inequality Y(Un—Vn) >O0. We may write this 

Lu2— 2D ey Vn +> v2 > O. 

Making use of the fact that Xu? = 2v%, this becomes 

VD Un Va <— 2DuU. 

It may be proved in precisely the same manner that — 

— 22 Un0n K ADu?. 

Hence < €y is the anticosine of a number not greater in absolute value 

than 1, and consequently exists. 

As in ordinary geometry, 

LE Ga ll? =U El? il 7 l?—2 || Ell. | 9 || cos < &. 

* Cf. Hausdorff, loc. cit , p. 287. 
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This may be proved by writing the formula out at length, when it will 

reduce to an identity. All the series involved will be absolutely conver- 

gent, so there is no difficulty about changing the aye of terms. 

Let us ig lane as above, that || € |! ='|| 7 | |,- and let us consider 

cos <€{EDy!. This will be 

af Pate ot FE Un (ln Fn) +. 
AV PEF FEF.) VT GF ODF y+ 0g)". Cin bow? 4 

By our previous remarks this is an se eS positive - heel We 

shall moreover get the identity 

cos 2< €{E@Dy! 

= 2cos?< £{€Gn}—1 

— 24 (UZ +n Vn) \?—[D 2] [2 (en ton)? ] 
Lu? ] [L(m +m)” | 

Lu? Du? +42 UZ Um Vm 2UVUn Vn L Um Vin — U2, DUP 
m 

ee = 22D 02D Un Vm— Dv? S ue 

[22] [2+ vn)” 

2D U2 > UmVm t+ 2DUUn Vn Dm Vm 

[2 us| [= OPS Um)" | 

[2 ui | [= (m+ Vm)" | 

Un Vn s 

— —— CONC? 
Yu? . 

it results from this that < €(€@®y) is the half of < &y in the first or 

fourth quadrant. 

Now, let € and » be any two vectors of equal magnitude, provided aries 

that neither is made up entirely of 0’s. Form the vector €,, which shall 

be a positive multiple of €¢y with the same magnitude as €& Ina 

similar manner, interpolate €, between € and &3, and €, between €, and », 

and let us know € and as €, and &;, respectively. We have 

: cos < ££ = cos < £3 = »/{4 (1+cos < &)} DO 
Hence 

cos < ££ = cos < & 3 = cos < ££, = cos << fis 

= /{4(1+cos< ££3)| > 44/2. 

% 2, 
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It follows from the law of cosines that 

I Ex—Eraa ll =A Cl Ge WPF Hl Sogn (2-2 Wl & Il. ll Goan ll cos < Sn &i41) 

< || €l /2—/2) 

Site 

(4) The system of all elements and the system of all vectors both con- 

sist of all continuous functions of a real variable defined over a given 

closed interval. The vector fg is the function f(z)—g(z). If €=/f(a) 

and y= g(a), | € | = max|f(z)|, Lo€=Af(w), and €Sy=f(z)+9(@). 
The proof that this system is a (Vr) proceeds as in (2). 

It may be noted that systems (1), (3), and (4) satisfy VIII.* 

ConsIsteENCY oF Postunatres I-IX. 

8. The following system satisfies Postulates I-IX: K consists of all 

the points on a line, and > consists of all bicontinuous, biunivocal trans- 

formations of the whole line into itself. 

Depuctions From Postuuares [-IX. 

9. THEeorem I.—If A and B are any two distinct members of K, there 

is a unique closed set (A, B), completely characterized by the facts that vt 

is connected and that A and B are boundary elements of it. 

Proof. 

It follows from Postulates I, VI, and VII that there is at least one set 

with at least two boundary elements. By VI, these can be transformed 

by a transformation from 2 into A and B, and by III and IV, this trans- 

formation will leave every connected set connected. By IX, this set is 

uniquely determined except as to whether it contains A and B. Adjoin 

to it its limit-elements, and it will clearly remain connected, while it will 

contain A and B. 

Tueorem II.—A and B are the only boundary-elements of (A, B). 

Proof. 

Let D be any element not in (A, B). Consider the componentt E of 

* Hausdorff, loc. cit., pp. 288, 289. 

+ Since we have proved that our system satisfies Hausdorfi’s axioms, we may take ad- 

vantage of his proof of the existence of components. 
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(A, B) to which D belongs. This must have a limit-element P in (A, B), 

for otherwise the segment (D, A), which exists, by Theorem I, would not 

be connected. P is then a boundary-element of (A, B) which is the limit 

of the connected set E in (A, B). 

Now, let C be any boundary-element of (A, B) other than A and B. 

If C were the limit of a connected set F in (4, B), then F would either 

have A for a limit-element, or B for a limit-element, or neither A nor B. 

In the first two cases it results from IX that F must coincide with (A, B), 

which is impossible. In the third case, it follows from V that A and B 

are boundary-elements of the connected set (4, B)+F, which hence must 

coincide with (4, B), by IX. This is again impossible. It follows that. 

there is no such set as F. 

Let Q be any boundary-element of (4, B) other than C and P. By 

IX, we may write (4, B) as (Q, C) or as (Q, P). Now, by VI, there is a 

transformation from = leaving Q invariant and changing P into C. By 

III and IV, this changes (Q, P) into (Q, C), and changes every connected 

set in (Q, P) having P as a limit-element into a connected set in (Q, C) 

having C as a limit-element. As the existence of sets of the latter sort 

has been disproved, while the existence of sets of the former sort has been 

proved, it follows that either our assumption of the existence of C or our 

assumption of the existence of P is inadmissible. If either assumption is 

incorrect, (A, B) has only two boundary-elements, which must be A 

and B. 

Tueorem III.—If (A, B) and (A, C) have an element in common other 

than A, either (A, B) contains (A, C) or vice versa. 

Proof. 

Let E consist of all elements in (4, B) but not in (A, C), and let F be 

the component of # containing B. As (A, C) is connected, # has some 

limit-element D in (A, 0). If A is the only limit-element of F in (A, C), 

A+F is a connected set containing the boundary-elements A and B, and 

hence coincides with (A, B), which hence, contrary to assumptions, con- 

tains no other term than A in common with (4, C). By Theorem II, the 

only other value which D can have is C. Now, consider the set #'+(A, C). 

It is connected, and, by V, has A as a boundary element. By V, either B 

is a boundary-element or B belongs to (A, C). If B belongs to (4, C), 

then every element of (4, B) does likewise, for otherwise, as (A, C) has 

only two boundary-elements, H can have only 4 and C as limit-elements 

in.(A, C). If B differs from C, this is clearly impossible, while if B coin- 

cides with C, (A, B) = (4, C). 
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The only other possibility is that H contains no elements. In this: 

case, (A, @) is contained in (A, B). . 

Turorea IV.—If C is interior to (A, B), (4, B) = (A, C)+(G, B), and 
(A, C) shares with (C, B) no other element than C. 

Proof. 

By Theorem III, (4, B) contains (A, C) and (C, B). If B belonged to 

(A, C), by Theorem III, (4, C) would contain, and hence coincide with 

(A, B). This contradicts our assumption. Hence, by Postulate V, B is 

a boundary -element of (4, C)+(C, B). ‘ The same argument applies to A. 

Moreover, being the sum of two overlapping, closed, connected sets, by V, 

(Ad, C)+(C, B) is closed and connected. Hence, by Theorem II, 

(A, C)+(C, B) = (A, B). 

If (A, C) and (C, B) had in common any other element than C, then, 

by Theorem III, either (A, C) would contain (C, B), or wice versa. In 

this case, either (A, C) or (C, B) would contain (A, B). Hence, by: 

Theorem II, C would coincide with either 4 or B, and would not be an 

interior element of (4, B). 

Definition.—If C is interior to (A, B), we shall write ACB. It is: 

obvious that if ABC, A, B, and C are all different, and it is also obvious 

that ABC and CBA are equivalent. Furthermore, by Theorem III, ABC 

and ACB are incompatible. . 

Tueorem V.—If ABC and ACD, then BCD. 

Proof —By Theorem IV, ABD. Hence, by Theorem IV, either ACB 

or BCD. ACB, however is incompatible with ABC, by Theorem ILI. 

Tueorem VI.—ABC, ABD, and CBD) are incompatible. 

Proof.—By Theorem IV, either ACB, B=C, or BCD. As Theorem 

III excludes the first two suppositions, which are incompatible with ABC, 

there remains only the last possibility, which, by ILI, is incompatible with: 

BCD. 

THrorem VI.—Hither ABC, BAC, or ACB, if A, B and C are distinct. 

Proof.—Suppose the first two alternatives are not fulfilled. Then, by 

Theorem III, (A, C) and (B, C) have only C in common, (4, C)+(B, C) 
is connected, and by Postulate V, has A and B as boundary-elements. 

Hence (A, C)+(C, B) = (A, B), or, in other words, ACB. 
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Turorem VII.—Jf ABC and BOD, then ACD. 

Proof.—By Theorem VI, we have DAC, ADC, or ACD. It DAC and 

ABC, then by Theorem IV, DBC, which, by Theorem III, contradicts 

mows It ADC, then, by Theorem IV, ABD or DBC. DBC, by 

Theorem III, contradicts BCD. If ABD and BCD, then, by Theorem 

1a Pae. Ror oe . 

Definition.—AB | OD shall meau any one of the following sets of re- 

lations : 
(h) AGDy ABD. 

ee Ges 1). 

(3) ACD, ADB. 

a) ASS) ABD: 

ES Boat Gere ea—) BR he eer 

OO) a eA. 

(i)- CAD; CAB. 

aa OD CAD. 

(9) CDA, CAB. 

Tueorem VIIU.—If AB|CD and BP|CD, then AP| CD. 

Proof.—This involves merely the tabulation of the 81 possible cases 

and the application of Theorems IJI-VU in the instances in which they 

are appropriate. 

THEOREM IX.—If AB|CD, A#B and C#D. 

af —tThis follows from the fact that if dBC, d #B4#C,- and the 

definition of AB| CD. 

Turorem X.—I/f A # B, C#D, then either AB|CD or BA|CD, 

Proof.—This follows from Theorems VI, IV, V, and VII, as may be 

shown by tabulating the relations between A, B, C, and D, which are 

possible on the basis of Theorem VI. 

Turorem XI._If AB|CD and APB, then AP, CD and PB|CD. 

Proof.—As above, by tabulating the possible cases, and making use of 

Theorems [Y-VII. 

Turorem XII.—If AP|CD and PB|\CD, then APB. al 
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Proof.—As above, by tabulation. 

Tueorem XIII.—If M and N are two classes of elements exhausting K, 

and such that there are two fixed elements C and D such that vf A belongs 

to M and B belongs to N, AB|CD, then there is an element P such that 

af Q belongs to M and RF belongs to Nand Q#PH AK, QPH. 

Proof. 

Suppose that X and Y belong to M, and that XZY. Hither XY|CD 

or YX|CD, by Theorem X. Similarly, either XZ|CD or ZX|CD, and 

either YZ|CD or ZY|CD. Making use of Theorems XII and VI, it 

turns out that the only admissible combinations of hypotheses are 

XZ|CD, ZY|CD, XY|CD and YZ|CD, ZX|CD, YX|CD. Since we 

have XB|CD and YB|CD for all B in N, we have, by Theorem VIII, 

ZB\CD in both cases. It follows then from Theorems VIII and IX that 

Z does not belong to N, so that it must belong to M. In other words, if 

M contains X and Y, it contains every element in (X, Y), so that M is 

connected. Likewise, N is connected. 

It follows from Postulate IX and Theorem I that there is just one 

element P which is a limit-element of M belonging to N or a limit-element 

of N belonging to M. Let @ belong toM and & to N. As (Q, &) is con- 

nected, it must contain P. 

Turorem XIV.—T here is a denumerable set K' of elements such that 

uf A and B are any two elements, there is an element C from K' such 

that ACB. 

Proof. 

Let K’ be the set to which reference is made in Postulate VIII. Then 

every element is a limit-element of K’. It follows from the fact that a 

single element has no limit-element and Postulate V that a segment has 

interior elements. Hence every segment contains at least one element 

of K'. 

THEorEM XV.—There is no element A such that for all BA, 

AB|CD, and there ts no element A such that for all Bt A, BA|CD. 

Proof.—This follows directly from Postulate VI. 

Turorem XVI.—K can be put into (1, 1)-correspondence with the set of 

all real numbers, in such a way that two elements C and D can be selected 

such that AB|CD when and only when the correspondent of A is larger 

than the correspondent of B. 
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Proof.—By Theorems VIII, IX, and X, order as defined by AB| CD is 
serial. By Theorems XI, XII, and XIII, it is what Russell calls “ Dede- 

. kindian.” By XI, XII, and XIV, it contains a denumerable “ median 

class.” Hence, by a well known theorem,* it is ordinally similar to the 
series of reals. 

Tueorem XVII.—In the correspondence of Theorem XVI, ¥ goes over 
into the set of all bicontinuous biunivocal transformations of the series of 
reals. 

Proof.--In the transformation of Theorem XVI, a segment goes over 

into a segment (Theorems XI, XII). Now, by Postulate VII, and 

Theorem I, the limit of a set H eonsists of all those elements A such 

that every segment (C, D) of which 4 is an element other than C and D 

contains a member of H. Hence limit goes over into limit, and in virtue 

of Postulates II, ITI, and IV, a transformation from ¥, which is precisely 

a transformation keeping limit-properties invariant, goes over into a 

bicontinuous, biunivocal transformation of the number-line, and every 

bicontinuous, biunivocal transformation of the number-line may be thus 

obtained. 

Theorem XVII is equivalent to the statement that our set of postulates 

is a categorical set of postulates for the analysis-situs group of the line. 

CONSIDERATIONS OF INDEPENDENCE. 

10. Up to the present, the author has been unable to solve the ques- 

tion of the independence of Postulates IV, V, VII, and VIII. Each of 

the other postulates is independent of all the rest. ‘The examples given 

below satisfy all the postulates except the one whose number they are 

given. 

I. K consists of one element; > contains only the identity trans- 

formation. 

Il. K consists of all points on a line; Y consists of all biunivocal, 

bicontinuous transformations that preserve direction. 

Ill. K consists of all points on a line; > consists of all biunivocal, 

bicontinuous transformations, together with the transformations that 

displace all points with rational coordinates a rational distance in one 

direction, and all points with irrational coordinates a rational distance in 

the other. 

* Whitehead and Russell, Principia Mathematica, Vol. 3, % 275. 
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VI. K consists of all points on two mutually exclusive lines; 2 con- 

sists of all biunivocal, bicontinuous transformations of K. 

IX. K consists of all points on a circle; consists of all biunivocal, 

bicontinuous transformations of K. 

Tt may be said that the independence of VIII would be proved if we 

could produce a closed homogeneous* series with a number of terms 

greater than 28°, Homogeneous series with more than 2Xo terms are 

known, but they are not closed. 

* Hausdorff, loc. cit., p. 178. 

Massacuuserrs Instirure or ‘l'kcHNOLOGY. 
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ON THE DISTRIBUTION OF ENERGY IN AIR SURROUNDING 
A VIBRATING BODY 

By J. H. Jones. , 

[Read December 9th, 1920.—Received, in revised form, April 18th, 1921.] 

1. If a fiuid be subject to a periodic disturbance, it is known that 
within regions whose maximum distance from the source of disturbance 
is small compared with the wave length, the fluid may be treated as if it 

were incompressible. This principle has been of great service in the 

approximate treatment of many acoustical problems, which do not lend 

themselves to rigorous solution. We infer that within such regions the 

* potential energy may be neglected compared with the kinetic energy.* 

In particular, if we consider the waves in an infinite medium, due to 

the vibration of a body, we deduce that there is a certain region in the 

neighbourhood of the body within which the energy is mainly kinetic. 

On the other hand, at large distances from the body, the waves tend to 

become plane, and, in a system of plane progressive waves, the potential 

energy is equal to the kinetic.+ In one case the ratio of the potential to 

the kinetic is a minute fraction, in the other case it is unity. The ques- 

tion is, what is the law of distribution by which this ratio changes from 

its lower to its upper limit ? 

The case which is here considered in detail is that of a sphere, vibrating 

in an infinite medium. ({n the first place, the calculations have been 

carried out for the simplest type of vibration, viz. that of a pulsating 

sphere where each surface element vibrates radially in the same phase 

and with the same amplitude. A similar analysis is next carried out for 

a sphere vibrating in a straight line in the manner of a pendulum. 

Lastly, the problem is treated for the general vibration represented by a 

surface harmonic of order », of which the two cases mentioned are, of 

course, particular examples. In particular, the case of n = 2 is examined. 

* See Rayleigh, Scientific Papers, Vol. 4, No. 230; Theory of Sound, Vol. 2 (1878), 

p- 158, et seq. 

+ That is, if the mean be taken with respect to time. 
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2. Summary of Results. 

Denoting the mean potential energy of the fluid enclosed between the 

sphere and any concentric spherical surface by V, and the mean kinetic 

by T, it is found that the ratio V/7' depends on 

(1) The ratio of the dimensions of the sphere to the wave length of 

the disturbance (ka).* 

(2) The extent of the region considered (7/a). 

(3) The type of vibratién n. 

A table has been drawn up in order to illustrate the variation in V/T 

when any one of the above factors is varied. + 

‘Two facts emerge from an examination of the table. In the first place, 

when ka is small, there is a finite extent of the medium in which the ratio 

V/T is very small. This is the region referred to in the opening para- 

graph. Some idea, too, is gleaned of the relation between the extent of 

this region and the type of vibration. It is clear from the table, for 

example, that the simpler the type of vibration (7.c. the lower the value 

of n) the less extensive is the region. The question as to how the dimen- . 

sions of the region change with the type of vibration is investigated and 

a formula is evolved giving the relation between the two.! 

The second fact is this: the ratio of V/7' tends to the limit unity when 

the extent of the region is made infinitely great. In the case of plane 

waves, the value of V/T is always equal to unity, 7.e. provided that the 

region so considered includes an integral number of wave lengths. It has 

been pointed out that, in the case of a system of divergent spherical waves, 

the total kinetic energy (t.e. reckoned throughout infinite space) is, under 

certain conditions, equal to the total potential energy.§ The condition 

mentioned is that 7.¢° shall vanish over the inner and outer boundaries of 

the system (¢ denoting as usual the velocity potential). In the system 

of waves considered in this paper this condition does not hold, but a 

theorem is developed which gives the relation between V and 7: and, in 

particular, it is found that the limet of V/T tends to unity when infinite 

space is considered.|| It is interesting to note the change of V/T from a 

very minute fraction to its limiting value unity. 

* qa denvtes radius of the sphere, and k = 2m/A, where A is the wave length. 

+ § 11. 
+ §10. 
§ Lamb, Proc. London Math. Soc., Ser. 1, Vol. xxxv, p. 160 (1902); Aydrodynamics, 

p. 484. 

|| Appendia, p. 361. 
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3. Pulsating Sphere. 

If the centre be taken as origin, the velocity potential is given by 

A. ek (ret) 

¢ =, (1) 

where 4 is a complex constant to be determined, & stands for 27/A, where 

d is the wave length, and ¢ is the velocity of wave propagation. 

To determine the coefficient in (1) let the motion of the surface be 

given by r= ata , on. (2) 

where a, the amplitude of vibration, is small. At the surface of the sphere, 

we have 
—dg/or =r, 

whence A zee so oo thea — 6 (say). (3) 

ns vB eik(ct—r+a) 

Hence eae ere (4) 

and taking the real part, we have 

—_ @&B  cosk(ct—r+a+e) 6) 
p hae (1+-k7a?)2 yr M 0 

4. The Mean Potential and Kinetic Energies. 

If we denote the elasticity of volume of the fluid by x, and the con- 

densation by s, the potential energy of unit volume is 4«s”. 

Remembering that c? = «/py, where p, is the density in the undisturbed 

state, and that the dynamical equation of sound waves is 

c's = 0¢/dL, 

we can write 

Potential Energy per unit volume = $ a 3 (se). (6) 

In the present case the mean value of this with respect to the time is 

eS 2 

=p 1+ha HO yf? 

Hence the mean potential energy in the region between the sphere and a 

concentric spherical surface of radius 7 is 

a Coe sk x TparB? 9 19 me 
=| te pie qa tardy = 7a 5 ka tn lela (7) 
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The Kinetic Energy per unit volume at a distance r from the centre 

of the sphere is 

0¢\?__ ,_ _a#B?__ ( cos’ o—2kr sin w cos wk?” sin” w | 3 
ap (St) = 40 oY yt ie (8) 

where w = k(ct—r+ate). 

The mean value of this is 
Veer 1+ 

The mean kinetic energy in the region considered in equation (7) is 

par? | 2 (2 ) ( — +) 
(i meee ; lel ra ie | (9) 

5. Special Cases. 

(1) When the radius of the sphere is small compared with the wave 

length, z.e. ka is small, the expression for V and 7’, in equations (7) and 

(9) reduce to V = zpa?B?k*a? (r—a), ek) 

Ten pa (ra). (11) 

Hence in the immediate neighbourhood of the sphere, the Potential Energy 

is very small compared with the Kinetic, and the motion is practically the 

same as if the fluid were incompressible. 

(2) Consider next the case when ry and a are both large compared with 

the wave length, 2.e. ka and kr are large but r—a is finite. 

Then, from (7) and (9), we have 

V = zpa’*B? (r—a) 

= 47a? (r—a) X30” 

Heel) (12) 

approximately. The volume under consideration may be taken to be equal 

to 47a?(r—a). Under these conditions the Potential and Kinetic Energies 

are equal, and the mean value of each per unit volume is 46”, as in the 
case of plane waves. 

(8) Whatever be the value of ka, we find from equations (7) and (9) 
that when 7—> ©, the ratio of V/T tends to unity. This may be proved 
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independently.* Thus, we have 

goo) ore 0. Nae) Aa eae 08 
and since, from equation (1), 

r@ = Acosk (ct—r+a+e), 

( 0 (rg) ; ; ee we get 1 oe 
? 

since Cosa t. 
ot 

io2) D 2 2 

Hence \ 4p (<2) 4ardr = \ $p0°s" Anrdr—27p Ea : (14) 

Since the last term on the right-hand side is finite at the surface of the 

sphere, and zero at infinity, it follows that Lt V/7’ tends to unity. 
. 1—>o 

The values of the expression V/T for various values of ka and r/a, are 

given in the column x = O in the table.+ For instance, when ka = ‘01, 

the value of 7/a is 1000 before V is comparable with 7. On the other 

hand, when ka = 10, the ratio V/T is nearly equal to unity when 7/a = 2. 

The results are further discussed in § 9. 

6. The Pendulum. 

The velocity potential due to a swinging pendulum, when the ampli- 

tude is small, is that due to a dowble source. 

Omitting the time factor, we can put 

o— A o, (—) A d (—) cos 9, (15) 
oe\N r ) “or\ r 

if the axis of x is the line of motion of the sphere, and @ denotes the angle 

between rv and x. If U be the velocity of the sphere at any instant, we 

have the following equation to determine J, viz., 

= U cos 8, (16) 

for ry—a. It Uioee (17) 

* Proc. London Math. Soc. (I. ¢.). 

ff ool. 
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2—ka?— ka Bee 2) " = By Se a ees ek (ct—r +a) a we get go = Ba tat 2 cos 9, (18) 

and taking the real part of the expression 

j= 4 {cos o—kr sin w} cos 8, (19) 

where w =k (ct—r+ate), 

| cd SACS and yea (4-4 kiaty? . 

The Potential Energy per unit volume is given by - 

2 

1 i = 1 fo oe | {sin? o+2kr sin w cos w+?” cos? w| cos’ @. (20) 

Taking the mean of this expression over a long period of time and then the 

mean value over a spherical surface of radius 7, we get the value of the 

potential energy in a spherical stratum of the medium of radius r and of 

thickness dr. Thus 

6V = 479, Rh? or. 
1+? 

7 

Integrating from a to 7, we get the expression corresponding to equation 

(7) for the pulsating sphere, viz., 

V = 4p, 8?a° min 1 {Be (= ~1)+(1-4) L. (21) 

The Kinetic Energy of the same volume of the medium is equal to the 

mean value with respect to time of the expression 

iooll] (CGE) + 32 GB) | Perae. 
We find 

T = 2xp, aa (xe (= —1) +a? (1- <) i (1 “yt. (22) 

An analysis of these results for the special cases considered in § 4 leads 

to similar conclusions, but may be omitted in view of the general treat- 

ment in § 9. 

7. The General Vibration of a Sphere. 

The general equation of sound waves in the case of simple harmonic 
motion is (V+) ¢ = 0. (23) 
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The solution of equation (23) when the waves are those produced by 
the vibration of a spherical surface is well known, having been given by 
Stokes in his classical paper “ On the Communication of Vibrations from 
a Vibrating Body to a Surrounding Gas”.* The most general type of 
vibration can be represented by terms of the type 

mAh e (24) 

The appropriate solution of (v?+ 42) ¢@ = 0 is then given by 

p = Cn Fk) S, Clie (25) 

where C,, is a constant determined by the boundary conditions, S, is a 
spherical surface harmonic of 2-th order, and 

n—1.n.m+l1.n+2 

2.4 (tkr)? 

Q “thy ( 

er) = Te 14% n+ a 

Qikr 
Sie 

ee ee 
ss 2.4.6... 2n(tkr)®) ° (26) 

Since —0¢/or = S,e*" at the surface r = a, we get 

1 
=F FO 27 

Cn {kafn(ka) +nfn(ka)} a} (27) 

The expression f,,(kr) can be written 

a —iky 

Falkr) == — 1 Gn—thy | ? (28) 
(kr) 

which will be found convenient when the real part of ? is required. We 

havet 

a ee ry, Ney ieee ae a 
a — 2% — 29 

In = 1— 2.4(kr) eee ge DA an (rye (29) 

n.n+l Te ue aa 

a 5 2.4.6 (kr aa 
» 2.8.4... In—1 ik : 

—\r(—2) 2 30 
AG oo ee 

* Phil. Trans. (1868), Papers, Vol. 4, p. 299; Lamb, Hydrodynamics (1916), p. 502; 

Rayleigh, Theory of Sound, Vol. 2, pp. 205 et seq. 

{ The series for g, and h, will vary according as is odd or even. In the above me is 

taken ag even. A similar analysis for » odd leads to exactly the same results, but the series 

defining g,, and h,, are slightly different. For example, the last term in g, becomes 

Wn 13 .2n-1 1 

2.4 
oe 
.6...2—2 (kr)" 3 

bo > sur. 2. vou. 20, No. 1399. 
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The real part of ¢ can then be written 

COS MO+An SIN W 9 g 
p = (—"| Cn| gn Ce Yr. no (31) 

where » = k(ct—r+e), and ke is the argument of Cy. 

8. The Potential and Kinetic Energies. 

Using the value of ¢ given by (25) and taking the mean value over a 

long period of time, we find that 

Toe 
9, (k Die 2 Vie BON? yen $2. 

C ° 

where V, denotes potential energy per unit volume, at a distance 7 from 

the centre of the sphere. 

Integrating over a spherical surface of radius 7, we are led to the 

following expression for the mean potential energy of a spherical shell of 

radius 7 and thickness <r, 

gah? 
ke?" 

a eon \\ dade, (32) 

The Kinetic Energy per unit volume of the medium is given by 

rime G8) +38) + bea bo} > = or 00 7 sin? @ \dw 

We note that op = Cn {kr falkr) +nfr(kr)} 7-18, e™ 

= On {fn-rlkr) — (+1) falkr) | 7718, (88) 

since kr fn(kr)+(2n-+1) falkr) = fn-1 (Kr). (84)* 

‘The real part of f, (kr) e' is . 

in Jn C08(ct— kr) + hy sin (ot— kr) 
; ember Te a ; (35) (=) 

and that of fr—i(kr’) é'* is 

1~m—1) Mn-1 008 (ct — kr) —Gn_i Si t—kr (—)2@-) A ee (36) 

* Lamb (loc. ctt.), p. 499. 
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Hence the mean value of (0¢/0r)? over a long period of time is 

31 CPL @+Dgn thr far}? {M+4Y) hgh gr1}?] a Si. (87) 

Similarly the mean value of —> es eae “ 0 Bap 18 

2n— 2 os 2 1 os 2 : 
4 Ce 2 2 2 fre a ") ( *) [ 
2 | | girth) (kr)2"t2 | AYs) AF sin? 0 Cw \ Q (38) 

Integrating the expressions (37) and (38) over the surface of a sphere 

of radius y will give us the kinetic energy of the medium of a spherical 

shell of thickness dr and radius r. Remembering that 

wr fr A 2 a 2 4 eye 

i \ (>) =5 (oes. Sn ) sin 6 d0dw = n(n+1) \ \ S? sin 6d@dw, (39) sin 0 dw 

we get 

T — ml Col [{mtDguthkr. hnr}?+{m4+Dh,.—kr grr}? 

Qa (3 

+n(n+1)G2+h?)] ar | \ S? sin@ d@dw. (40) 
0 0 

The expressions for V and T' previously obtained for a pulsating and 

vibrating sphere are easily obtained by putting » = 0 and » = 1 respec- 

tively in equations (32) and (40). 

The case of » = 2 is here calculated by this method for purposes of 

illustration. In this case, we have 

Ay = ES Jn-1 as 1; hy-1 = as (41) 
kr Lt ae a (kr) kr 

Assuming that the vibration is symmetrical about an axis so that S,; may 

be replaced by a zonal harmonic P;, we have, using equation (32), 

‘aoe el | ( 3) + aaa | $d, i6 hy? 27? 

4 
since || Pee =e 

Hence 
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Similarly, 

t= pplOal te {(% 1) + pall 4) + pat (I) 

9. Special Cases. 

A consideration of the special cases mentioned in § 4 leads to some 

interesting results. 

Case (i).—Let the radius of the sphere be small compared with the 

wave length; i.e. suppose ka small. If at the same time kr is small, we 

get 
sWo® ooo We 1 

AOR (rye 
tn i 

In a (—)? 9. 

whilst h,, gx-1, and h»_; are very small compared with g,. Hence 

Gr AG on \ gi dr \\ Sida, 

2 
[mol Cale ie | (n+1)(2n+1) Sar\| S* da ; 

: V ¥ ka? 1—(a/r)"-! 

and therefore Ts ee Onan 1—@[n™ ) (44) 

which is of the second order of small quantities. 

We therefore arrive at the same conclusion as before (§ 4), viz., that 

under these conditions the energy 1s mainly kinetic. 

Cask (ii).— Suppose ka to be large and r comparable with a. In this 
case we have 

ee n(n 1) (n—1)n 
Gn = i Ci = Dkr ? Ci = ib OS, = Dkr? 

approximately, and 

Vv k? { gidr 

fe a ee fi; (45) 

| Se Int 
a 
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since the remaining terms are small. We therefore have 

V=T=}p)(O,/? =O \\ S2da. 

1 No eee AF hi { (n+ 1) Sr(ka) —fn-1(ka) j an” 

from equations (27) and (84). 

When <a is large we get, on reduction, 

| Cn | ot oe Oe 

e 

Hence V=T = ippe (r—a) \| Sida, 
far 

and since the volume of the medium under consideration can be regarded 

as equal to 47a? (»—a), we have 

V=T = }(0l) pp “al Stdes, (46) 

where @ is the maximum velocity, previously omitted. 

It is interesting to compare this with the result for plane waves of 

sound, viz., 

V = PT —4 (vol) py. 

The formula involves the mean value of S? taken over the surface of a 

sphere. In the case of symmetry about an axis, we replace S, by P, and 

we find that the energy per unit volume in this region is 1/(2n-+1) of that 

due to plane waves of the same amplitude. 

Case (ili).—Any value for ka, r-> «©. The complete expression for 

the ratio of the total potential to the total kinetic energy is 

je | (g2-+h2) dr 

\ TOAD Gb kr dina PH {+ Din hr gna}? MMF DY GZ +H) 
dr 
IG 

(£7) 

y Aon 

Now Got i= 1443 B44 “+,, che pole ’ 
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and the integrand in the denominator 

= ep Sa, ee) 

where Ay, Bo, etc. are constants. Hence 

a lees At | V k We ay+A, (< ~) tebe. oo tip Ue tps a ee 
en 1 >on ke? (r—a) +B, (= — =) + ete. 

This result may be arrived at by a more direct analysis, but, for con- 

venience, this has been put separately as an appendix.* 

10. The extent of the region in which the Potential Energy may be 

neglected. 

When the radius of the sphere was supposed small in comparison with 

the wave length, we found that the energy stored in the fluid owing to the 

alternate condensations and rarefactions was very small compared with 

the energy due to the actual motion of the medium. We proceed to 

examine the extent of the region throughout which these conditions hold 

good. 

In the analysis referred to above [§ 9, Case (i)] it was assumed that 

the ratio r/a was never very large. If we abandon this restriction as to 

the value of 7, we note that, in the expression for V/7' in equation (47) 

above we may neglect in and h,_; in comparison with g, and kr.g,-1, and 

write 1.2.8 1.20 1 izes SNe ree ee eee 

LSP) DEA s6on 1 Dope (50) 

8.4... m—2 em 4(m—1) ees 

For, we find that the terms h, and h,_; appear in the expression for V/T 

only in the form | h? dr, which is equivalent to a series 

i (1— 4) + Be, (1— a +.. et uct, (1- Go). 

* P. 361 
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Since ka is small, it follows that the largest term, viz., the last, is small 

compared with the corresponding term in \9 aur 

Substituting for g, and gn; the values given above in equations (50) 
and (50.1), we have 

yr Mfne 
1, le (krgn s+@+)2n+1)92} = 

ta (5) + eas (Im Se) 
= ee oe (51) 

ka (~ wy CERES (aes 

where ae es 

It is now clear that retaining more terms in the expression for g, and 

gn-1 would only introduce terms of the type 

9 
A a ( qen-t | 

’ 

where m <n, and such terms are small compared with the factor of 4%. 

When 7/a is not large, the first term in both numerator and denominator 

of (51) is small compared with the other, and the expression reduces to 

that obtained before in § 9. But values of r/a may evidently be chosen 

which will make the first term, viz. kr, the predominant term in the 

numerator but yet not of more importance than the second term in the 

denominator. For, obviously, when r/a is large, the expression for V/T 

may be written 
1 m 2n+1 2 2 V kr (ka) +- Ps ae A; (ka) 

fi kr(ka)y"*t!+(n+1)A42 ” 

and there will be a range of values for 7 for which we may write 

V kr geayere* 

T  ker(kay*" FGF) A Cry 

From this expression we may deduce the range of values of 7 for which 

the quantity V/T has any assigned small value. Thus we observe :— 

(1) If V/T is to be small, then kr(ka)’"** is to be small compared 

with the absolute term (2-+1) A?. 
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(2) The order of the expression V/7' is determined by the order of 

kr(ka)"*1, and hence vice versa, if V/T is to be of order 10~°, 

then kr(ka)?"*! is to be of order 10~° (n+1) A?. 

(3) Assuming that ka (or 27a/A) is to be of order 10~’ we deduce that 

kr must be of order 10~°(n+1)A?2 + 107-@"*)". Hence kr is to 

be of order 10°"*?°-* 4? (n+1), or, alternatively, 7/a must not be 

of higher order than 10?*)’~* A? (n+ 1). 

A numerical example will help to make the matter clear. Thus, supposing 

that the waves propagated are such that the ratio of the circumference of 

the sphere to the wave length is 10~, the extent of the region correspond- 

ing to V/T = 10 is-eiven byi7/a7— 710" (7-4-1), since ——= 2c aa 

In the three cases n=0, 1, and 2, we get respectively 7/a = 10, 

2X10°, and 27X10°, in agreement with the values in the Table. 

11. A table has been drawn up showing the value of the expression 

V/T for the special cases of nm = 0, 1, and 2. The case n = 0, of course, 

represents the case of a pulsating sphere vibrating radially, m = 1 that of 

a sphere moving in simple harmonic motion. The formule for V/T in 

the three cases are :— 

kQ? (1 
(3 a a ) 

kar e —1) + (1- ~) 

Meee Re a Dood ee sly iat (2 1) +a (1 2) 
Cay tee a aN: iat (~ —1) +280? (1-4 FO ie 

Ha’ (= —1) +3ktat (1— <) 4+3ha? (1- =) 
aes, ae a ( r 7 

i Tee 44 a 2,2 a a?\ ° Rat (— —1) +4ktat (1— 4) +a (1- S) +a Pes 

In conclusion the writer would like to express his best thanks to 
Prof. H. Lamb whose unremitting kindness and helpful criticism have 
been most valuable during the writing of this paper. 
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TABLE. 

. | V/T 
ka v/a Pe 

n =0 m = 1 n= % 

‘01 2 -00020 00003» -00001 
10 “00099 00004 00001 
10° -0098 00005 = -00001 
10° *0909 |  *QQ0005 “00001 

10! 5000 | “00010  -00001 
10° -9090 00055 = -00001 

| 108 “9900 "0050 | -00001 
| 107 -9990 0476 ~~ 00001 

108 -9999 "3334 -00001 
10° 10000 -8333 “00005 
10 ~~ 1-0000 “9804 “00036 
10" 10000 “9920 “0035 
10" 10000 -9998 “0357 
108 1-:0000 1:0000 “2703 

| 10" 1:0000 1:0000 ‘7884 
| 105 1:0000 1-0000 ‘9737 

a | -0196 0029 | -0009 
| 10 | -082 ‘0049 0011 
102} -500 0097 = 0011 
10 | 999 "3344 =| -0015 

| 108 1-000 “9804 0368 
| 108 1-000 10000 | “7874 
| 10 1:000 10000 | -9973 

a: = Bs 
1 | 2 “666 -310 135 

Wako) “909 ‘790 302 

10? “990 ‘971 “7155 
| 103 -999 -997 ‘967 

1¢ 2 “995 “9949 “9944 

APPENDIX. 

On the Relation between the Mean Kinetic and Potential Energies of the 

Wave-System due to a Vibrating Body.* 
¥ 

1. It is a well known property of plane waves of sound that the mean 

* Inthe first draft ofthis paper, an analytical proof of the theorem which follows was given 

applicable to a spherical surface only. That the theorem was of more general application 

was pointed out by Prof. H. Lamb, to whom the main steps of the following proof are due. 
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kinetic and potential energies are equal, whatever be the extent of the 

medium considered. In the foregoing paper an analogous property has 

been found to hold for the system of waves due to the vibration of a 

sphere, viz. that the ratio of the potential to the kinetic energy tends to 

the limit unity when infinite space is considered. It will be shown pre- 

sently that the same conclusion holds independently of the form of the 

vibrating body. 

This does not imply that the amounts of the two kinds of energy are 

actually equal. In fact, the analysis brings to light the fact that although 

the potential and kinetic energies both tend to become infinite, yet there ws 

always a finite difference between them. 

2. The expression for the kinetic energy of the fluid contained in any 

given region is given by 

ar = |\\ {(s8) +(e) +(GE) | azayae a 
By Green’s theorem we may write this in the form 

ie \\ & dS—p \\\ oV' pdx dy dz, (2) 

where the triple integral is taken throughout the region and the surface 

integral over its boundary. The gradient 0¢/dn is towards the interior of 
the region. 

The general equation of sound waves of simple harmonic type is 

(V?+k’) d = 0, 

where k =oa/c, o being the frequency, and c, as usual, the velocity of 

propagation. Hence 

at = —p\| gst as+pre ||| gardyaz (8) 

The expression for the Potential Energy is 

Od\ 2 
WV \\) xs’ dxdydz = £\\| (32) dx dy dz. (4) 

Now when the waves are due to a surface vibrating in simple harmonic 

motion, we can write 

@ = Pcosct+Q sinat, (5) 

where P and Q are functions of position only. 
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Hence the value of ¢° at any point in space taken over a long period 
of time is equal to 3(P*+Q"). Similarly the mean value of (06/00? is 
$o°(P?+Q”). The mean values of T and V are therefore 

aT + —1p [ies = +Q so) dS-+3 sol ||| (P+.0% dedy dz, 
on 

2V = pk? \\| (P?+ Q”) dx dy dz, 

wim cana [f(r seis 
This expression is quite general no matter what part of the fluid be 

considered. If we apply it to the infinite region surrounding the vibrating 

body, the surface integral is to be taken over the surface of the body and 

over a sphere of infinite radius. 

Now the velocity potential at infinity is of the order e~/r at most. 
Hence ai infinity 

dg _ O° loos! ket) + hr cos k(r—et) sin k(r—et)} 
P On on ae zi 

the mean value of which is C?/27°. The part of the surface integral due 

to the infinitely distant spherical boundary therefore vanishes. 

On the other hand, the volume integral tends to become infinite, for 

P?+@Q? is of order 1/7? and dadydz is equal to r°>dwdr. Hence, whereas 
T and V both become infinite for infinite space, 7—V approaches a finite 

lower limit. 

3. In the case of the vibrating sphere, equation (6) can be written 

PV \) na | F, |? S27? sin 0d0 dw 

ous F, | \) S? sin@ d0dw, 
or a 

since, on the outer surface, 7.¢. the infinite one 

Ole cer, 
on Or’ 

In the notation of $7, we have 

4 N p—thr 
— ey ) 

Ff, —~ &"(kr) ) {Gn thn | , 
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and the mean value with respect to time of 

ames 
jee” (kr)? Z 

he eee \4 = 4|C, 

Hence in the particular cases, corresponding to n = 0, 1, and 2, we get 

2 o 

pe ode = ie (1+ a) \) Std, 

| C,|? 6 27 

These values confirm those obtained in § 8. 
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ON A GENERALISATION OF LAGRANGE’S SERIES 

By M. Kossterr. 

[Read January 13th, 1921.—Received February 5th, 1921.] 

Tue solution due to Lagrange of equation (2.1) of this paper gives 

only one root of the equation. By forming the slightly modified equa- 

tions (2. 3), (3.1), and (4.2), we get other roots, and, in some cases, all 

the roots of the original equation. 

One of the consequences of this result is that we are thereby enabled 

to solve any given algebraic equation by means of series of polynomials ; 

I therefore hope that the contents of this paper are of some interest. 

The methods are a novel application of the method of variable parameters, 

which has proved to be a powerful weapon in attacking the theory of in- 

tegral equations. 

2. Lagrange’s solution of the equation 

1) 2z—a—uf (x) = 0 

is given by the formula 

(2) > rx il qd-} ts 

(=, 2) Na at = Gm", im = | aaa { f(x) } ibe: 

when f(x) is a function of jz, which is analytic at the point « =a, such 

that f(a) #0. The radius of convergence of the series may be deter- 

mined without difficulty. 
Two generalisations of this expansion are possible. In the case of the 

first, we take the equation to be 

(2 +8) (c—a)"—uf (a) = 0, 

J Rea 
oY —— Fa) 

By writing f@) =f@+@e—a)f'(@)+..., 
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we get u = (4—a)" We +(e—a) |, 

where # denotes a power series. When this expansion is reverted, x—a@ 

is expressed as a function of w with a branch-point at w= 0. We thus 

obtain » values of 2, say 2%, £1, .--, Ln—1, Where 

(2.4) 2-4 = = dnu® (kb =0, 1, 2, ..., n—D), 
jim 

yy ene. 

and NP Nee SO <— Go om). 

To evaluate the coefficients dm, we write equation (2.3) in the form > 

Ly—a—uUy f(xy) = 0, 

whenee, by (2. 2), we have 

my 1 q*-} a 

(OX, 3) Qn = m! Lda} { f(a) s 
c= 

3. It is now possible to solve the equation 

(8.1) p(x)—uf(x) = 0, 

where (x) and f(x) are functions of x which are both analytic in a well- 

defined region of the z-plane, if the roots of the equation ¢(x) =0 are 

supposed known. If these roots are ay, dg, ..., a, of multiplicities 

My To, --+» Tn Yespectively, and if the functions ¢(z) and f(x) have no 

common zeros, then we transform equation (8 . 1) into 

(2— ay)" 
p(x) 

In this equation, the coefficient of w is analytic at a,, and it does not 

vanish at that point. Hence, by the formula of § 2, we obtain r; roots of 

the equation, and then, by putting k = 1, 2, ..., n, we get » sets of roots 

of equation (8 . 1). 

The radii of convergence of the series (2.2) and (2.4) are given by 

the distance of the point w=0O from the nearest singularity of the 
funetions inverse to 

f(z) = 0. (2 — ay)" —U 

respectively. 
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When, as is frequently the case, we can solve the equation 

du 

de 
the radius of convergence is obtained by taking the roots 8), 8, ... of 
this equation and constructing the set of expressions 

Bi-—a yn = Si-a 

7@y = TeV 
in the respective cases, and selecting that one which has the smallest 

modulus; the modulus in question is the radius of convergence. 

We apply to the expansions now obtained the well known theorem, 

due to Mittag-Letiler,* by which the power series 

uh — 

F(u) = agtayutaw +... 

is transformed into a series of polynomials 

(M) B@)= 2 Pio, 
k=1 

where the coefficients in the polynomials P; are linear functions of the 

coefficients dy, aj, 4, .-.. This series is convergent throughout Mittag- 

Leftler’s star (étoile). 

The application of Mittag-Leffler’s transformation to the generalisa- 

tions of Lagrange’s series leads directly to the solution of the algebraic 

equation. 

4. Let f(x, y) be an analytic function of both of the variables x, y, and 

suppose that there exists a constant a such that the roots of the equation 

es Fa, a) = 0, 

are known; let these roots be aj, dg, ..., Gn 

Suppose also that the roots of the equation in z, 

A) S(z, y) = 9, 

are not independent of the variable y. 

: To solve the last equation we consider the modified equation 

(4. 2) f(a, a—uL[f(a, a—f(z, y)] = 9, 

* Acta Mathematica, Vol, 23 (1899), pp. 43 et seq. 
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which reduces to (4.1) when w=1.. By (2.2), a solution of the last 

equation, valid near w= 0, is 

wo 

(4 : 3) Li = an » Anu”, 
m=1 

hao ( Z—ay,\™ a 4 
m! dx”! fla, “| { f(a, a) ae, Yy) f ’ 

; t= 017, 
m 

provided that a, is a simple zero of f(z, a); the modification to be made 

in the case of a multiple zero is evident. 

The circle of convergence of (4 . 3) either does or does not contain the 

point w= 1. If it does, we may calculate » roots of the equation (4. 1) 

by putting w= 1. If it does not, we must transform the power series by 

using the formula (M). 

This transformation cannot fail by reason of the point w= 1 being a 

summit of the star of convergence, provided that equation (4.2) has no 

multiple roots in x, for the system 

AES F(@, a) ag du _ 
CO el Mn) a 

which forms the conditions that w= 1 should be a summit of the star, is 

equivalent to the system 

ORE MG Nie= > 

and this system is not satisfied if there is no multiple root. 

5. Now take any trinomial equation 

(GENS) z”—u(az+1) = 0, 

in which v is a positive integer, 

The formule (2.4), (2.5) give immediately all the roots of the equa- 

tion in the form 

1 < uly ( m|n 

og) wt m—1 
) aay” Ce 

a m=1 M0 

where al a apt rnc << Oar it, eie—— e eeerte 

The roots are algebraic functions of w whose only singularities are at the 

branch-points, which are given as the solutions of the system 

a” du (n—1) av® + nx” 

= S| ee (ae+1° ae 



1921.] a A GENERALISATION OF LAGRANGE’S SERIES. 369 

The only value of w besides zero which satisfies this system is 

mre, (—n)” 
w ~< qa” (n—1)""} : 

Hence the series (5. 2) is convergent when 

n 
hg = 6 

If « does not satisfy this inequality, we put 

so that (5.1) transforms into 

y""(y+a—v = 0. 

When v = 0, the roots of this equation are 0 and —a, the former having 

multiplicity »—1. Hence in the neighbourhood of v = 0 we obtain the 

solutions 

ee 1) udu Qkmmi|(n—1) 
(5 . 8) ye=a > ( m—I1 mantle © 

—m (n mY, ») (— gee! yn 

m—1 eS Yn = — A+ > ( 
m=1 

It is easy to verify that these series converge when 

a es as 
|v| < ay p 2 

i.e. when |w|<p. 
We have thus obtained the fundamental theorem : 

The roots of the trinomial equation (5.1) are gwen by (5.2) when* 

|u| <p, and they are given by (5.8) when |u| >p, if e, = 1/y:. 

The only case of exception occurs when 

* It has been proved by Riesz, Palermo Rendiconti, t. 30 (1910), pp. 339-345, that such a 

series is convergent on the circumference of the circle of convergence. . 

SER, 2. vob. 20. wo. 1400. DB 
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but, in this case, the equation has a repeated root 

Pee 
~ a(n—1)’ 

and the degree is reducible by elementary methods. 

The convergence is sufficiently rapid for numerical applications when- 

ever |w| is appreciably less than or greater than p. 

The special case in which = 5, w = —1, gives the solution of the 

general quintic equation when reduced to the trinomial form by the 

method of Bring and Jerrard. The method just described is obviously 

simpler than Hermite’s well known solution of the quintic equation. 

6. Now take the general algebraic equation in the form 

(6.1) 2” —u (cyu" + ¢,2" 7+... en) = 0, 

where 7 is a positive integer, and ¢,, ¢, ..., ¢, are constants of which ¢, 

is not zero. By formule (2.4) and (2.5), the solution is 

48 
(6. 2) Lr = ig MP CTE EN feta vO eee 

m=1 

: il q™} 
= ptv—1 mpt—2 

tm = et gas bese board 
To determine the radius of convergence, we have to solve the equation 

(6. 3) ni (e\—ay (a) =10, 

where Sf. (i= 10,0 Cae ta, 

and construct the set of expressions 

(6 . 4) 1), 

where x is given the values of these roots in turn; we then select that 

value of w which has the smallest modulus ; and the modulus in question 

is the radius of convergence. 

This procedure evidently involves the solution of an algebraic equation 

of degree n—1. 

The values of w which are determined by (6.3) and (6. 4) are the only 

singularities of the functions 2, defined by the series. It is therefore 
possible to construct the star for each of the functions x;, aod then trans- 

form the power series into the expansions of polynomials (M), which are 
convergent at all points of the star with the exception of points on the 
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boundary. But it has been shown by Painlevé* that it is possible to effect 
a transformation of the expansions (M), such that the transformed ex- 
pansions converge at all points of the star, including points on the 
boundary, with the sole exception of the summits of the star. 

For values of w which correspond to one of the summits, the equation 
(6.1) has a repeated factor, and it is consequently reducible. 

Hence, for all values of u, the equation (6.1) has been solved by an 

expression of the form 

(6.5) eat eee) (eae 9) 
m=1 

5] 

where the coefficients in the polynomials P,, are linear functions of the 

coefficvents An of equation (6 . 2). 

The formation of the expansion (6.5) does not depend upon the 

eritical values of w. Hence, if the variable w is 30 chosen that equation 

(6.1) has no repeated roots, the form of the solution given by (6.5) is 

independent of the solution of an equation of lower degree. If the co- 

efficients ¢,, Cy, ..., ¢, in the equation are not constants, but functions of 

a variable, the same remark holds good. 

It is evident that this solution of the general algebraic equation is 

complicated and it is not adapted for numerical applications, though it is 

simple and short in comparison with the solution due to F. Lindemann.t 

7. The application of the general formule to equations involving in- 

tegral transcendental functions leads to interesting results, but in this 

paper I shall confine myself to stating two formal examples. 

(I) Let f(z) be an integral function with simple zeros, none of which 

has any of the values 0, +1, +2,.... . The equation 

7. 1) sin 7z—w[sin rx—f(x)] = 0 

is of the form (2.1). We thus obtain the solution 

CGN i Spee gf 

X= B+ (—pent® u+ St a cal = ell CL aes 
Ts WG 

(A=0, +1, + 2,...), 

If the radii of convergence of these power series are different from zero, { 

* Cf. Borel, Lesons sur les fonctions de variables réelles (1905), Note 1, pp. 140-145. 

+ Nachrichten der k. Ges. der Wiss. Gottingen, 1884, p. 245. 

t This is by no means an essential restriction. 

M1 
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we can transform them into polynomial expansions (M) which are valid at 

the point «= 1; we have thus calculated an infinite set of zeros of the 

equation fie) = 0 

(II) Consider the equation, 

(fer 9) P(x)—ue®™ = 0, 

where P(e) = aya" +a,a" +... Fan, 

| Q(x) = box? tb, 2? +... 40). 

When w=0, this equation has n roots aj, ag, ..., an, and therefore, 

by (2. 2), 

Ces) te Gee Ae en oad eI 
ny=1 

The radii of convergence and the Mittag-Leffler stars of these series can 

be constructed by solving the equation 

which, when written in the form 

P' (2) = P(z) Q' (a) = 0, 

is obviously algebraic, and substituting the roots in 

Pi) 
UU — 2a@) * 

But the n roots (7 .3) are, of course, not all of the roots of the proposed 

equation. We therefore form from (7 . 2) 

Q(x) = log P(x) —log u + 2kari = log P(«)—», 

where log P(x) denotes any definite branch of the multiform function. 

We know » roots of the last equation when v = 0, and hence we can 

find a set of 2 roots for every value of & (by putting v = log wu + 2k) by 

using the expansion (2. 2). 

The equation 

P (sin.x, cos x) — ue” = 0, 

where P is a polynomial in both variables, may be treated in a similar 
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manner, and many similar equations which are soluble by these methods 
can be constructed without difficulty. 

The solution of the last equation is of some theoretical interest, though 

it is of little use in numerical applications. But a slightly modified 

method is effective in the asymptotic calculation of zeros of functions of 

types discussed by G. H. Hardy.* I hope to return to this topic in a 

subsequent paper. 

In conclusion I have to express my thanks to Prof. G. H. Hardy for 

his kind help, and to Prof. G. N. Watson for the trouble he has taken by 

revising the equations and my imperfect English. 

* Proceedings, Ser. 2, Vol. 2 (1905), pp. 1-7, 401-431. 
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ON CERTAIN CLASSES OF MATHIEU FUNCTIONS 

By KH. G. C. Poors. 

[Received March 3rd, 1921.—Read March 10th, 1921. 

1. Mathiew’s Equation. 

We shall be concerned with the well-known equations which arise 

when the equation of wave-motions in two dimensions is transformed to 

confocal coordinates. A full account of the equation and its history will 

be found in Whittaker and Watson’s Modern Analysis, Ch. xix, so that 

the following brief recapitulation will be sufficient to remind the reader of 

the salent facts. 

The equation a + oe +h?V=0 

is transformed by putting 

x+r1y = acosh (+7), 

and gives a + oe tia? (cosh? €—cos? n) V = 0. 

Assuming a normal solution of type 

V = F(€) Gn), 

we see that the functions F(€) and G(y) must satisfy 

2 

Gg (ea? cosh? €—p) F = 3 

| (1.1) 
+ (p—k?a* cos n) G = 0| 

These are reducible to the same form by interchanging the real and 

imaginary axes in one of them. 
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We may also put A = cosh.&, - wu = cosy, 

which gives two equations of identical form : 

er F a 

(1. 2) 
» a G adG 

<= een Rey ane a aS) a oe vag =0 

We can express the original x, y in terms of X, « by the formule 

e=adu, y=aV/{—)d—p)}. 

A third form, employed by Lindemann, can be obtained by writing 

<2 (or »’), 

4g(1— 0 Fe+20— 26) Fe H(p— Hart) u = 0, (1.8) 

where w is written for /' or G, as the case may be. Let us consider more 

particularly the form (1. 2). 

2. Group of the Equation. 

Since the equations in X, u are identical, we may consider 

2 ; 

(1—2?) 4 —x we, +(p—k?a?x") y = 0. 

This has regular singularities at = +1, the exponents at these being 

equal by symmetry. These are found to be 0 and 3. The point at in- 

finity is an irregular singularity of rank unity. We shall write the two . 

fundamental solutions at «= 1 in the form 

Fd —2) = 1+4,(1—2)+...+a,(1—x)"+... @.1) 
Pe Abel +b, — 2) +... bat a...) 

These series are convergent within a circle with centre at e=1, and 

whose circumference grazes the nearest singularity 7 =—1. The radical 

is taken positively to begin with, at points on the real axis lying between 

the singular points. 

By symmetry, the solutions at « =—1 can be expressed in the form 

F,1+2), F,.1+2), with a similar convention about the sign of ./(1+2). 
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Now at all points lying within the domain of convergency of both ‘sets 

of solutions, we must be able to express these solutions in terms of two 

independent ones. Since F, and F, are independent, we have relations 

of the form 

F,=2) = oF,(1+2)+ BF,(1+2) | (2. 2) 
Fy(1—2) = yF,(1+2)+ 8F,+2) 

provided that ji—2z#|<2, |1+ta|<2. 

Changing the sign of zx and repeating the substitution, we must have 

identically 

F,(1—2) = (? + By) F,d—2) +B(a+6) ae @.3) 

F,(1—2) = y (até) F,(1—a)+(By+6%) Fd —2) 

Hence e+By = Byt? = . . (2.4) 

B(a+0) = y(ats) = 0 

We must therefore have either 

(i) == 0, Sx OF eye O er de 

or (i) a=—6é, By =1—d’. 

We shall discuss these cases servatem. 

3. Discussion of Particular Cases. 

GQ) ais O= sl, Bp = 08 

In this case Fii—2) = F\1+2) | | (3.1) 

F,(1—2) = F,(1+2) | 

provided |1+2|< 2, which is certainly true if |#|<1. Now the solu- 

tions f’',, F, being independent, these equations imply that there are two 

independent even solutions of the equation. The one, which is expressible 

in the form F’,(1—2) near = 1, and in the form f(1+2) near x = —1, 

has no singularity in the finite part of the plane, and is therefore an even 

integral function. The other, by similar reasoning, takes the form 

/ (1—2”) X (even integral function of x). 

Now, by considering, the solutions near the origin, which is an ordinary 
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point, we see that there is only one even and one odd series in « satisfying 
the equation. Hence the present hypothesis, which requires the existence 

of two independent even solutions, must be rejected. 

(id) e=d=—1, B=y=0. 

This gives F,(1—z) =—F,(1+2), F,1i—2z) = —F,(1+2), 

provided that pie <2. 

As above, we can show that this requires the existence of two independent 

odd solutions, which is again impossible. 

Both sub-cases of (i) being excluded and no other sub-case being 

possible, we are left with case {ii), at+éd=0, By =1—a’*. This admits 

an infinity of possible solutions, some of which will be discussed in the 

next section. But the following particularly simple cases will at once 

occur to us. 

Ga) a=—-d=— +1, B= 0. 

This gives F,i—z) = + f,1+2), (3. 2) 

provided ig |< 2: 

It follows that there is one solution, either even or odd, which has mo 

singularity in the finite part of the plane. This solution is therefore an 

integral function in z. Putting = cos6, we can express it as a series 

of cosines of either even or odd integral multiples of 0, according as 

a=-+1 or a=—1 respectively. The series will converge throughout 

the 6-plane except at infinity. 
These functions form half the set discussed by Whittaker, and we may 

conveniently denote them by C2,(6), C2,+1(0), because they reduce to 

cos 2n0, or cos(2n-+1) 0, when we make /?a*—>0 in Mathieu’s equation. 

The condition that 8 =O implies that the parameter p must satisfy a 

certain transcendental equation, and in the limiting case k’a* > 0, we have 
p =m’, where m is an integer. A method of calculating p is given in 
Whittaker and Watson’s treatise, and we shall return to this point below. 

'@b) a= t1l=——46; y—0. 

Here F,(1—2) = + F,0.+2), 

provided jhe he (3 . 8) 
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In this case the solution which changes sign on describing a small circuit 

about « = 1, will also change sign on describing a small circuit about 

x —=—1. Hencethere is a solution of the form ./(1—’) X (uniform fune- 

tion of z). Since neither solution tends to infinity at 2 = +1, the uniform 

function of x will be finite everywhere except at infinity, and is therefore 

an integral function. The latter will be even if 6 =+1—=—a, and odd 

ifé =—1=—a. Putting x = cos 0, /(1—z’) = sin 0, and expanding 

the integral function as a cosine series of integral multiples of 0, all odd 

or all even, we see that the solution can be written as a sine serves of in- 

tegral multiples of 0, all even or all odd respectively. These solutions are 

the other half of the sot found by Whittaker, and we shall denote them by 

Son(0), Son+1(0), to show that they reduce to sin 270, or sin (2n+1) 0, 

when k?a?>0. The values of p again tend to m? (m integer), but are not 

of the same form as those of the C,,(0) functions. 

Note.—If the two transcendental relations between p and k?a?, viz. 

8=0, y=0, were simultaneously true, then Mathieu’s equation would 

admit two periodic solutions with period 27. This could only occur if 

the value of k’a? were a zero of the p-eliminant of 6 and y. 

(ic) os a0 = sian 

This interesting case, which appears to have escaped attention, gives 

F,i—2)= 6 F,d+2) 

a 
8 

provided l\l+a¢|< 2. 

(3. 4) 
F,1—2) = = F,+2) | 

These relations are deducible from one another by a change in the sign 

OL a. 

These relations imply that there is one solution which is uniform in 

the vicinity of # = 1, and changes sign when it describes a circuit about 

x = —1; and there is another solution which is uniform at = — 1, and 

changes sign when it describes a circuit about = +1. These two solu- 

tions are of the form 

| V7 (1—2) o(@) and /(1+2) ¢(—2), (8. 5) 

where ¢ is an integral function of x. Putting 7 = cos 0, the solutions 
take the f ; ake the form sin 3 f(@), cos 20 f(w—9), 
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where /(6) is a cosine series converging throughout the O-plane except at 
infinity, and proceeding by integral multiples of 0. 

On rearranging we find series of the form 

= a, cos(2+4) 8, = (—)”" A» sin (n+ 4) 0. 

We shall denote the solutions of this type by the symbols C,,,;(6), Sn+3(9) 
to indicate that they reduce to cos(n+3)0 and sin(z+4)0, when k?a?—> 0. 
The corresponding values of p tend to (n+4)? when k2a2>0. In this 
case, we also note that the two solutions are coewistent for the same 
value of p, and if one is F(6), the other is F(z—8@). 

They admit the period 47. 

4. General Case of Periodic Solutions. 

Having found that there are solutions admitting the period 47, we are 

led to inquire whether there may not also be solutions admitting the 

period 2s7, where s is any integer. Now when the angle @ increases by 

27, the variation in x = cos @ is represented by a single circuit enclosing 

the points x= +1. We therefore consider the effect of such a circuit on 

the fundamental solutions ; we shall premise that in F,(1 + 2), the radicals 

/(1 + x) shall be positive at points on the real axis where —1 << 4% <1. 

Consider the solutions w, v, which are defined at A on the upper edge 

of a cut along the real axis between 4 = + 1 and x = —1 as 

ta =F,1—2z), va= F,(1—2). (4.1) 

Proceeding along the upper edge of the cut to B, we get 

up = aF,(1+a)+6F,0+2), v= yF\(1+e)+6F,(1+2). (4. 2) 

Now F,(1+) changes sign as z describes the path BC. Hence 

uc = aF,1+2)—BF{1+2), ve= yh 1+2)—3F,d +2). (4.3) 

Returning to D along the lower edge of the cut 

Up = (e?—By) F,(1—x)+ Bla—s) Fy (1—2) 

vp = y(a—6) F,(1—2) + By—©) Fy (1-2) 

(4. 4) 
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Finally describing the circuit DA, we return to the starting pomt with 

the values 

ta = (e°—By) F(1—-2)— ~ pia Full) 

34 = y(a—8) F, 1—a)+(8—By).F1—2) | 

Now since a= —d, and By =1—a’, we have 

ary ee ee 
1 = (2a7—1)u %aBv (4.5) 

v= Yayu +(2a?—1) v J 

By = (1—a’). 

Let this substitution be reduced to its canonical form, by assuming 

(Au+Bv) = K(Au+ Br). 

We shall find, on eliminating 4 : B, the following equation for K 

| (2a?—1—K), ay AEH 
| 

| —2a8, (Q02—1—K) | ° 

that is to say (Qe?—1—K)?-+4+-4e2(1—o) = 0, 
2 because By = 1—a’. This reduces to 

F?P+2K (1—2a)+1 = 0. 

It follows that the two values of K are reciprocal, and that their sum 

2 (2a?—1). 

Now, if 2a?—1>1, te. a? >1, both values of K are real. But if 
a <1, both are complex and of modulus unity. 

If K is real, the two fundamental solutions of form (4u-+ Bv), (Cu+ Dv) 

will become A”(Au+Bv) and K~"(Cu+Dv) after n cireuits. Such solu- 

tions are not periodic. 

But if K is complex and of modulus unity, it may happen that K” =1, 

for an wteger value of mn. In that case, both solutions will regain their 

initial value after circuits, or, in terms of 0, Wey will admit the period 

2n7. ; 

Since Dean nai se 

we must have: (2c2—1) = cos (==). (4 . 6) 
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This is the transcendental equation which » must satisfy, and when it is 
satisfied, we shall have solutions of type 

er atle F(®), eT htln t(-), 

where / denotes a function of @ with the period 27, which remains finite 
everywhere except at infinity. 

If therefore (0) = » Cm Ome, 

the coefficients ¢n, C_m must tend to zero like the coefficients of an integral 
function. This hypothesis will enable us to construct the corresponding 
solutions, and to obtain the transcendental equations for p. 

5. Construction of Solutions. 

2,2 

_" 26) | y= 0, (6.1) We have 7 “= fp 

where the value of p is at first undetermined. We shall proceed to con- 

struct a solution of the form 

iter 2) ee. (52) 

on the hypothesis that (c,) are the coefficients of an integral function, 

which is finite everywhere except at 0a. On substituting the series 

(5.2) in the equation (5.1), the terms with even and odd suffixes fall 

into separate groups; since we may add or subtract s in assigning the 

value of 7 outside the sign of summation, there is no loss of generality in 

supposing allthe m’s even. On substituting, and picking out the terms 

multiplying the same power of e”’, we find that the (c,) are determined by 

ka? ha? “Crest On-9 = = {p— "*—(2n4 2) | Cry 

ire aor ey 
Let us put LL, = Be | ‘(an+2 =\" + gr TP f- (5.3) 

Then Canz2+ lan Con+ Con—2 = 0. (5 : 4) ‘ 

We shall solve on the hypothesis 

Con+2 Clin? 
pee aE i ye 0 

n—> +0 Con iE uF+n C_2n 

We shall follow a method employed by Whittaker in a more restricted 
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case (see Whittaker and Watson, Modern Analysis, 19.52), and which 

is perhaps most beautifully illustrated in Hough’s theory of the tides on 

a rotating globe (Phil. Trans., A, Vols. 189, 191). It is not necessary to 

justify the method from a theoretical point of view here. It depends on 

a theorem in the convergency of continued fractions given by Poincaré, 

Les Nouvelles Méthodes de la Mécanique Céleste, Vol. 2, p. 257. 

We divide the equations (5.4) into two groups, for which m is positive 

or uegative respectively, reserving the equation for which m=O for 

future use. If we divide by C2,, and solve the one set on the hypothesis 

Con+2 “ 

Con ji oe 

and the other on the hypothesis 

Ceon=> 

Czy Te. 

(x positive), we have the formule 

Con—2 1 il 
ee SS — TL, —— =S== soa UG) Co 
Can er acer | 

ie (5.5) 
Caan+2 1 | 

CRE a ae e= 1 =a, Da i: . a 

Since ZL, is O(n’), these fractions will ultimately converge very rapidly. 

In the formule (5.5), we now put » = 0, and substitute in the equation 

Cy Cue _. GF tLot Ge =0 

We now find that » must be so chosen that it verifies the relation 

(al Les ) mie ] 
op ham Pe Ween Mer Lome ate ee re eS | 3 

(At hasbre Sate 
| 

which is the same as the infinite determinant 

OL Lawes © ROme0, 

Lope 0 

ibe al 
o 

fe) eS) 1) ae 

eee ak 8, Se 2S &) © ~~ oe Seo SS ©& Sa & 2 ©& 

1 

0 

0 

0 Se ES —] & 



1921. ] ON CERTAIN CLASSES OF MATHIEU FUNCTIONS. 383 

This defines a series of values of p, for which there exists a solution ad- 
mitting the multiplier e”’"’* when @ increases by 27. It can be proved 
by a discussion analogous to Hough’s, or more directly by the “ oscillation 
theorem,” that the values of p will ultimately approximate to the roots of 
Ly, = 0, as n> o@, 

On separating real and imaginary parts, we have two solutions 

Crjs+n(@), Syjs+n(0), which reduce to cos (7/s+h)0 and sin(7/s+h)@ when 

k’a*—>0. The index h corresponds to the different values of p satisfying 

the transcendental equation. 

It would be possible to develop a theory of the Mathieu functions ad- 

mitting the period 2s7, and to show that these form a “complete system”’ 

for the expansion of certain classes of functions. The functions of a system 

would admit an increasing number of nodes and loops in the interval 

(0, 2s7r) as p increased, and would possess “orthogonal” properties over 

this range. The values of p are necessarily real. The discussion and 

proof of these properties would however exceed our limits, and we shall 

conclude by giving certain integral equations, some of them already known 

and others new, satisfied by functions of the types m, »-+4, where m is an 

integer. 

6. Integral Equations. 

6.1. In the harmonic analysis, we have to form potential functions 

and wave functions adapted to many types of curvilinear coordinates. If 

we expand a function of one type in terms of those of other types, we 

obtain certain “ addition theorems”’ or expansion formule, such as those 

of the Legendre or Bessel functions. 

Now it is possible to expand certain large classes of two-dimensional 

- wave functions in terms of Mathieu functions, the typical term of the 

expansion being F(€) Gi), where Ff, G satisfy the equations (1.1). If 

the given function is everywhere finite except at infinity, and admits the 

periods 2s7 for y, and 2s7z for €, it will in general be expansible in 

Mathieu functions of order n/s. We shall not attempt a rigorous proof of 

this theorem, but we shall refer the reader to treatises such as Kneser’s 

or Hilbert’s on integral equations, where analogous problems are rigorously 

treated. 

Suppose now that our wave function is a wntform integral function of 

2, y. It will be expansible, if at all, in terms of the simplest class of 

Mathieu functions, those with period 27 (or 2i7 in the case of the second 

solution). 
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Now consider the solutions of the equation of wave motion 

eit=, giky, yet, ety (6.11) 

These are integral functions of x and y. Hence on putting 

a+iy = a cosh (+7), 

we shall look for expansions of the form =F,(€) Gn(7), where 

FE) = Galt€), 

and the G,,(y) are periodic with period 27. 

If we proceed to determine the coefficients of the expansion 

FE, 1) = ZAnGn () Gna), (6 . 12) 

by means of the well known orthogonal property, we find 

2 

| Nene | ” G2) dn, 
0 0 

lar 

or say Comes \ Hy yaaa, (6 . 18) 

for GED) = +G,(2), being either an odd or an even integral function 

of z. This will be an integral equation for G,(z). 

We cannot however define Gn(z) as a system of solutions of (6.13), for 

the function f(z, y) need not necessarily require ali the G,’s of the com- 

plete system in its expansion. With this proviso, we can however set up 

integral equations satisfied by an infinite nwmber of the G,’s. Our method 

will be to separate the real and imaginary parts of (6.11) and to replace € 

by 7é’ in the result, to obtain symmetry in the two variables. We thus 

obtain eight kernels K(E', y). Four of these give integral equations 

already given by Whittaker, the others appear to be new. Whittaker’s 

kernels are marked with an asterisk in the following table. By consider- 

ing the nature of the function, whether even or odd and whether proceed- 

ing by even or odd multiples of the variables, we can specify the nature 

of the functions /’,,(6) satisfying the equation 

F,(0) = Ayn Ne K (0, p) F,(¢) do. : (6 : 14) 
0 
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K (8, ) | F, (0) 

cos (ka cos @ cos ¢)* 
Cr (8 

cosh (ka sin @ sin o)* a) 

sin (ka cos @ cos ¢)* 
Care 6 

cos 6 cos » cosh (ka sin @ sin 9) SN! (6. 15) 

sinh (kasin@ sin )* 

. . Sona (6) 
sin 6 sin ¢ cos (ka cos @ cos ¢) 

cos @ cos ¢ sinh (ka sin @ sin ¢) 
Son (@) 

sin 6 sin p sin (ka cos @ cos ¢) 

We notice the appearance of hyperbolic functions in some of the 

kernels, as the result of putting 7 sin ¢ for sinh €. 

6.2. We shall now attempt by similar methods to find an integral 

equation satisfied by the Mathieu functions with period 47. 

If we suppose p so chosen that the equation in y in (1.1) has a solu- 

tion with period 47, or the corresponding equation in «wu in (1.2) has a 

solution of form 4/(l—w) ¢(u), where ¢ is an integral function, let us 

consider the “ element ”’ 

V/{A—1)(1—-) | A) ou). (6, 21) 

This is a wave function made up of two similar Mathieu functions, and by 

changing the sign of u or A, we can include the case where the second 

Mathieu function is taken instead of the first. Now in order that a fune- 

tion may be expansible in a convergent series of elements (6. 21), we shall 

restrict ourselves to such functions as are of the form 

AY {(A—1)(1—) |} X (symmetric integral function of X, «). 

Now let us write 

€=/{At11+4)}, 2=V/{A—1)1—w)}. (6 . 22) 

Then allowing for a change in sign of A, u, the functions required are 

* Whittaker’s types. 

SER. 2. vou. 20. No. 1401. 2cC 
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such as can be expanded as an integral function in €, y, even in one 

variable and odd in the other. 

Now we have a (€?—n’) = 2(x+a) | (6 . 98) 

aky = y j 

so that (e+iy) = > (E+in—a. (6. 24) 

This change of variable reduces the equation of wave motions to 

et Se +a e+) 7 = 0. (6 . 25) 

And the kernel we require must be an integral solution of this equation. 

Now this equation is well known in the theory of the parabolic cylinder 

{[Lamb, Proceedings, Vol. 4 (1907); Bateman, Wave Motions, p. 98; 

Whittaker and Watson, Modern Analysis, Ch. xvi]. We shall pick out 

the simplest solution, namely an even integral function of €, multiplying 

an odd integral function of 7, If V = L(€) M(), we find 

2 21 . 
Z +(e? +p)L = 0, oe + (k?a*7?—p)M=0. (6.26) 
dé d 

The choice of p being at our disposal, we make p=—dika. Then a 

solution of the first equation is 

L(§) = eet, (6 . 27) 

Now the even solution of the second equation is clearly M = e-"_ This 

enables us to find the odd solution required by elementary reasoning, and 

we get 2 

M(n) = eo Htes | BAGH (6. 28) 
0 r 

Hence the kernel takes the form 

7 
ek (@+a) | et kat? dt. 

0 

Or, introducing the elliptic coordinates, which we may call 6 and 

¢' = i, to distinguish from our auxiliary variable €, 7, we have 

2 sin 44 sin 3’ 
olka? dt — a eka cos 6 cos db’ | a ial? dt. 

0 

2 sinh 36 sir 30 
eika cosh ¢ cos 6 

0 
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Neglecting constant factors, we shall write 

K,(u, v) = eit ons cos “| gata? dt 
2 sin 4u sin dv 

0 | 

2 cos $u cos du ‘ (6.29) 
K,(u, v) = Ky(u+a, v+7) = etbacose | vies tel 

0 

The kernel A, will give functions of the type S43, and K, will give func- 

tions of type C3. In fact, on expanding the kernels in series of the type 

Ky (u,v) = VAn Sings (W) Smog (v : see lB (6.291) 
Kyu, v) = 2Bn COn+a(w) COn+4(v) 

we have by the usual method of determining the coefficients 

27 

Smg(u) = an | Ky (u, v) Sns(0)do | 
0 

d (6 . 292) 

On, (U) = Bm | Kou, v) Ona, (v) do | 
0 

these being deducible from one another, by changing wu into (r—w). We 

cannot, however, base the whole theory of the functions on the equations 

(6 . 292), because it has not been proved, and it appears improbable that 

it can be proved, that every function of the complete system is present in 

the expansion of these kernels. 

To investigate the completeness of the system theoretically, we require 

to form the “‘ Green’s function ”’ for the interval (0, 27) and to discuss the 

integral equation whose kernel is symmetric and continuous, but whose 

differential coefficient has a discontinuity at w—v. Into this question we 

cannot enter here. 

7. Conclusion. 

We may remark in conclusion that the methods of this paper can be 

applied with little more than verbal alterations to a large class of equa- 

tions, which depend on the equation of wave motions in spheroidal coor- 

dinates. 

.In the ease of the prolate spheroid, we put 

E=au, p=aViW—DI—-y}, 

and retain the azimuth ¢. A wave function of the form 

Vi 67" FN) Gu), 

2c 2 
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gives us two similar equations in A, u for F, G of the form 

2 

- | (1—2") ai na (p— <3 —i#a*x*) ip): (lady 

In the case of the oblate spheroid, we put 

E=aru, p=a/{+1)0—n%)}, 
and with similar assumptions, we find an equation in of the form 

m? d d Say ht (v- ae + iar?) eS: (7. 2) 

only differing from the former in the sign of k?a?. The corresponding 
equation in A is found by putting A = zz. 

If m is not an integer, the theory of these equations presents the 

closest analogy with that of Mathieu’s. They are in fact reducible to 

the canonical form 

dy dy 
Paya \ (eed ame pond pe — (il v) 78 al i m)e o (A+ Bx) y =10; 

of which Mathieu’s equation is a special case when +m—=—+4#. The 

cases where m is an integer require different treatment, owing to the 

singularities at «= +1 becoming logarithmic. 
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ON THE TORSION OF A PRISM, ONE OF THE CROSS-SECTIONS 

OF WHICH REMAINS PLANE 

By 8. Trwoscwenxo. 

[Received January 27th, 1921.—Read February 10th, 1921.] 

1. In the theory of torsion due to Saint-Venant the twisting couple 

is supposed to be applied by means of tangential tractions exerted upon 

the terminal sections, and these tractions are supposed to be distributed 

over the sections according to determinate laws. Such a torsion is 

generally accompanied by the distortion of cross-sections of the twisted 

prism. 

In some cases we have to solve the problem of the torsion of a prism, 

one of the cross-sections of which is maintained plane by suitable forces. 

scan Wuieietentatetca 

For instance, in the case illustrated in Fig. 1, it is a consequence of the 
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symmetry that the middle cross-section (z = 0) must remain plane. In 

such cases near the constrained cross-section there will appear “local 

irregularity.” The infiuence of that on the magnitude of the angle of 

twisting can be neglected in cases where the linear dimensions of the 

eross-saction are small in comparison with the length of the prism, but in 

some cases this influence can be of practical interest. 

We have met with this problem when investigating the stability of 

the plane form of the J girder under bending loads, and have given an 

approximate solution of the question, by estimating the effect of the bend- 

ing of the flanges, which accompanies the torsion.* In the recently pub- 

lished paper by A. Fépplt another method for the approximate solution 

of the same problem 1s given. A. Foppl works with expressions for the 

components of stress, which satisfy the differential equations of equilibrium 

and the boundary conditions. The constant quantities which enter into 

these expressions must be calculated so as to make the potential energy 

of the twisted prism a minimum. 

By this method A. Foppl solves the problem in the case of an elliptical 

boundary, and uses the result for a very extended ellipse to estimate the 

influence of constraint in the case of a twisted prism of narrow rectangular 

cross-section. 

The last problem can be of interest in connexion with the investiga- 

tion of stability of a flat blade bent in its plane. For that reason we give 

here a more detailed solution of the question by using the method of 

A. Foppl and also another method, where we work with expressions for 

the displacements. The last method seems to be more appropriate in the 

case of a twisted flat blade. 

2. The exact solution of Saint-Venant’s problem in the case of a rect- 

angular boundary involves infinite series. For our purpose it is more 

convenient to proceed with a simple approximate solution, which we can 

get by using the “membrane analogy.” ‘The stress-equations of equili- 

brium will be satisfied, if we take the components of stress on a cross- 

section as follows 

elles ape t=, y= (1) 

* S. Timoschenko, ‘‘ Winige Stabilititssrobleme der Elastizititstheorie,’’ Zeitschrift f. 
Math. u. Phys., Bd. 58 (1910), S. 361. 

+ Sutzungsberichte d. Bayerrschen Akademie der Wissenschaften, 1920, 8. 261. 
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In case of an exact solution the stress function V(x, y) satisfies the equation 

0 oy 
aor + SY +2ur = 0, 2) 

and remains constant on the boundary of the cross-section. Here u de- 
notes the rigidity and + the twist of the prism. 

Let a homogeneous membrane be stretched with uniform tension 7 
and fixed at its edge, which is the same as the bounding curve of the 
cross-section of the twisted prism. When the membrane is subjected to 

- uniform pressure of amount p per unit of area, it will undergo a small 

displacement «. 

If we put = == Vinge. (a), 
? 

the equation of equilibrium of the membrane coincides with (2) and the 

surface of the membrane is given by the equation 

z= Wie, y). 

In order to get this surface we use the variational method. In a small 

variation of the displacement z = W(z, y), the uniform tension T will do 

a Os C) Jacay 
The corresponding work of the uniform pressure p will be 

pe \) Wy dx dy. 

It follows from (a) that the condition of equilibrium of the membrane 

will be a 

6 14 \\ ase + (3) st dx dy —2ur \\ We dx dy ae
 = 

In this way the solution of the problem of torsion is reduced to seeking 

the minimum of the integral 

=[([QY GT eno 
where the function y must be constant at the boundary. This method 

is especially appropriate when approximate solutions are sought. In the 

case of a rectangular cross-section (Fig. 1) the general form of the stress- 
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funetion will be 

Mae Mey D 

> Amn COS =— COS 5 bees mn 2a 2b 

The coefficients A,,, can be found from the equations 

OS 
OA. s 2 

and we can get Saint-Venant’s solution in this way. 

In the case of a very narrow rectangle* we can get the approximate 

solution by taking for the surface of the membrane the cylindrical surface 

y = ur (0?—y’). 

‘Then we have Lig Ory 8 a Of (4) 

‘The corresponding displacements will be 

U=—TLY, VESTA, wW=—TLy. (5) 

In order to get a more exact solution and obtain a correction, due to the 

influence of the edges at x= +a, we can take (for x > 0) 

wv =— ur (b?>—y?) (l—e-*@-%), 

Lig — Yury (l—e- Ge). Lig — peak (0?— ye", (6) 

We choose the quantity « in such a manner as to make the integral (3) a 

minimum and get in this way 

c=tVi a 
‘This, solution gives for the twisting couple the approximate formula 

actd 

sy \ da dy = 33 urab" (1-0-6382 ~), (8) 
0OJ-—b ; 

or in the case of a very narrow rectangle 

Ws 1Surab*. (8)! 

3. We shall now use these results in order to get an approximate solu- 

tion in the case illustrated by Fig. 1. In consequence of symmetry the 

cross-section z= 0 remains plane and the corresponding displacement w 

will be equal to zero. 

* We suppose that a is large in comparison with b. 

\ 
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In accordance with (5) we can suppose that the stress 7, at this cross- 

section is as follows 

4, — Lyre“ zy, (9) 

where y is a constant quantity to be determined. 

We will suppose also that 

Oe Needy (10) 

Then the stress-equations of equilibrium and the condition that the 
cylindrical bounding surface of the prism is free from traction are satisfied 
by taking 

Ay — LE y*re-” (a?— x?) (b?—y?), (11) 

XG — 1H yre-¥ (a? — 2x?) y—2ury, (12) 

Y, = s#y’re~* (b?—-y) z. (13) 

As z increases the expressions (9)-(18) approach the expressions (4) that 

were found previously. The quantity y must be chosen in such a manner 

as to make the potential energy V of twisting a minimum. 

If we calculate V from the formula 

pai Eh Pg 

ee: j Kale (G4+X14+72 +5 a mS! dx dy da, 

¢ A 1 
and assume that | Ce Oe oe 

0 A 

we get 

A og. V=2tE ra {—8y+d+o| 2 Voy +2(+b")y* 1 al} . (14) 

The equation for y will be 

(1+o) [207b?y' +2 (V?+0")y"] = 3. (15) 

In the case of a very narrow rectangle we get 

Oe eee 5 a Br (15) 

¥ 

In order to get the angle of twisting 0, we put the potential energy 

(14) equal to the work of twisting couple M. From (8)’, we get 



394 S. TrmoscHENKO [Feb. 10, 

or, « being taken to be 0°38, 

6 = 7 (l—0°425a). (16) 

The influence of “ local irregularity,” at z= 0, on the value of @ is the 

same as the influence of diminution of the length / by 0°425a. If we 

wish to take into account the boundaries 7 = +a, we must change the 

expressions for X., Y, to the following :— 

xe — Lh y re (a? — 2") y —Qury(1—e-*"—), 

Y, = LE yre-Y\(P—y?) ature (P—y)e"e™, 

The values of a*y? and the diminutions 6/ of the length J, corresponding 

to the diminutions of the angle 6, are given in the following table :— 

ald = co 10 5 

ay? = | 3-846 3-604 3°047 
| aS 

sl = | 0:425a | 0:428a | 0:390a 

4. We can get the solution of our problem in another way by working 

with expressions for the displacements. These expressions must be 

chosen in such a manner as to satisfy the conditions at the plane cross- 

section z= 0. They will contain one or more constant quantities, which 

will represent the coordinates of the system. These quantities can be 

determined by the variational equations of equilibrium. 

In the case of a narrow rectangular cross-section each half of the — 

prism may be considered as a thin plate built in at the edge z=0. In 

such a case we can assume that the displacement v in the direction of y 

is given by an equation of the form 

) = ae E ae |, (17) 

where M denotes the twisting couple, a the constant quantity to be deter- 
mined, and C the torsional rigidity of the prism. 

We see that the conditions 

Cen =10) (52) i) 
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are satisfied. Further, as 2 increases, the twist 

om) M fe 2 
cas Gn” 

approaches the value M/C. Neglecting the small quantity e~“, we get 

for the angle of twisting 

ela ol): as 
We again find that the decrease of 0, resulting from the “local irre- 

gularity is the same as that corresponding to tk> aiminution of the 

length by the quantity 1/a, which is independent of 7. The equation for 

the determination of a is obtained by equating the potential energy of the 

bending of the plate to the work done by the twisting couple M. In this 

way we get 
2aD Tad 1 

Ge t20-2 (-3,) |= 

where D denotes the “ flexural rigidity”’ of the plate. In the case of a 

narrow rectangular cross-section we have 

2aD _ i) 

Cae 3) 

and the equation ()) gives us 

1 a SNS yc 

In order to get a higher approximation, we must work with a more com- 

plicated expression for the displacement v, which must contain two or more 

constants to be determined. 

The calculation made with the expression 

poe [-- + a—e-) + Beate =| (20) 
C a 

which contains two constants a and #, gives us a result differing from (19) 

in the last decimal only. 

5. We will use the resuit (17) in order to estimate the stiffening effect 

of the “local irregularity ” in relation to the question of the stability of a 
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flat blade bent in its plane* (Fig. 2). It is known that by increasing the 

1h Ap 

bending moment we can reach the state in which the plane form of bend- 

ing becomes unstable and sidewise buckling occurs, as is illustrated in 

Fig. 2. Such buckling is accompanied by torsion. 

In order to find the value M,, of the bending moment, rendering 

possible this kind of instability, we take the differential equations of 

equilibrium. 

From the assumption of small displacements, we can conclude that the 

twisting moment at the cross-section mn will be equal to Mdy/dz, and in 

accordance with (17), we get the differential equation, corresponding to 

the torsion, in the form 

dy (40 1 @0 
USN es a) Se 

The bending moment in the plane of smallest flexural rigidity will be V0, 

and the corresponding equation of equilibrium is 

mMe=—p<4 (22) 

where B is the flexural rigidity. 

* A. G. Michell, Phil. Mag., Ser. 5, Vol. 48 (1899) ; S. Timoschenko, Jzvestia Petr ie 

skago Polytechnicheskago Instituta (1905), 
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From (21) and (22) we get 

(ik My fs PO date P 

ee een aC Oe 
Integrating this equation and observing that @ and d?@/dz? vanish at 
*z=0 and «=1, we get 

@'=: A’ain Ba, 

M70? T 
— 2 panes _ gece p=y[-a¢+V ($+ 50) ]= 7 (4 

(BC) | Lat 
From (24), we get Moy = me V (1+ = =| : 

or, with the solution (18) for 1/a, 

2 

Mw = VBS (1+118 $). (25) 

The second term in the bracket gives us the stiffening effect of the “ local 

irregularity.” 

We see that it is very small and cannot have so much practical im- 

portance as in the case of an J girder. 
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A MEMBRANE ANALOGY TO FLEXURE 

By 8. TrmoscHenxo. 

[Received January 27th, 1921.—Read February 10th, 1921. ] 

Tue membrane analogy, which is of great importance in the case of 

torsion, can be applied in some cases to the investigation of the bending 

of prisms. This analogy combined with the Rayleigh-Ritz method for 

determining the form of a stretched membrane, subjected to normal 

pressure, enables us in some cases to get an approximate solution of the 

flexure problem, when the exact solution is unknown, or is very com- 

plicated and inconvenient for numerical calculation.* 

We take the central-line of the beam of length J to be horizontal, 

and one end of it to be fixed, and we suppose that forces are applied to 

the cross-section containing the other end in such a way as to be statically 

equivalent to a vertical load W acting downwards in a line through the 
centroid of the section. We take the origin at the fixed end, and the axis 

of z along the central-line, and we draw the axis of x vertically downwards. 

Further we suppose that the axes of x and y are the principal axes of 

inertia of the cross-section. In such a case we have, in accordance with 

Saint-Venant’s solution, 
Xe yea Oe 

Z, = —Wil—2) a | (1) 

The stress components X, and Y, will be the functions of z and y only. 

The stress-equation of equilibrium 

OX OV a BOL ae 
ae En 

* Applying this method to the case of a rectangular cross-section, we had occasion to 
observe some errors in the well known table, calculated for this cross-section by Saint-Venant. 
The corresponding corrections are given below. 
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will be satisfied, if we put 

op We" _ 0g 

where ¢ denotes the “ stress-function” and j an arbitrary funetion of y 
only. 

The condition that the cylindrical bounding surface is free from trac- 
tion is ‘ 

X, cos(av)+ Y, cos(yv) = 0, 

and can be written as follows 

) ie ol 

Substituting (2) in the equations of compatibility 

eee W 2 22 Ne Se 

eee ee ee 

Cope 20 es WY 2, 

Bee oe tee ce 

In particular cases we must adjust the quantity c in such a way as to 

make the couple about the axis of z due to tractions on the cross-section 

vanish. 

In eases where it is possible, by appropriate choice of f(y), to make 

the right-hand member of (3) vanish, our problem will be the same as the 

problem of seeking the form of a uniformly stretched membrane, subjected 

to normal pressure. Provided that the edge of the membrane is the same 

as the bounding curve of the cross-section of the prism, the uniform ten- 

sion of the membrane is equal to unity, and the intensity of normal 

pressure is represented by the right-hand member of (4) with negative 

sign, the equation of equilibrium of the membrane will be identical 

with (4). 

The form of equilibrium can be found by using the variational method. 

If we give to the displacements of the membrane small variations the 

corresponding work due to the uniform tension is 

| ~+(fs[(G2)+ G2) Jam 
and the work due to the normal pressure is 

W. a {| D Te SH -ryte] dx dy. 



400 S. TrmoscHENKO [Feb. 10, 

It follows that the function ~ can be found from the condition that the 

‘ integral 

s= [LOY HCO oGs Brot) } aay 0 
is a minimum. 

Using the method of Rayleigh-Ritz, we put 

f= Ayo ai tag Wot ---, (6) 

where Wo, Yu, --. denote functions which vanish at the boundary. The 

coefficients d, d,, ... can be calculated from the minimum conditions of 

the form 
os 
OT eae (7) 
Oa, 

The accuracy of our solution will depend on the number of terms in the 

expression (6). 

If the boundary of the cross-section is given by the equation 

BG.) 20, 

and the function F is different from zero within the cross-section, we can 

take the solution (6) in the following form 

p= Rie, yi  sdaueey™ (8) 
m=0,n=0 

We shall now show how to find the function ¢ when the boundary of the 

section of the beam has one or other of certain special forms. 

(a) The ellipse. 

The equation of the bounding curve is 

2 bi 

a Be 
The right-hand side of (8) will be equal to zero if we put . 

We y? 
f= or (i 4). 

The differential equation (4) will be 

st oe = MY (e+ 4). @) 
That is, the membrane is iy: to a linear distribution of normal 
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pressure vanishing at the « axis. We can conclude that ¢ is an even 
function of x and an uneven function of y. It is easy to see that in this 
case the term . 

x 2 
Ay (5 +h = —1) Y 

of the expression (8) gives us the exact solution of (a), if we take 

_ Wa? (to) a?+o0? 
~ I 8+0)8a?-+b)" aor 

With a = b, we get the solution for a circle. 

(0) The rectangle. 

In the case of a rectangle the boundaries are given by the equations 

r=+ta,y=+b. The right-hand member of (8) will be equal to zero 

if we put je Wat | 

Sr * 

The corresponding equation for the membrane will be 

Oo , Od _ oo ~=OWy 
Oe oe ~ I+o I * 

Also in this case ¢ is an even function of x and an uneven function of y. 

These conditions and the conditions at the boundary will be satisfied if 

we take the expression (6) in the form 

i > = Q2m+1, n COS Gat Ue sin He (9): 

From the equations (7), we can get 

pe eas BE View oi 
Aom+1, 1 = Ito Lae nr (2m-+1) [da?(2m++ i?+n?)’ 

where a = dja. 

The shearing stresses (2) will be 

Bm OM ies, oy, 2 aly 

The second term in the expression for X, gives us the shearing stresses, 

which are usually calculated in treatises on Applied Mechanics from the 

stress-equations of equilibrium, without reference to the conditions of 

compatibility. The calculation of corrections to this elementary solution 

is facilitated by the use of the function ¢. 

sur. 2. vou. 20, no, 1402. Oe 
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In the case of a very narrow rectangle we can at once reach some con- 

clusions in regard to these corrections. 
If a is large in comparison with b, we can assume that, at the points 

distant from the short sides of the rectangle, the surface of the membrane 

is effectively cylindrical. The corresponding differential equation will be 

Op LRA: =e 

cya He 

and we get o= es (y?—b’y), 

W - ag Ei 
e— i a Ci Pens Ree ( — 3) 4° (11) 

At the centre of the cross-section we have 

Wa? 
CY r=7=0 — Ol ( are 

om ») 

3(1+o) % /° 

If } is large in comparison with a, the displacement of the membrane at 

points distant from the short sides of the rectangle will be a linear fune- 
tion of y, and we can put 

from which he ae A yla—ay 

at US Ma 2 2 eek Gaels 

Ste, OVA ae ee (12) 

In comparison with the usual elementary solution the shearing stresses 
are reduced in the ratio 1: 1-+c. 

It may be pointed out that the differential ainaton 

(le| Xa ay lye 

of the “lines of shearing stresses”’ in accordance with (12) gives 

y = C(v?’—2*)’. (13) 

The expressions (12) will constitute an exact solution of the flexural pro- 
blem if the boundary is represented by (18), or, what is the same thing, 
by the equation i/o 

(4) eee ca 
b oe ati / a 
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In fact, the right-hand member of (3) will be equal to zero, if we put 

_ Wa? y a 

fw = 3 L1-($) | 
The corresponding solution of (4) will be 

a= So oT [yee —a’)+a7b _ ee 

and the expressions (2) give the solution (12). 

If a and 0 are of the same order of magnitude, we use the complete 

solution (9), and using the results 

«o ee) n 2 Se ees cue 
: ae . ce 

1 por 1 N 1" 

- i= z® sech $xar—1 
: a ore Boe re 

BS Oe ae we el we get (X.)r=0, y=0 = S58 Ta + 7 7 n® coshnz/a 
. (14) e a Piaf hs 8 Bis] (X2)r=0, y=0 = aair es Ito" (8. 27x coshnz/a 

These formule coincide with the well known solution of Saint-Venant. 

Using the Rayleigh-Ritz method, we can get the solution of the pro- 

blem in another form more convenient for numerical calculation. Re- 

ducing the general expression (8) to two terms only, and putting 

= (2°—a’)(y’—b’)(Ay+ By’), 

we get from the equations of the form (7) 

tb ies 
fa o W mee 

“~~ T+e 810? (1 Ea ea Ey iD, Ig” 
Gas: 7 Meee tai tose 

o a il 

The corresponding shearing stress-components (10) will be 

Wa Wa? _. - 
(X2)x=0, y=0 — Lie +Aa’d’, (X2)z=0, y=b Olin 2a7b?(A +Bb ). (15) 

By apy. 
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In order to estimate the accuracy of this approximate solution we have 

calculated the stresses at the centre of the rectangle (rc = 0, y = 0) and 

at the point (e = 0, y = b), « being taken to be 4. The values of the 

expressions in square brackets of (14) and the corresponding values for 

the solution (15) are given in the following table. 

nn 

bla= | 05 J 2 4 

= = ———— 

HeueHxac mae hae fee : 
Pent | aalation 0:983 0940 0'856 0°805 

z=0, y=0 Approx. 
Solution | Oost | 019865) 0-856 | 6026 

dpe | a, iNrssis ee ; 
Point — Solution | 1-033 LLY eS tele 

alt | 

e=0, y=b Approx. 
_ Solution 

1:040 | 1:°143 1°426 1°934 

We see that, if @ and b are of the same order of magnitude, the 

approximate solution (15) is sufficiently accurate. In case of necessity 

we can always increase the accuracy of the solution by increasing the 

number of terms in the general expression (8). 

In order to get the approximate solution for the points near the short 

sides of a rectangle, when a is a large number,* we can take the stress- 

function in the following form (satisfying the conditions at the boundary), 

viz. . WwW 
eee igg © ta ean (16) 

where « is a constant to be determined from the equation (7). If we put 

Cups =.0" 
this equation will be 

0°8a?(ax)* —0°8a(ax)?+(0°4 — 2a”) (ax)? +6aaxc—T = 0, (17) 

If a is a very Jarge number, we get 

China LO 

If a= 4, we get from (17) ax = 1°298, and the formula (10) gives us 

: Wa? 
(KP 20, y= = ny 2°088. 

* In such a case the exact solution (14) is not convenient for numerical calculation. 
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This result is only 2°5 per cent. less than the exact solution, given in the 
table above, and we can conclude that in the case of narrow rectangles 
the approximate solution (16) is sufliciently accurate. 

By the method used for the rectangle, we can obtain an approximate 

solution in some other cases. For instance, if the equations of the 

boundaries are (Fig. a) 

we put SY) = ay. 9 

As an approximate expression for the function ¢ we can take 

= Y—K)@+y—?7)(Ay+By’), 

where 4A and B can be calculated from the equation (7). In the same 

way the problem can be solved in other cases when the cross-section is 

bounded by vertical lines y=-+06, and by two curves symmetrically 

situated in relation to y axis. 

Fig. a. 

(c) The triangle. 

If the triangle is symmetrical with respect to the y axis (Fig. 6), the 

equations of the boundaries will be 

. 

yta=0, #e#=+ttana(Qa—y). 

WwW 
If we put Fy) = aI tan” a (2a—y)”, 

the right-hand member of (3) will be equal to zero, and we have to solve 
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the following equation of equilibrium of the membrane, fixed at its edge :-— 

Cou Ce | eon Pe hee aed 
ort oe a ar 7 + tan as (2a—y) +c. (18) 

We utilise the general solution (8) and adjust the constant ¢ so as to 

make the twisting couple equal to zero. 

If tan? a = peda 
Il+o’ 

the solution of the problem is particularly simple. We get it by super- 

posing on the stresses 

X= [—e+4Qa—y"], YL =0, (19) 

the torsional stresses calculated from the known stress-function 

p=—5 yta)[x—3Qa—y)]. 

These last stresses will be 

Gree a MT a ony 2) Yi ea eo ae Sey 2a ~ LITE 3 — Qa 4 i 

We have only to adjust the value of ur. 

The twisting couple, corresponding to (19), will be 

—|) X,ydxdy = 2Wa. 

To the tractions (20) corresponds the twisting couple ° 

27 
2 \\ pdxdy = 3.3 ura’. 

The condition that the twisting couple vanishes will be 

and we get ei 
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Substituting for ur in (20) and combining (19) and (20), we get 

X.= XX! = 54 w[—2+aQa—y)} 

24/3 
Y=Y,+%,= Tal Wa(y+a). 

The stresses X, at points of the y axis are represented by the linear func- 

tion aes: 2/3 

4iz/4=0 = 27a3 W (2a—y). 

The greatest value of this stress will be 

: ee 
(X.)x=0, ¥=—a — 9G? W. 



408 L. J. Morpeu [May 12, 

NOTE ON CERTAIN MODULAR RELATIONS CONSIDERED BY 

MESSRS. RAMANUJAN, DARLING, AND ROGERS 

By L. J. Morpe.u. 

[Received May 3rd, 1921.—Read May 12th, 1921.) 

In a recent number of these Proceedings,* Messrs. Darling and Rogers 

have dealt with a number of results enunciated by Ramanujan which may 

be stated as follows. 

» d= (74) (199) 99)... drt) o. 

Ful {= "q—A0a—A0—A0—P)... d=)... 

#60 that f(y) = Fr d—r+rP+r...), 

and write for shortness /, f, instead of f(r), f(r?). Then 

(1) Le fig Ane eh es 
eee A ee yba ae 

(2) A ised (ort Ns r ee ee =| : 

a result which can also be written in the form 

HG4—/7GH" = 14+117rG°Hs, 

where G=1/a—n(d—?’)... @—7°"*?) sees 

HA =1/(1—r)(1—??)... (1—7°"*”) 2... 

TG a 

r (L—?r*)(1—r)(1—7") ...’ 

df{,_ 1 [a—na—rya—r)...]§ 
(4) dr ie 5r (1—?*)(1—7)(1—r) .:.? 

(8) Uf eel feet 

* Issued March 7th, 1921, Ser. 2, Vol. 19. H. B.C. Darling, ‘‘ Proofs of certain Identi- 

ties and Congruences enunciated by 8. Ramanujan’’; L. J. Rogers, ‘‘On a Type of Modular 

Relation.”’ 
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(5) x T(5n-+5)r” = 4830 [(1—7)(1—2*)(1—7°) ... 4 

ae) 5ll)4 ((1 a r°) (1 — 79) (1 wae ook F | 2 

where r[(l—r)(1—9?) (1-79)... 44 = > T(n)r™, 
1 

. 2 ~ (A —r") (1 — 7") (17)... 8 ; S peccar a5 == P99 
=) 6 Denxa? 2 [(l—r)(1—9?)(1— 9) 2 8? 

where 1/4—7r)1—?*)d—?) ... = Sin re 
0 

= [(4—r) (1-7) (1— 74)... 3 oo" —" la=na-na=. 
eleciteetan i eat Ml +49" Tanda) 

Mr. Darling gives very complicated proofs of the results (1)—(6), while 

Prof. Rogers proves (1) and (2) and finds also the formule corresponding 

to (1), when /(7”) is replaced by f(?*), f(°), 

Neither of them gives a proof of (7).* I wish to point out that all 

these formule are simple consequences of well known theorems on the 

Modular Functions. For put as usual 

ive) 

65 (z, ») = 2r' sin rx IL (l—r"e?") (1-1 e-?""), 
1 

r= ernie where 

Then changing into 5m, putting z = », 2 respectively and dividing, we 

h : ; P 
~ Ath 0,,(@, 50) __ sin Tw Il oe 

6,,(20, 50) — sin27w , \1—7"t?)° 

Writing now ¢(w) instead of f(r), or RY) ¢ when more ‘convenient, we 

havet 

7°01, (w, 5w) = 7 , Gand 1rd) {(@) = 46,00, 50) A—Aa—Y)d—Yyd—.. 

‘* The results (6) and (7) are given by Ramanujan in his paper ‘‘Some Properties of p (7), 

the Number of Partitions of m’’ in the Proceedings of the Cambridge Philosophical aes 

Viol. 9: 

} The factors yi, 70 are putin, because the expression ¢(w) is only a particular case in 

the study of the quantities 0, (aw, pw), a= 1, 2, ...,p—1. 

See Klein-Fricke, Vorlesungen uber die Theorie der elliptischen ON TA Vol. 2, 

p. 383. This treatise will be referred to hereafter as ine 
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The non-homogeneous modular group is defined as the substitutions. 

,  dwtb (A) 

~ catd’ 
@ 

where a, b, c, d ave any integers satisfying the equation ad—be = 1. 

Then the most important properties* of ¢(w) are— 

(1) It is an invariant of the sub-group Igo defined by the congruences 

a 
i Z | (mod 5),. (B) 

that ist C(w’) = €(o). 

(2) It has a simple pole and a simple zero in the fundamental polygon 

Fg associated with the sub-group Ig. The polygon Fy 1s of genus zero 

and is formed from 60 of the triangles occurring in the well known modular 

division of the plane. Also? 

Cio) = 0, €(2/5) = w, E(0) = e275 4 grrild, 

(3) Any modular function which is an invariant of the sub-group I'g9, 

can be expressed rationally in terms of ¢(w) which is called the “ Haupt 

Modul” of the group Tg. In fact, ¢(@) plays practically the same part 

for the polygon F that an ordinary complex variable z does in the z 

plane. 

An another important sub-group§ of the modular group is the group 

[, defined by the substitutions (A) wherein 

c=0 (mod 5). 

‘The corresponding fundamental polygon F¢ is of genus zero, and is formed 

from six triangles of the modular division of the plane, namely, the well 

known fundamental triangle and the five triangles derived from it by the 

substitutions —1/(w+k«), «= 0, 1, 2, 8, 4. 

We have again a “ Haupt.Modul,” usually denoted by 7;(w), with the 

* K.E., Vol. 2, p. 388. 

+ We are not considering in this paper the invariants f(w) for which f(o')/f(w) is a root 

of unity. 

j K.F., Vol. 1, p. 613. 
§ K-F., Vol. 1, p- 685. 
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same properties for the group I’, that ¢(w) has for the group Ig. Also* 

meee) == Os) 7,0), = @ , 

while in the neighbourhood of w = 0, 75(w) = e?/%, 

Invariants for the groups I’, and Ty) can be found very simply by the 
use of the modular invariant defined by 

A(@,, @) = (27/@)" r I (L—7")*, w= o/@», 

which, as is well known, is unaltered by the substitutions of the linear 

homogeneous modular group 

©, = Ae, + beg, 

© = ca, +doy, 

where a, 5, c, d are any integers for which 

ad—be = 1. 

Thus A(5e,, ws)/A(@,, @:) is a modular function of w which is invariant 

for the group [',; for writing 

5(a@,+ boy) = a(5o,)+5bea, 

Co, +da, = (c/5) (50) + dws, 

we have at once 

A[5(aw,+ bo), co,+do,] = A(5o,, 9), 

since c/5 is an integer. 

Its valuet is given by (K.F., Vol. 2, p. 64) 

A(@,, @2/5) = 73 (w) A(@,, @,). 

Hence the result (2), which can be written as? 

6>—F°—11 = [A(, @,)/A (5a, 2) ]*, 
¥ 

is equivalent to ¢°—¢°—11 = 125/7;(o), 

* K.F., Vol. 1, pp. 637, 638. The 7 (w) of K.F. is equal to —7; (a), 

+ Since A (#), ws) is homogeneous in @, we, A (w, w/5) = 5 A (5a, ws). 

{ All the radicals in this paper are one-valued functions of w. 
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a known relation [K.F., Vol. 1, p. 639, formula 4, since 7 = —7;(o)]. 

As there remarked, it can also be easily proved by noting that 7,(w), being 

also an invariant of the group Ig, can be expressed rationally in terms 

Olas 

The result (3) can be written as 

A \ (0/5, @y) |” 

A (5a, @) Wo) ©) 
See 

The right-hand side is an invariant of the sub-group Ig) as both 

[A (50, «)/A?(o,, @)]#* and [A(o,, 5e)/A°(@,, ws») |” 

are invariants of this sub-group [K.F., Vol. 2, p. 67, equation (7), and 

Vol. 1, p. 644], and hence it can be nee as a rational function of ¢. 

As in the neighbourhood of » = 7, the expansion of the right hand-side 

starts with 7~*, this rational function must, except for a term ¢—', be a 

polynomial in ¢. Since a substitution in (A) wherein 

b=c=0 (mod 5), 

will leave the right-hand side of (C) unaltered and change ¢ into —1/¢,* 

this polynomial must be —¢ and a constant, clearly —¢—1, which proves 

the result (8). 

The result (4) is an illustration of the method of deducing from the 

modular function ¢(), modular forms ¢, ¢, homogeneous in w, o, and 

defined by (K.F., Vol. 1, p. 618) 

GV Q0n) = 1+ Def (4). | | 

The result (4) is 

if dg = A(o, @) Wo)” le (2) 

adi A (5a, w) Br \Qr/? 

dr = 2rirdw, 

1 dé: “Qa ey A(w,, Sule 
this | oe is becomes © cds eRe \ On A(5a,, ws) 

and since 

* K.F., Vol. 1, p. 639. 
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or, from equations (D), 

(+i Ari cay A(@,, @)° 7] 
66(207) 5 \8ar A(5a,, @)1 ’ 

A(w,, ny)” = ——s 5-4 ( 75(@) ie 
1$a = A(5@,, @y) . A(@,, @2) 

ray 
or 

[7 

by using the value of 7;(#). The identity then becomes a known result, 

K.F., Vol. 1, p. 640, equation (5). 

The result (5) is an expression of the fact* that 

t 

A(5e;, @)+ Y A(@,+ Ke, 502) = CA(,, &,), 
c=0 

where C is independent of @,, . The left-hand side is an invariant of 

the homogeneous modular group, its six terms being permuted by these 

substitutions, and its expansion in powers of 7 starts off with a term 

(27/@,)" r except for a numerical factor. 

12 0 

Putting now A(w,, @)) = (==) Tyr; 
Wo i 

we have at once (5), the constant C being found by equating terms in *. 

By equating coefficients, we have, as on p. 119 of my paper just cited, 

T (5s) = T (5) T (s), 
if s is prime to 5; and for all values of s, 

T (5\*2 5) —T (5) T (5+! s) +57 (5s) = 0. 

Hence since 7'(5) =0 (mod 5), it follows by induction that T(5n) =0 (mod 5). An exactly 

similar proof shows that T (7m) = 0 (mod 7). 

Noting next that 

Of, = Art Tr (L—r”)3 = 25 (—1)"(2n 41) hm, 
1 0 

and that rs (L—r")! = SA, 7" +5, 
1 

where either A, =0 (mod 7) or m=O (mod 7), 

it is clear by multiplication that 

T(in+a)=0(mod7) if a= 2, 4,6, 

since no squares are congruent to 2, 4, 6 (mod 7). 

* This is a particular case of a general theorem given in my paper ‘‘On Mr. Ramanujan’s 

Empirical Expansions of Modular Functions,’ Proceedings of the Cambridge Philosophical 

Society, Vol. 19, pp. 118, 119. 
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Noting again 

r n (1—r") = s (-1)" pa #n)+1 — S (—1)" pl(6n £1)* + 23)/24 

1} 0 

and that rt el = (pil Ps = =BR"r", 

where either B, = 0 (mod 23) or 2=0 (mod 23), 

it follows by multiplication that 7 (232+6) =O (mod 23), 

where b = 5, 7, 10, 11, 14, 15, 17, 19, 20, 2%, 22 

are the non-quadratic residues (mod 23), These congruences were given by Ramanujan in 

these Proceedings, Ser. 2, Vol. 17, pp. XIX, XX. 

The result (6) is equivalent to 

> Aldo, ®y) a aah Aon, Wy) : —_ Tp (w) 
<0 LA[(@, + Kw»)/5, | A(@, @2) 25 

The general term on the left-hand side can be written as the 24th root of 

A(5a,, @) — 5, 0, + Kw) 

i (@1, @) ee + KO)’ 

since A(o, +e, Wg) = A(@,, 9), 

A(—oy, w,) = A, ©»), 

and from K.F., Vol. 2, p. 67, equation (8), and p. 27, equation (7), it follows 

that the left-hand side* is an invariant of the group Is, and hence ean be 

rationally expressed in terms of 7;(w). Its possible singularities in the 

polygon F, are at w= 70, 0, of which »=72 is ruled out, as the ex- 

pansion of the left-hand side involves no negative powers of r. At wo =O, 

writing o =—Q), w=Q, Q=Q,/Q,, so that w= 0 corresponds to 

Q = 10, we have 

47 A(=50,.0) T=. wae 750.) + Senay 
ep LINGO Oe 0) NGOP O05 

Since A(5Q,, Q,—«Q:) = AQ, AO,, 504) or A (5O,, O,), 

for a suitable value of X, it is clear that Q = 7 will be a singularity of 
the right-hand side whose expansion in powers of R = e?”® gtarts with 
a numerical multiple of 

(Ri-)% = R-I, 

. 4 y . . 

* It can be written as 5 2°” in the rotation of K.F. 
K=] TU)K Or 
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But since near » = 0, 7; (w) = R-, the left-hand side must be .a numerical 

multiple of +;(#) which is easily found. 

The proof of the result (7) is based on exactly the same ideas as that 

for (6). For it can be written as 

3 — A(T, @) NRC ae ke To, peel [ afew Tw, @) | 

SUreremewmese )/7, we] a A(@,, ©,) Bs (1, @g) 

Putting T7(w) = [A(@,, @9/7)/A(o,, ©) }) = 49r+..., 

then* 77(w) is a “Haupt Modul” for the sub-group I’, of the modular 

group defined by c= 0 (mod 7). The left-hand side, which is also an 

invariant of the sub-group Ty, can be expressed rationally in terms of 

T,(#), and has no singularities at »=10. ‘The expansion for the 

singularity at the origin is given by 

(Ri-7)% = Re}, 

that is, it is of order 2,+ so that the left-hand side is a quadratic poly- 

nomial in 7, and is easily found to be 

Tega y 
7 149 

A similar result cannot be expected when the 5 and 7 are replaced by 11 

as the fundamental polygon F’5, associated with the corresponding I’), is 

of genus one. A similar expansion, however, holds for 13 as Fy, is of 

genus zero. (K.F., Vol. 2, p. 52.) 

The result (1) and the similar formule by Prof. Rogers are the equa- 

tions connecting ¢(w) and ¢(pw) for 

pe 

The theory and the results in a slightly different form (?.e. using homo- 

geneous variables ¢ = ¢/¢,) are given in K.F., Vol. 2, p. 187, and 

pp. 150, 151. The forms of the algebraic equations are known from a 

priori considerations for far more general functions than the modular 

functions of which ¢(w) is a very special case. For example, when p — 2, 

the equation between f and f, is of degree 3 in each of them, is irreducible, 

and‘remains the same when /, /; are replaced by ef, ef, correspond- 

* See K.F., Vol. 2, p. 52 and pp. 62-64, 

+ In the neighbourhood of the origin 7; (w) starts with a multiple of R-" as is clear by 

putting w; =—Q», w, = 2, in the formula for 7; (#). 
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ing to a change of w into w+1. Since f and f, both vanish at w=710, it 

easily follows that the required equation takes the form 

fiftafiPtfprte? = 0, 

where a, 5, c are numerical constants. 

Since f=r I—r+r?+r7—r'...), AA=rd—rt+r"...), 

r(1—3r ...)(l—r+r*...) tar (1—387+ 67? ...) +e (1— 27+ 87? ...) 

+6(1—?r’...) = 0, 

from which b-+ce=0, 1+a—2c=0, —1—8a—b+38c —0, 

so that KAA PAtP = 0. 
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ON DOUBLE SURFACES 

By B. M. Sen. 

[Received February 21st, 1920.—Read March 11th, 1920.— 

Received in revised form April 26th, 1921.] 

Summary oF Resuuts. 

. Under certain restrictions, all double surfaces fall into three classes. , 

. Algebraic double surfaces have at least one double line, 

. Cubic and quartic double surfaces determined. 

. Condition for a double surface in tangential coordinates. It must be of odd class. 

. One of the centro-surfaces must also be a double surface. 

. Effect of a cross-cut on the connectivity of a double surface. 

. Bonnet’s associates of double minimal surfaces are deforms, but are not one-sided. 

. Explanation of the anomaly. Remarks on deformation. naAanrrwnr 

PREFACE. 

One-sided or double surfaces are those on which it is possible to pass 

from one side to the other by a finite and continuous path. The simplest 

example, in a model form, occurs when a long rectangular strip of paper 

ABCD, of which AC and BD are the diagonals, is twisted once, or am 

odd number of times, and then joined into a twisted ring by making the 

edge AB coincide with the edge CD, so that A coincides with C and B 

with D.* 

The only occasion on which these surfaces are mentioned in the 

standard works on Differential Geometry is in connection with Lie’s 

minimal surfaces. It is the purpose of this paper to investigate some 

general types of such surfaces. 

There is hardly any literature on the subject. The following are the 

only two references given in the Royal Society Catalogue of Scientific 

Papers :— 

P. H. Schoute, Proc. Roy. Soc. Hdin. (1892), p. 208. 

M. Feldblum, Wiad. Mat. (1897), p. 101. 

* Forsyth, Differential Geometry, p. 295, footnote. 

SER. 2. VoL, 20. wo. 1403. 25 
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A summary of the latter paper is given in the Jahrbuch iiber die Fort- 

schritte der Mathematik (1897), p. 579. Both of these deal with a par- 

ticular surface which will be called the Mobius surface. There is a short 

note on the same surface in one of the Bulletins of the American Mathe- 

matical Socrety. 

The notation used is generally that of Hisenhart’s Differential 

Geometry. 

1. Mode of Formation.-One-sided or double surfaces are those on 

which it is possible to pass from one side to the other by a finite and con- 

tinuous path. The conditions of finiteness and continuity are of im- 

portance in this connection. Moreover, we shall assume that the path is 

not restricted to pass through any particular point on the surface, for 

such points are in general singularities of the surface, and the con- 

tinuity of the path is destroyed. The analytical criterion of such surfaces 

is that, though after describing a finite and continuous path we come back 

to the same point on the surface, the direction of the normal is reversed. 

Let uw, v be the Gaussian parameters in terms of which the Cartesian 

coordinates (assumed rectangular) are expressed. ‘Then, according to the 

usual convention, the positive directions of v = const., w= const., and 

the normal form a right-handed system of axes. 

Now the Dupin indicatrix at any point is the same for both the sides 

of the surface; the lines of curvature, therefore, are the same for both the 

sides. Similarly, all other organic lines (the asymptotic lines for example) 

which are determined by the nature of the surface, are the same for both 

the sides. Let some such lines be taken for the parametric lines and the 

surface defined by the three equations 

BS fase Y= a, Oy ei Aa 

These functions will be assumed to be uniform, continuous and differenti- 

able. All these limitations, except that of uniformity, are among the 

usual assumptions of Differential Geometry. . 

There exist, therefore, two functions ¢ and vw of wu, v such that 

x= flu, ») =f, 

Y = fal, v) = fold, W, 

2 = fal, 0) oad, A). 

Since the parametric lines on the two sides are the same curves, ¢ and y 

must be functions of one of the variables only. We have, therefore, two 

cases to distinguish. 
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(A) If ¢ is a function of w only, say U, and yw a function of v only, 

say V. Then 
z=f,(u, v) = f,(U, V), 

y = flu, v) = F.(U, i), 

a = f,(u, v) iy Pe Of V). 

(B) But it may happen that the same curve may be designated differ- 

ently on the two sides; a w-curve, for example, may be styled a v-curve 

on the other side. The second possibility, therefore, is that ¢ is a fune- 

tion of v only, say V, and ya function of w only, say U. Then 

2=f,@%, v) = f(V, 0), 

y = f,(u, v) = f,(V, U), 

z= fa(u, v) = f,(V, V). 

Now we shall assume that the parametric system is real, so that no 

imaginary value of the parameters will give a real point on the surface. 

A. Allowing for a slight change of notation, we have 

fw) 0); 

if ou, vt) — PU, V), 

2= Wu, v) = (U, V). 

If X, Y, Z be the direction-cosines of the normal 

x= 1 oly, 2) yal ch 2) edn Clary) 
— A ou, v)’ ~~ H 0@, vx)’ ~~ HA Olu, v)’ 

ee i |, 
where H= + O(u, v) ) + ( O(u, v)) a ( (uw, v) 

is positive for all possible values of wu and v, the parametric system being 

real. 
0 a 

Now U Sas a = Use = U,,, 

where ®, is the value of ¢; when U, V are substituted for u,v. Similarly, 

Yo — VoPo. 

1 doy, z Cae. 
Therefore x= sa as WT 2(@, Vo— P,P). 

25 2 
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But Xe = (®, VY,—®,V;,)/H', 

where H’ is the value of H when U, V are substituted for u,v. HA being 

always positive, the direction-cosines of the normal have opposite signs 7f 

U,V is negate. 

B. Here 2 =flu, v) =flV, VU); 

i Oe) — pl Vea, 

r= Wt, v) = VV, VU). 

Since — 2 = ©,U,, 

and Yo — se = &, V2, 

therefore xX =U VAP, Vi — oY a. 

But XxX’ = ($,%,—-2& Ele 

The direction-cosines of the normal, therefore, have opposite signs 7 

U, V2 be positoe. 

2. Types of Double Surfaces.—Let P be a point on the surface with 

parameters (uw, v), and P’ the same point on the other side. Let x denote 

the transformation (w, v) into (U, V) or (V, U). A repetition of the 

operation brings us back to the point P. 

It is clear that a double surface will arise in the special case where 

the transformation is algebraic and there is a (1, 1)-correspondence be- 

tween the parameters (U, V) and (z, v) or (v, wu). Then U, V will be 

homographic functions of their respective parameters. Now consider the 

transformation x, (aw+b)/(cx~-+d). 

If c= 0, this may be reduced to the form x, A(x+ 5). 

If c= 0, it may be reduced to the form x, A+ B/(2+C); or, changing 

the variable, to the form z, D/(z+C), or, after a further change, to 

x, #1/(2+0). 

Cuass A.—Since U,V, is to be negative for the transformation (uw, v) 

into (U, V), the following are the only possible combinations : 

(1) vw, If(tu+A); (2) u, A@w+B)) Gee on (3) wu, A(w+B); 

v, —1]/(v+B); v, Civ+D)) v, £1/@+0); 
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the plus sign being taken when 4 is negative, and the minus sign when 
A is positive. 

It follows, therefore, that under the above conditions double surfaces 

whose coordinates can be expressed as uniform, continuous and differenti- 

able functions of two real variables, belong to one of these three classes; 

the passage through infinity has also to be avoided. 

To see how double surfaces may be constructed we give particular 

values to the constants and obtain the types* 

(1) w, I/we; (2) uw, wtB; (8) u, ut+tB; (4) uy, —ut+B). 

v, —1/v; v, —(v+D); v, 1/v, v, —I1/v. 

With appropriate substitutions, as, for example, v = tan @ in (1) and (4), 

v = w—4D in (2), we reduce these to the two types 

(i) uy, —uw, oe. oS Cane = Li/aes ul, 

0, 0+7, 0427; 6, Od4+7, 0427, 

the third columns giving the effect of a second transformation. It will be 

found that all the well-known double surfaces come under these heads. 

For the cylindroid given by the equations 

tL = WCO8 Y, i — 1 B10, es el 20, 

Pin 2a sin v cos 2v ve 2a cos v cos 2v 
~~ 4/ (uw? + 4a? cos? 20)’ ~ /(u? +4? cos® 2v)’ 

pe U 
~ /(u?+ 4a? cos* 20)" 

The surface, therefore, comes under head (a). 

The double minimal surfaces discussed later on fall under (11). 

It will not be possible to identify a given surface as unifacial by this 

method. We shall see later how this may be done. 

* It may be pointed out that these include all self-inverse linear transformations. For 

the condition that x, (ax + b)/(ca +d) be self-inverse is that 

_ a(au+ b) + b (ca +d) 
c (az +b) +d (cu + d) 

identically, which gives a+d=0. Thus 2, (aw+b)/(cu—a) is the most general type. If 

a0, c0, changing the variable we have a, A/a as the most general type. After a 

further change, we get the most general types in the forms (u, 1/w) and (w,—I1/u). Ifc=0 

(a, ¢ cannot both be zero), (w, —u+A) is the most general type; or, more simply, (w, —U). 

If a = 0, the transformation is of the type (wu, B/w) which may be split up into (w, i/u) and 

(w, —1/2). 

All of these are included in the four special types. 
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To construct a function of w, v such that f(w, v) =f LR(w), ), S(r)]; 

where R? = S?= EF, to use the notation of the Theory of Groups, we 

take any function of wu, v, say p(w, v). Form the function 6{R(u), S(v)]. 

‘Adding these together or multiplying one by the other, we get a function 

having the required property. We can thus construct as many double 

surfaces as we like. It is necessary to see that the parametric system is 

real and that none of the coordinates pass through infinity during the 

transformation. 

Cuass B.—These do not seem to exist ; for if 

u, R(u, RS(w), 

v, Sv), SH(r) 

be the transformation, where RS = SR = HL, itis impossible to make the 

parametric system exclusively real. If we take wu, R(v) conjugate 

imaginaries, then S(u), SR(v) are also conjugate imaginaries. If ¢ be a 

function of wv, v [such that (wv, v) is real when w, v are real] ¢ (uw, v), 

$({R(v), S(u)] are also conjugate imaginaries. Their sum or product is 

thus real. 

3. Singularities.—It is natural to expect that these surfaces have 

some form of singularities. It will now be proved that algebraic double 
surfaces possess at least one double line. 

Let F (x, y, 2) = 0 

be the Cartesian equation. Then the direction-cosines of the normal at 

any point are 

ar ar 
or oy 

aP\?, (OF\? ea? neon 2 aay 
ge) Hae) +0) Ge) He) + 

an 
Oz 

(Ca Grae 
After describing a finite path on the surface, we come back to the same 
point z, y, z, but the direction of the normal is changed. Therefore (on 

account of the restriction that the variables and functions are real and 
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finite), the square root must change its sign in the course of the path and 

ar oF _2F_, 
On cys 020 * 

simultaneously somewhere on the surface. This generally cannot be a 
mere point, for we have not restricted our path to pass through any par- 

ticular point. It is clear that the proposition has been understated. 

As an example, consider the Mobius surface given by the equations 

aed one sin $0)cos0, y = (a+psin3@)sin@, z= pcosd, 

the transformation being 

p; Ps ps 

é, 6+ 27, 6+ 47. 

This is the surface generated by a straight line which moves in such a 

manner that a point on it describes a circle, the straight line always re- 

maining perpendicular to the tangent to the circle, and the spin of the 

straight line about the tangent being half of the angular velocity of the 

point on the circle. 

There is no general method of finding double lines on surfaces given 

by parametric equations. We have to find a function f such that 

p = f(9) 

gives the same point on the surface when 6 = @, or 6), 6,—6, not being 

a period of the transformation. On the surface we are considering, 0, 

must not be equal to 6,427. 

Now p = 2a sin $0 sec 0 

satisfies this condition. Substituting for p we obtain the following values 

for the coordinates 

et oe tall Ole 0219 LALO) 

If we change 9 into 0+7, we get the same point. 

are, therefore, the equations of a double line on the surface. 

We shall now consider some general types of Lie’s double minimal 
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surfaces. The Weierstrassian formule* are 

ie ja-w) Fw) dut+4 ja G@de, 

y= yj dtereodu— 2 [a+erG@dr, 

i |urwau + | ogee. 

For a real surface, w and v are conjugate imaginaries, and so are (uw) 

and G(v). Let 

u=pexpi0, v= pexp(—26). 

The transformationt is 

P» 1/p, P> 

0, 6+7, 6+ 27. 
- 

For a double minimal surface 

Flu) =-46 (-=). 
db 

The generai solution of this functional equation is 

1A We Ss , 

HIG tert een NC Ls me eo) 
m= 

fr2 * . 
+ »> co (u?” e'42n — um etn) | 

m=1 

it A 
. 9 ah Rion : 

and G(v) = ye —1a+ 2 Samaa(vr*® é nti y (2m +1) e'*2m +1) 

m= 

bed z . p 
7 i Cop (OO En <ty yom cm) | 

m= 

where, a, c’s and a’s are all real. 

* Forsyth, Differential Geometry, p. 281. 

+ The transformation cannot be 

Py ley es 

6, 6, 4, 

for then the coordinates would become infinite during the transformation, which moreover 

does not change the direction of the normal, U, V2 being positive. 

+ Forsyth, Differential Geometry, p. 296. 
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We shall assume that \ and u are finite. 
We can now show that the double minimal surfaces for which 

€2m+1 = 0 (so that odd powers of w, v do not oceur in F and G) have the 
z-axis for a double line. 

a = (i “ [iat Eau eime gm — 2M ober) | Ly 

1—v? : . Amy ey 
+| > > Con (07 E72 a pam gis) | dv 

= — 2a sind (o— =) +2» fie) GGG ‘(2m—1) 0+ avn | ( m1) p a On 1 ( zim ) v pee: 

= eee 
+2 rea cos | (27+ 1) 0+ arm | (> ea 

putting u=pexpi0, v=pexp—i. 

Similarly, 

2y = — 2a cos0 (o— - er ae (2m +1) 0+ aan | ( eek = ‘ "s p 2m+1 mM Pp a 

a 3 eas C2m 7 ni | (2m—1) 0+ ao} Wis aaa 
om — m } \ pote ? 

Com 4 = —2a0+22 57 Veni =) 

Unless a = 0, the surface is periodic, and therefore transcendental. 

We take a 

if p—+ 1, then mts fia), 

4 = 
—_ and poe 

m=1 

The right-hand side is a continuous function of @ and has the period z. 

Therefore, to every value of 0 (say @,) there is another value 06,, 

(0 <0,< 7, 0,< 7) such that z is the same for both. 

ies 

is, therefore, a double line, or, in other words, the z-axis is a double line 

on the surface. 
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As a partieulan case, the Henneberg surface* for which 

F(u) = 1—u*§ = (wa) re’, 

and = ON 6s SIP C5Cy na — Oa 

has the z-axis for a double line. ti 

4. Cubie and quartic double surfaces.—The fact that double surfaces 

have at least one double line may be used to find the cubic and: quartic 

double surfaces. A cubic having a double line must have it straight and 

must be a ruled surface. Consider a ruled surface having the line of 

striction for the guiding curve for convenience. ‘Take the generator 

through a point on the line of striction, a line perpendicular to it in the 

tangent plane, and the normal to the surface for a moving set of right- 

handed system of axes. As the origin moves on the guiding curve, the 

first axis generates the surface. It is a double surface, if, when the 

moving origin comes back to its original position, the positive direction 

of the generator coincides with the initial negative direction. Or, in other 

words, if the total spin about the second axis is an odd multiple of 7. It 

is also necessary to see that the moving origin does not go off to infinity. 

The line of striction, therefore, must be a closed curve. 

If we take the double straight line of the cubic for the z-axis, the 

equation of the surface can be written in the form 

(ax? + 8b27°y + 8cry?+dy)+2 (aa 4+-2b'xy+c'y?) 

+ (ar + 2b"ay+c"'y’) = 0. 

Put EP COM, ay SINC 

p(a cos? 6+8b cos’ sin8 + 8¢ cos 6 sin? 6+d sin? @) 

+(a” cos? 0+ 26" cos @ sin 0+" sin? 6) 
a' cos*80+2b' cos 6 sin O@+¢e’ sin? 0 

& 

It is clear that all the conditions are satisfied if the equation 

a' cos?0+2b' cos 9 sin @+c’ sin? 6 = 0. 

has no real roots ; thatis, if b’’—a’c’ is negative, the transformation being 

P> nom p> 

0, O+7, 0427. 

* Forsyth, loc. cit., p. 289. 
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The cylindroid and the Henry Smith surface* are particular cases. It 
may he noted, by the way, that the latter is a mere algebraic transform of 
the former. 

A quartic surface with a non-planar double line is ruled. We can, 
therefore, find the double quartics with non-planar double lines. But the 
algebra is formidable. 

5. Tangential equation.—Let the irreducible homogeneous equation 
f decree : of degree n FX, Y,.Z.1) <0, 

be the tangential equation of an algebraic surface. Then the point of 

contact of any tangent plane is given by the equations 

foe, toh lox: UR/OY < oF /0Z : dF oF. 

Now for a double surface it will be possible, starting from a set of initial 

values, say Xp, Y,, Z, Ty, to change X, Y, Z, T continuously, subject to 

the condition # = 0, into —X, —Y), —Z, —T>) without making any of 

the coordinates infinite. Therefore, 0F/0T must not vanish during the 

transformation. Now 

OF/OT = 0 

will represent a cone in the four-dimensional space in which X, Y, 4, T 

are the Cartesian coordinates. The necessary and sufficient condition for 

a double surface is that the cone be imaginary. It follows, therefore, 

that OF /07' must be of even degree. F must, therefore, be of odd degree. 

A double surface will be of odd class. For example, the tangential equa- 

tion of the cylindroid is : 

Pi Xe A= Da X YZ, 

which satisfies the required condition. Henneberg’s surfacet has the 

eqnation (p_47)(X?-+Y3? = 47 (8X?4+8Y?+224(X°—Y%), 

[t will be seen that as the point of contact describes a continuous. path 

returning to its initial position on the other side, the tangent plane sweeps 

out the whole of space. Through every point in space there is a real 

tangent cone. 

* Forsyth, loc. cit., p. 308. 

t Forsyth, loc. cit., p. 287. 
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6. Centro-surfaces.—The centro-surfaces of double surfaces are inter- 

esting. It is necessary to recall some well-known properties of centro- 

surfaces. Let M be a point on a surface, and MC, and MC, the lines of 

curvature through it. Then the normals to the surface along the curve C, 

form a developable surface D, and the normals along C, form another de- 

velopable D,. Let S, and S, be the centro-surfaces traced by the centres 

of curvature corresponding to the systems C, and C, respectively. Then 

the developable D, has its edge of regression on the surface S,; and en- 

velops the surface S,. The tangent to the line of curvature C, is therefore 

parallel to the normal to S, at the corresponding point, and the tangent 

to the line C, is parallel to the normal to S, at the corresponding 

point. 

Now consider a moving trihedral formed by the tangent to the lines 

C;, Cy, in the positive sense and the normal, forming a right-handed 

system of axes. If the surface be one-sided, we can make the origin 

describe a continuous path on the surface, returning to the same point on 

the opposite side. The direction of the normal having been changed, the 

direction of one of the other axes (the tangents to the lines of curvature) 

is also reversed. Supposing that the direction of the tangent to the line 

C, is reversed, the direction of the norma! to S, has also been reversed. 

The centro-surface S, is, therefore, one-sided. 

It may happen, however, that some surfaces have a line of parabolic 

points which has to be crossed. One of the radii of curvature becomes 

infinite, and the corresponding point on the centro-surface goes off to in- 

finity. 

For Henneberg’s surface* 

H=G=0, F=18(1—e)0d—v tu u-*o, 

D= 6 4*—1),. D0.) 12D = 6 @s-— by 

The Gaussian measure of curvature K, is 

uv eh ee SP reg oe ee pee 
9 {1—(u*?+ v4) + u*v* | (1+ uv)* 

0 
pete f 

9 {1—2p* cos 46+ p*} (1+ ,*)*" 

* Forsyth, loc. cit., p. 289. 
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It is clear that K does not vanish during the transformation 

pe, Sale; ps 

é, O+7, O42. 

One of the centro-surfaces is, therefore, unifacial. 

It is easily seen that the above proposition holds for double minimal 
surfaces in general. For, if the coordinates be expressed in the customary 
Weierstrassian form 

ds* = 4F(u) G(v) (1+ uv)?, 

i d 
K Se SGT ATE A an : F(u) Gv) (1 uv)*’ 

which clearly does not vanish anywhere on the path, w, v being conjugate 

imaginaries, as are also F'(w), G(v). 

Again, for a ruled surface,* 

8? 

8S (=a FR] 
where 6 is the parameter of distribution, and w—a the distance along a 

generator measured from the line of striction. Therefore 

=0 whens 6 = 0. 

On the Mobius surface 6 is a constant. It has, therefore, the property 

mentioned above. But for the cylindroid 

C080, if — snd) 2 _a7s9 20, 

6=0 when 6 = 7/4 or 37/4. 

The cylindroid has, therefore, two parabolic lines. 

7. Inversion.—lf we invert a double surface with respect to any point, 

the new surface is also unifacial. We shall verify the statement by in- 

verting the cylindroid 
z(z*+y’) = 2ary, 

with respect to the origin, taking the radius of inversion to be a for sim- 

plicity. Then the new surface is given by the equations 

x= iasin¢cosec0, y= tasingsecO, z= 4a (1+ cos ¢) secO cosecd, 

* Hisenhart, Differential Geometry, p. 247. 
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the transformation being 

Pp; =< dp, p,; 

@, . @+7, 0+ 27. 

We may describe the surface in the following way. Consider a plane 

rotating about the axis of z, which lies in it. Let 0 be the angle which 

the.plane makes with its initial position, which is taken as the y-plane. 

‘The surface is generated by a circle of radius 4acosec 20 lying in the 

plane, and passing through the origin, the centre always lying on the 

z-axis. The z-axis is a double line except the portion between z = +a. 

8. Connectivity.—A double surface is, by definition, multiply-connected. 

There is a remarkable analogy between a double surface and a two-sheeted 

Riemann surface, the double line of the former corresponding to the branch 

line of the latter. We consider now the effect of a cross-cut on a double 

surface. 

On any bounded surface, a cross-cut may join two points on the same 

boundary line, or two points on two distinct boundary lines, or it may 

proceed from a point on a boundary line and come back to itself. In the 

second case the number of distinct boundary lines is diminished by unity. 

For the first case, let us start from any point on the boundary line in 

question and mark with arrow-heads the sense of the boundary line as we 

come back to the starting point. Now it may happen that the arrow- 

heads at the two extremities of the cross-cut may point in opposite direc- 

tions (Fig. 1), or in the same (Fig. 2). 

5 B' 

na) a 

aad’ 

Fig. 1. Fig. 2. 

aa'cb'bd is the boundary line. In Fig. 1, ab and ab’ are the two sides 
of the cut, and in Fig. 2, ab' and a'b.. In the former case it is obvious that 
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the surface is divided into two distinet parts a'cb'a’ and abda. We show 
that in the second alternative, Fig. 2, the surface must have been uni- 
facial and that the’effect of the cross-cut is to convert it into a bifacial 
one. 

Suppose that a man starts from a’ keeping the surface to his left, 

fullows the boundary line till he comes to 0’, and then, still keeping the 
surface to his left, follows the edge b’a of the cut. If he now proceeds 
along the boundary line against the direction of the arrow-heads, he will 

come to the point ) and following the edge ba’ of the cut, back finally to 

a’. The number of boundary lines is not affected by the cut. It is 

obvious that if there had not been a cut, and the man had followed his 

path a’cba’ as before, he would have been on the opposite side of the sur- 

face from which he started. The surface must, therefore, have been a 

unifacial one, and it has been converted into a bifacial one by the cross- 

cut. 

In the third case, when the cross-cut comes back to itself, the number 

of boundary lines is increased by unity, and the surface is divided into two 

distinct parts. 

A cross-cut, therefore, increases by unity, or diminishes by unity, or 

keeps intact, the number of distinct boundary lines of a surface. In the 

latter case, however, the surface is converted from a unifacial into a bi- 

facial one. 

9. Deformation.—The word deformation is used in several distinct 

senses in Mathematics. In Riemann’s development of the Theory of 

Functions, it is used to denote the modification of a flexible and extensible 

surface provided there is no tearing or joining. This we may call con- 

formal deformation. In Differential Geometry, on the other hand, it is 

used to denote the modification of a flexible, but inextensible surface 

provided there is no tearing or joining. This we may call continuous 

deformation. It is, therefore, a special form of conformal deformation. 

Let us examine Bonnet’s associates of double minimal surfaces.. If a 

surface be given by the Weierstrassian formule,* Bonnet’s associated 

surfaces are obtained by substituting (wu), y(v) for (uw), G(v) respec- 

tively, where 
‘ o(u) = e* Flu), Wv) =e Ge). 

Then the arc-element of the original as well as the associated surface is 

* Vide § 3. 
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eiven by the equation 

ds? = (1+uv)? F(u) G(v)dudv. 

It is, therefore, concluded that the associated surfaces are continuous 

deforms of the original surface. 

It is easily seen that @ and yy do not satisfy the equation 

FW =- 5 G (=), 

satisfied by F and G. This, of course, proves that either the surfaces are 

not one-sided, or the equation is not a necessary condition. 

Among these associated surfaces there is one particularly important, 

the adjoint surface obtained by putting 

Oar 2, 

It is easily shown that for the original surface the asymptotic lines are 

given by the equation 

F (vw dv?+G(v) dv? = 0, 

and the lines of curvature by 

F (u) dw—G (v) dv? = 0. 

For the adjoint surface the asymptotic lines are given by the latter equa- 

tion and the lines of curvature by the former. It follows, therefore, that 

the parametric lines on the adjoint surface are related to the lines of 

curvature in the same way as the parametric lines on the original surface 

to the asymptotic lines. The direction-cosines of the normal are 

1 

2. cos si oe yes se Y= > = Tie p : 

a = = 
ERP pales Ey. 

for both the surfaces. It will be seen that no linear transformation of p 

and @ is possible which will alter the signs of X, Y, Z but leave unaltered 

the values of the coordinates for the adjoint surface. For, since both 

X, Y change their signs, tan @ will be unaltered ; therefore (0, 0), (8, 7 +0) 

are the only two alternatives. In either case it will be found that no 

appropriate transformation for p can be determined. The adjoint surface 

of a double minimal surface, therefore, is not a double surface with linear 

transformation, to which type the latter surface belongs. 

We shall now apply the tangential equation. It will be convenient to 
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take the simplest of the double minimal surfaces, the Henneberg surface. 

If t we pu Flu) =f"), G(v) = g'""(v), 
i] 

the tangential equation of a double minimal surface can be written in the 

form* 

tas TEP) +0 Gaz) wing EZ) crt irng REY): Z 

The equation of the associates of the Henneberg surface is 

. X+iy\? 1—Z\2) T=2RP. | {3(Ate) 9 (2-7\') soy Wika Game. Kay) 3 

ee ee eee LX: vY) 5 iar alee caer | 

where R.P. denotes the real part of the following expression. Simplifying 

we obtain 

\ (2 —4Z cos a)(X?+ Y?—4Z cos a (X?— Y*)(8X°+4+8Y?+422%)\? 

= 256 sin? a X°Y? (X?+ Y?4+ 7, 

which agrees with Forsyth’s result when a =0. These being of an even 

class cannot be one-sided. 

10. Topology.—tlt is a well-known proposition in topology that uni- 

facial surfaces can be deformed into unifacial surfaces only, the deforma- 

tion being conformal.t It is difficult to see why continuous deformation. 

which does not allow even stretching should destroy the unifaciality of 

the surface. 

The explanation seems to be the fundamental difference between the 

Cartesian and the Gaussian method of representing a surface. In the 

Gaussian method we admit the possibility of an infinite number of sheets 

superposed on one another (as, for example, when one of the parameters 

enters as periodic functions). But in the Cartesian method there is no 

such possibility. This difference may give rise to wide diversity when 

the surface is deformed. We can illustrate the point with a paper model 

of two superposed sheets of the surface mentioned in the preface. So 

long as the two sheets are kept together, any deformation will preserve 

* Forsyth, loc. cit., p. 287. 

+ Forsyth, Theory of Functions, p. 362. 

SBR, 2, vou. 20. wo. 1404. oF 
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the unifaciality of the surface. But if the two sheets are separated, the. 

surface becomes a bifacial one. This explanation is also borne out by: 

the tangential equation of the associates of Henneberg’s surface, which 

becomes a perfect square when a is zero. 

If this explanation is accepted, it follows that the solutions of the 

partial differential equation of the second order which governs the defor- 

mation of a surface will depend on the independent variables employed. 

If a surface be given by the equation 

z= f(x, y), 

and also by three equations of the Gaussian type, in which one of the 

variables enters as periodic functions, it stands to reason that the deforms 

of the surface given by the two distinct equations will not be identical. 

I hope to follow this up in another paper. 
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Introduction. 

In 1906 Dr. J. C. Fields published a book* containing a purely alge- 

braic theory of the algebraic functions of one variable. During the 

succeeding five years various papers by the same author appeared, some 

in the American Journal of Mathematics and others in the Transactions 

of the American Mathematical Society. 

In 1912 Dr. Fields published in the Transactions of the Royal Society 

of London a new treatmentt of the subject and followed this up with three 

other papers. i 

The present paper is a development of a shorter one§ by the writer. 

The majority of the proofs given depend upon properties of rational func- 

tions of (z, w) built upon special bases subject to choice. The first seven 

sections consist for the most part of definitions of terms and statements 

of fact. A sketch of Dr. Fields’ proof of the first existence theorem of (5) 

is given in a footnote. The second existence theorem of (5) is less com- 

prehensive and differs in one other particular from a similar theorem in 

Dr. Fields’ papers, but the proof along similar lines is so immediate that 

* « Theory of the Algebraic Functions of a Complex Variable,’’ Mayer and Miiller, Berlin. 

+ ‘On the Foundations of the Theory of Algebraic Functions of One Variable,’’ Ser, A, 

Vol. 212. 
t ‘‘ Direct Derivation of the Complementary Theorem from Elementary Properties of the 

Rational Functions,’’ Proceedings of the International Congress of Mathematicians, Cambridge, 

1912; ‘* Proofs of certain general Theorems relating to Orders of Coincidence,’’ Proc. London 

Math. Soc., Ser. 2, Vol. 12; ‘‘ Proof of the Complementary Theorem,’’ Proc. London Math. 

Soc., Ser. 2, Vol. 15. 

§ ‘‘Derivation of the Complementary Theorem from the Riemann-Roch Theorem,” 

American Journal of Math., Vol. 39, No. 3. 

2F 2 
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it too is given in a footnote. The paper is characterized by the use made 

of non-positive bases and the role of u”~ and by the fact that the com- 

plementary theorem becomes in the final sections an instrument of proof. 

I. Rational Functions of (z, u) built on an Order-Number for a Cycle 

relative to a Given Value of z. 

(1) f(z, w) will denote w"fp+u" 1 f,+...+f,, in which f) is unity and 

the remaining coefficients are rational functions of z. If f(z, w) is redu- 

cible in the domain of rational functions of z, if is supposed that all its — 

irreducible factors in that domain are different. 

(2) The fundamental equation f(z, «) =0 defines w as an algebraic 

function of z, for which there are m expansions wy, Ug, ..., Un 10 the vicinity 

of a given value of z. The expansions are series in powers of the element 

z—a or 1/z, according as the given value of zis aor ©. The series may 

contain fractional and negative powers of the element. The fundamental 

equation is said to be of type m relative to a given value of z, if —m is 

the least power of the element appearing when /), f,, ...,/r are expanded 

in the vicinity of the given value of 2. 

(3) An integral rational function of (z, uw) is formed by applying the 

operations of addition and multiplication to w and rational functions of z. 

A rational function of (z, w) is the quotient of two integral rational func- 

tions of (z, uw), in which the denominator has no factor in common with 

/(z,u). A given rational function of (z, w) is equal for all values of (z 2) 

for which f(z, u) =0.to one and only one rational function of (z, u) in ro- 

luced form 2 auced torn 1G, EU? Ga-hen. Gu 

A representation* of R(z, uw), a rational function of (z, u), for values of z 

in the vicinity of a given value of z, is afforded by the expression 

11 s R(z, u) 

t=1 Qi(2, U1) 
Q(z, 2), 

in which for the vicinity of the given value of z, the function Q,(z, w), not 

in general a rational function of (z, «), is the product of all the linear 

factors of f(z, u) except w—w;, This type of representation for /fi.(z, w), 

* «On the Foundations, etc.,’’ formula (8). 
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the partial derivative of f(z, w) with respect to w, is 

7 

> ee ~ Ql, w). 
t=1 

In a polynomial in wz with coefficients, functions of z, which are expansible 
in the vicinity of a given value of z involving only integral (with at most 
only a finite number of negative) powers of the element, each product of wu 
to a power, and the element to a power is called a term relative to the 

- given value of z. 

(4) The expansions wy, ws, ..., U, in the vicinity of a given value of z 

fall into groups or cycles. The number of expansions in the various 

cycles may be denoted by »,, 1, ..., vy» Am expansion in a cycle of 

y eXpansions proceeds according to ascending integral powers of some 

y-th root of the element, and on replacing in it this particular 1-th root 

by another, the result is another expansion in the same cycle. An 

integral multiple of 1/y is called an order-number for the cycle. An 

expansion of w in the vicinity of a given value of z, with respect to 

which the fundamental equation is of type m, does not involve the 

element to a power less than —m, and if 7 denotes the least power of the 

element in any of the terms of the reduced form of a rational function of 

{z, u), an expansion of such function in the vicinity of the given value of z 

does not involve the element to a power less than /—m(n—1). Usually 

not all the coefficients in the expansion of the function are zero, and the 

least power of the element present is then called the order of the function 

for the expansion of w employed. If, however, all the coefficients in the 

expansion are zero, infinity is said to be the order of the function for the 

expansion of w employed. The order of a rational function of (z, wu) is 

the same for expansions of w from the same cycle and is called the order 

of the function for the cycle; moreover, this order if finite is an order- 

number for the cycle. If uw, belongs to a cycle of v, expansions in the 

vicinity of a given value of z, the order of fu(z, u) for the cycle is the least 

power of the element in @,(z, u,) which is finite, and vs denoted by u;. An 

order-number for the cycle which is not less than m(n—1)+p.—1+1/x, 

where the equation is of type m relative to the given value of z, will be 

said to be adjoint of type m. A rational function of (7, wu) is buat on a 

given order-number for a cycle, if fhe order of the rational function for 

cycle is not less than the order-number. 

(5) It has been observed that the order supposed finite of a rational 
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function of (z,w) for a cycle relative to a given value of z is an order- 

number for the cycle. An important converse in the form of an existence 

theorem* has been noted by Dr. Fields. It may be stated as follows : 

On assuming an order-number for a cycle relative to a given value of 

z, there exists a rational function of (z, uw) possessing as order for the cycle 

the assumed order-number and possessing as great orders as desired for 

the remaining cycles relative to the given value of z. 

A second existence theorem} of somewhat similar nature admits of the 

statement: If the fundamental equation is of type m relative to a given 

value of z, then on assuming an order-number not adjoint of type m for a 

cycle relative to the given value of z, there exists a rational function of 

(z, uw) built on the assumed order-number, possessing as great orders as 

desired for the remaining cycles relative to the given value of z, and con- 

taining in its reduced form among other terms w to the power »n—1 and 

the element to the power m(n—1)—1. 

* Tf the cycle is made up of », expansions of w in the vicinity of the given value of z, and 

if 7, is the assumed order-number for the cycle, then in the function 

T Ve < Ms Us 

2B, 

uw is one of the v, expansions of w belonging to the cycle, R, is the particular v,-th root of the 

element appearing in w%, and the summation extends to the vy, expansions belonging to the 

cycle. The least power of the element in the expansion of this function for each of the rx 

expansions belonging to the cycle is 7s, while the expansions of this function are all identically 

zero for the remaining expansions of w in the vicinity of the given value of z. If only this 

function were a rational function of (2, u) it would possess all the properties required. On 

writing it in the form 

wig, +w 2g + ...+ Gn, 

it appears that the coefficients gj, gx, ..., gx, When expanded in the vicinity of the given value 

of z, involve only integral (with at most only a finite number of negative) powers of the ele- 

ment. It is possible to split for the various values of ¢ the expanded form of g into g/, g/’, 

the powers of the element being all greater in the latter part than in the former, so that the 

term in w"~‘g’’ of least degree in the element has for any of the v, expansions belonging to 

the cycle an order greater than 7, and for the remaining expansions of win the vicinity of the 

given value of z orders as great as previously agreed upon. The function 

UT gue go. +g 
n 

is then such as required in the statement of the theorem. 

{ If 7, is the assumed order number, it suffices to proceed as in the former case except 

by employing m (7 —1) +y4;—1 instead of +, and by choosing g/’ to be identically zero, thereby 
leaving g; to be v; times the element to the power m (7—1)—1. 
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Il. Rational Functions of (z, u) built on a Basis relative to a Given 
Value of z. 

(6) A basis 7,, T,, ..., T, relative to a given value of z is an ageregate 
of order-numbers, one for each cycle, relative to the given value of z. The 

_zero basis relative to a given value of z is one in which all the order- 
numbers are zero. A non-positive basis relative to a given value of z is 
one not containing a positive order-number. A basis adjoint of type m 
relative to a given value of z, with respect to which the fundamental equa- 
tion is of type m, contains only order-numbers adjoint of type m. A 

rational function of (z, w) whose orders relative to a given value of z are 

all finite furnishes therewith a basis relative to the given value of z A 

rational function of (z, w) is built on a basis relative to a given value of z, 

if it is built on each of the order-numbers comprising the basis relative 
to the given value of z. 

(7) If R(z, w) is a rational function of (z, w) built on a basis 7,, Ta, ..., Tr 

relative to a given value of z, with respect to which the fundamental equa- 

tion is of type m, and if A denotes a number not greater than any of the 

numbers 7,;—4;, T2—Ma, ---, Tr—,, 1t appears from the second expression 

in (3) that the reduced form of R(z, uw) contains no term with a degree in 

the element less than A—m(n%—1). On the other hand, a term involving 

wu to a power p and the element to a power q is itself a rational function 

of (z, uw) built on the basis relative to the given value of z, provided ¢g—mp 

is not less than any of the order-numbers, comprising the basis; and if 

any finite number of any such terms are multiplied by arbitrary constants 

the sum of such products is included under the reduced form of the 

general rational function of (z, w) built on the basis relative to the given 

value of z. Also there are no terms in the reduced form of such general 

function possessing a degree in the element less than A—m(n—1). There 

is at most only a finite number of terms for which q is not less than 

A—m(n—1) and g—mp is less than some order-number in the basis. On 

multiplying these terms by arbitrary constants and subjecting the sum of 

such products to conditions sufficient to build it on the basis relative to 

the given value of z, there results a function likewise included under the 

reduced form of the general rational function of (z, vw) built on the basis 

relative to the given value of z. 

(8) It is now proposed to prove the following lemma :— 

In the reduced form of the general rational function of (z, w) built om 

a non-positive basis 7), Ts, -.., Tr relative to a given value of z the coeffi- 
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cients of terms involving the element to negative powers are, expressible 

linearly in terms of arbitrary constants, in number not less than 

Ms —e ee 
It will be supposed that the fundamental equation is of type m relative: 

to the given value of z. The reduced form of the general rational function: 

of (z, u) built on the zero basis relative to the given value of; z may be 

written as the sum of reduced forms F"(z, «) and S'(z, wv), the former of 

these being made up of all those terms in the reduced form of the general 

function in which the power of the element is less than m times the power 

of wu. The aggregate of arbitrary constants in terms of which the coefti- 

cient of terms in F(z, u) are linearly expressible will be denoted by (#") 

and the number of such constants by B. The coefficients of terms in 

S'(z,w) are arbitrary, and (S’) will be employed to denote their aggregate. 

It is to be supposed that F(z, vw) and S"(z, uw) are other such reduced 

forms, and (/”) and (S") the corresponding aggregates, and that in the 

reduced form of the product of I’'(z, u)+S'(z, uw) and E"(z, w+S"(z, wu) 

the coefficient of the term of degree n—1 in w and m(n—1)—1 in the ele- 

ment is equated to zero for arbitrary values of the constants in the aggre- 

gates (F") and (8’). This product is the sum of three products S’(z, w), 

S"(z, u), F'(z, wu {F"(z, wW+S8"(z, u)} and S'(z, uw) F(z, u). The first -of 

the three products, like the forms S’(z, w), S'"(z, w) themselves, contains no 

term in which the power of the element is less than m times the power of 

u, and in it the reduction is effected by successively replacing as often as 

necessary —w” by w”'fi+...+f,, which operation when applied to a 

single term not in reduced form gives terms in which the power of the 

element has been decreased by mm at most and the power of w by 1 at least. 

Consequently, in the reduced form of the first of the three products there 

is no term in which the power of the element is less than m times the 

power of w, and hence the coefficient of the term of degree »—1 in w and 

m(n—1)—1 in the element is zero for arbitrary values of the constants in 

all four aggregates. In the reduced form of the second of the three pro- 

ducts the coefficient of the term of degree »—1 in wu and m(n—1)—1 in 

the element, is the sum of at most B expressions, each of which is ob- 

tained by multiplying a number of (F”) by a linear form of numbers from 

(F"), (S"). In the reduced form of the last of the three products the eo- 

efficient of the term of degree »n—1 in w and m(n—1)—1 in the element 

is the sum of expressions, each of which is obtained by multiplying a 

number of (S’) by a linear form of numbers from (f'”). Putting, as above 

directed, the coefficient equal to zero means nothing more nor less than 
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equating to zero each of these linear forms. The number of equations 
resulting from equating to zerc the linear forms of the first typeis at 
most equal to B, and the number of linearly independent equations re- 
sulting from equating to zero the linear forms of the second type, which 
involve only numbers from (""), an aggregate of B constants, is at most 
equal to B. Hence the total number of linearly independent ous 
applied to (F'"), (S”) is at most equal to 2B. 

As a result of applying the above conditions to (F”), (S") the orders of 

the function F'"(z, w)+S"(z, w) are all adjoint of type m relative to the 

given value of z, for if not it is possible to give values to the constants in 
(F"), (S") remaining arbitrary, so that the resulting specific function 

B"(z, u)+8"(z, u) possesses the orders of a basis which is not adjoint of 

type m relative to the given value of z. The reduced form of the general 

rational function of (z, v) on this basis is the reduced form of the product 

of F"(z, u)+S'(z, uw) and the resulting specific function F(z, w+S"(z, w), 

and in it the coefficient of the term of degree »—1 in uw and m(n—1)—1 

in the element is zero, which conflicts with the second existence theorem 

of (5). Hence the independent conditions, 2B in number at most, have 

produced adjointness of type m relative to the given value of z, having 

been applied to the coefficients in the reduced form of the general rational 

function of (z, w) built on the zero basis relative to the given value of z. 

Therefore, on employing the first existence theorem of (5), it appears that 

these independent conditions are in number not less than 

5 !ma—1) +u—1+—} Vsy 

)
 

Vg
. 

Vs
 

The reduced form of the general rational function of (z, uw) built on a 

non-positive basis 7,, 72, .-., T- relative to the given value of z may be 

written as the sum of reduced forms F(z, wv) and S(z, w), the former 

of these being made up of all those terms in the reduced form of the 

general function in which the power of the element is less than » times 

the power of u. The coefficients of terms in F(z, w) are expressible linearly 

in terms of an aggregate of arbitrary constants to be denoted by (/), while 

coefficients of terms in S(z, w) are arbitrary. As a consequence of the 

first existence theorem of (5) it appears that the ageregate (Ff) is made up 

aol 

from which it follows that 

BS 4mn(n—1) +4 2 (141 
c= 

of , 

B— 2 37; « 
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arbitrary constants. Hence the aggregate (f) is made up of arbitrary 

constants, ia. number not less than 

Amn(n—1) — 2 TsVst4 “a (u.—1+ =) Vga 

The function s(z, w+S(z, uv) is now to be arranged in the form 

P(z,u)+Q(z,u) in which P(z, w) is made up of all those terms in the 

function in which the power of the element is negative. The terms of 

S(z, w) are all included under Q(z, w), and a term of F(z, wu) of degree p 

‘in «w and q in the element is also included under Q(z, w) provided 

0<q<mp, 0<p<n. Since there are at most $mn(n—1) such 

terms, the coefficients in the function P(z, w) are expressible linearly in 

terms of arbitrary constants in number not less than 

Yr , 

Z 
as > TsVsth > (u.—-1+ ) Vs, 

Ss S=ii 

which proves the lemma. 

It is, of course, evident that the number here written down might not 

even be positive. However, it will be shown in (15) that if the non- 

positive basis does not possess an order-number greater than the corre- 

1 relative to the given value of z, the number of 

arbitrary constants in question is precisely the number appearing in 

the statement of the lemma. 

sponding order of w”~ 

Ill. Rational Functions of (z, u) built on a Basis. 

(9) A basis 7 1s made up of bases, hereafter known as constituent 

bases, one relative to each value of z, and all, unless perhaps a finite 

number, being zero bases. A rational function of (z, w) possessing none 

but finite orders relative to one value of z possesses none but finite 

orders relative to all values of z and furnishes therewith .a basis. In a 

zero basis + the constituent bases are all zero bases. In a non-positive 

basis 7, if there are constituent bases not zero bases they are non- 

positive bases. The basis « furnished by f.(z, w) will always be included 

among bases being discussed, and those values of z relative to which not 

all the constituent bases are zero bases, and those values of z for which 

there are less than » cycles, will be paired off with the elements « of a 

finite aggregate (x). The basis + contains as constituent basis relative 
to the value of z paired off with a given element x, 

=), Zs ms Te 
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and the number of expansions of w in the various cycles corresponding are 

py!) 4 ( es yo) Sts. ve. 

Bases r+1/y and 7 differ only through the order-number of the 
former for one cycle relative to a given value of z exceeding by the least 
possible the corresponding order-number of the latter. The same dis- 
tinction applies in the case of bases + and t—1/r. 

(10) A rational function of (z, uw) is built on a basis + if it is built 

on each constituent basis. Of course, the reduced form in (3) in which 

91> 92) -++5 Gn are all identically zero is built on any basis 7, and it will 

be called the zero form. Reduced forms F,(z, uv), Fa(z, wv), ..., F(z, uw) of 

rational fuactions of (z, w) are said to be linearly dependent if there exist 

constants ¢,, ¢, ..., @, not all of which are zero, so that 

6, FF (@, Wty, w+... +e Fy, u) 

is the zero form. If no such constants exist, the reduced forms are said 

to be linearly independent. 

If there are less than / linearly independent reduced forms of rational 

functions of (z, uw) built on a basis 7, there are less than /+1 linearly in- 

dependent reduced forms of rational functions of (z, w) built on a basis 

7—1/v. For if it is supposed that Fy(z, u), Fy(z,u), ..., Fisi,u) are 

7+1 linearly independent reduced forms of rational functions of (z, w) 

built on the basis r—1/y one of them, say F,,:(z, vw), not built on the basis 

+ may be selected and constants ¢,, ¢, ..., ¢, chosen, so that 

FewteFak,, Fee, 0+aF ik, 0, -, Fie, Waka, 0 
are all built on the basis 7. From the linear dependence of these / forms 

follows the linear dependence of the original /+1 forms, which contradicts 

the supposition already made with regard to them. 

It will be supposed that f(z,w) breaks up into p irreducible factors. 

On denoting one of such factors by f,(z,w), the reciprocal of the product 

of the p—1-remaining factors is a rational function of (z, w) with respect 

to the equation f,(z, vw) = 0, and will have in connection with that equa- 

tion a reduced form. The product of such reduced form and the p—1 

remaining factors is a rational function of (z, wu) in its reduced form with 

respect to the fundamental equation, and is built on the zero basis. In 

fact its orders for expansions of w satisfying f.(z,w) = 0 are all zero, 

while its orders for remaining expansions of w are all infinity. The p 

such reduced forms are consequently linearly independent, and, moreover, 



444 S. Bearry “+ (Dee. 9, 

the reduced form of any rational function of (z, wv) built on the zero basis 

is the sum of constant multiples of these p forms. 

On combining the results of the two previous paragraphs, it appears 

that there are not more than 
fe 

p—2. Boop 
linearly independent reduced forms of rational functions of (z, w) built on 

a non-positive basis 7. If each positive order-number in a basis is re- 

placed by zero the result is a non-positive basis. Since a rational function 

of (z, w) built on the basis 7 is also built on the non-positive basis fur- 

nished above, and since of the rational functions of (z, uw) built on the 

latter basis not more than a finite number have linearly independent 

reduced forms, it appears that of the rational functions of (z, uw) built on 

the basis 7 not more than this same finite number have linearly indepen- 

dent reduced forms. The actual number of linearly independent reduced 

forms of rational functions of (z, w) built on a basis rt is denoted by N,. 

On multiplying each of these N, reduced forms by an arbitrary constant, 

the sum of such products is the reduced form of the general rational fune- 

tion of (z, w) built on the basis 7 and contains N, arbitrary constants. A 

conclusion from a result already established in the present section is that 

N,-1/r 18 either the same as N, or exceeds it by unity. 

(11) It will be supposed that ¢ is a non-positive basis not, possessing 

an order-number greater than the corresponding order furnished by w”7'. 

In the reduced form of the general rational function of (z, w) built on the 

constituent basis relative to the value of z paired off with «, the coefficients 

of terms of negative degree in the element are expressible linearly in terms 

of arbitrary constants, in number at least 

= SOMES (W-14+ ZB), 
s=1 SS Vs 

which latter may be denoted by XA“). If the coefficients are so expressed, 
then in such reduced form the part composed of terms involving the ele- 

ment to none but negative powers appears as the sum of arbitrary constant 

multiples of at least \ rational functions of (z, w), each in reduced form 

and built on the basis ¢, and none expressible linearly with constant co- 

efficients in terms of the rest. On applying this argument to all values of 

z paired off with the elements of (x) and taking account of the » linearly 

independent functions 1, w, w?, ..., vw! built on the basis ¢, it appears. 
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that there is a total of at least 

% up 
n—E, B U435, E (14 3) (9 

reduced forms of rational functions of (z, w) built on the basis ¢#. It is 
clear from the above and from the way in which each reduced form in- 
volves the elements for all values of z, that the forms are linearly indepen- 
dent, and hence N; is not less than the number immediately preceding. 
Since the sum of the orders of fi(z, w) for all expansions of w is zero, 

what has been proved is that 

Mee > Ov 3s. > Go — 1). 
Saab s=l1 

(12) The residual order-number relative to a given value of z is the 

order possessed by the element raised to such power as to have a residue 

for that value of z. The residual order-number is then —1 or +1 accord- 

ing as the given value of zis aor ©. It is to be supposed that W(z, w) 

is a rational function of (7, wv) possessing none but finite orders; the basis 

which it furnishes will be denoted by w. Bases + and 7 are said to be 

complementary to the level of w if for each and every cycle the sum of the 

order-numbers of + and 7 exceeds by the least possible the sum of the 

residual order-number and the order-number of o. 

Bases +—1/y and 7 satisfy the requirements of being complementary 

to the level of w except for one cycle, known as the excepted cycle. There 

is not a rational function of (z, uw) built on the former basis and another 

built on the latter basis each possessing relative to the excepted cycle the 

precise order of the basis on which it is built, for if so the function ob- 

tained on dividing their product by W(z, w) would have as order for the 

excepted cycle and for none else the residual order-number, which conflicts 

with the fact that the sum of the residues of a rational function of (z, w) 

is zero. This result stated in numerical form is 

(Ni NN) + (N5—N741,) —1 io 0. 

If¢is a basis not possessing an order-number greater than the correspond- 

ing order-number of 7, then by repeated application of this type of formula 

and by addition of the results, it follows that 

(Ni—N,) + Wz —Ne) — Ee EO) <0. 
s=1 : 
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(13) It is now proposed to establish the complementary theorem,* 

which is contained in the pee dere formula 

N, 445, > ry «) — N;-+4>, S Fhe) fe) 
s=1 ie 

If it is supposed that the expression on the left is less than the one on the 

right, then on selecting a non-positive basis ¢ not possessing an order- 

number greater than either the corresponding order-number of 7 or the 

corresponding order furnished by w”~', and such that that part of the sum 

relating to each irreducible equation is positive, it follows from employing 

the final formula in (12) and from the fact that N; = 0, that 

N,—45, } (O47) OLD, S (OO <0. 
s=l1 s=1 

But since the sum of the orders of Wz, wu) for all expansions of w is zero, 

and since t and 7 are complementary to the level of w, it follows that 

Ni<n—>d, Yt) —2d, » (v—1), 
s=t ==)! 

which conflicts with the final formula of (11), thereby completing the 

proof of the complementary theorem. 

IV. Applications of the Complementary Theorem. 

(14) From the complementary formule stated for bases 7, T and 

7—1/v, T+1/r, it follows that 

CNG pe te ONG Ne => 

This may be called the unit theorem and affirms that of the general 

rational functions of (z, vw) built on bases t—1/y, T, one and only one 

possesses for the excepted cycle the precise order of the basis on which 

it is built. From the unit theorem the complementary theorem follows. 

For, on stating the unit theorem in the form 

CNeSiye a ety) = (N,—N;)+1, 

* “On the Foundations, etc.,’’ formula (83). 
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an immediate corollary of it is that 
me 

—Ni) = (N,-ND +E, YE (O— 1) , 
s=bL 

in which ¢, ¢ are any complementary bases. This is equivalent. to -the 

complementary formula, if ¢, ¢ are chosen 7, T respectively. 
The Riemann-Roch theorem is a particular ease of the complementary 

theorem obtained by taking one of the bases non-positive. It, too, is 
equivalent to the complementary theorem. For on supposing that 

Ln 

N,+42, 5 1 
Sl ; 

is less than the corresponding expression for 7, then as a result of apply- 

ing successively formule of the type of the first formula in (12) it appears 

that 

N,+43, E 10 

is less than the corresponding expression for ¢, in which no order-number 

of ¢ exceeds the corresponding order-number of 7, which conflicts with the 

Riemann-Roch theorem on ¢ being chosen non-positive. 

(15) If 7,, To, ..., T» 18 a non-positive basis relative to a given value 

of z not possessing an order-number greater than the corresponding order 

furnished by w”~!, then in the reduced form of the general rational func- 

tion of (z, w) built on the basis relative to the given value of z, the coeffi- 

cients of terms of negative degree in the element are expressible linearly 

in terms of arbitrary constants, in number not'less than 

But the number of such arbitrary constants is also not greater than this, 

for if so then on associating with the basis relative to the given value of 

z bases relative to remaining values of z, the aggregate constituting a non- 

positive basis 7 not possessing an order-number greater than the corre- 

sponding order furnished by u"~’, and such that that part of the sum_ 

ip: 

SS re, 
s=1 

relating to each irreducible equation is positive, it follows by the argu- 



448 ake S. Bearry {Dee. 9, 

ment in (11) that 
Ur We 

N,>n— 2, 2 7 1D, ie (v— 1), 

which conflicts with the complementary formula, as the latter, involves. 

the sign of equality not the sign greater than. . 

It is to be supposed that 7,, To; ..., 7 is a basis relative to a given 

value of 'z. As indicated in (7), integers 2, 7 can be determined so that in 

the reduced form of the general rational function of (z, uw) built on the 

basis relative to the given value of z, coefficients of terms of degree less 

than ¢ in the element are all zero and coefficients of terms of degree 7 in 

the element are all arbitrary. The integer 7 will also be required to be 

zero or positive, while 7% is necessarily equal to or less than 7. A non- 

positive basis :t,, ¢, ..., ¢ relative to the given value of z, can now be 

selected, not possessing an order-number greater than either the corre- 

sponding order-number in the basis 7,, 7T:, ..., 7, or the corresponding 

order furnished by w”~' relative to the given value of z. An integer h 

can be determined so that in the reduced form of the general rational 

funetion of.(z, 2) built on the basis ¢,, t, ..., ¢ relative to the given value 

of z, coefficients of terms of degree less than h in the element are all zero. 

The integer h is necessarily zero or negative and will be chosen not to. 

exceed the integer 7. A general rational function of (z, wv) in reduced 

form in which no power of the element is less than / nor as great as 7 

and in which coefficients of terms are all arbitrary, is to be considered. 

As a result of applying conditions to this function to build it on the 

basis ¢,, t, ..., t- relative to the given value of 2, coefficients of terms of 

zero or positive degree in the element remain arbitrary, while coefficients 

of terms of negative degree in the element are expressible linearly in terms 

of r 
Ba oheoy Sek OS (u.—1+ ) 7 

=i Vs Saal) s 

arbitrary constants. The number of such conditions which are linearly 
independent is, therefore, 

—nh+ % ty,—4 = (u.—14+—) Ves 
s=1 ssl 8 

On employing this result and the first existence theorem of (5), it appears 

that the number of linearly independent conditions applicable to the 

general function above to build it on the basis 7, 72, ..., T relative to 

the given value of z, is 

—nh+ > TsV;—} LX (4-14 —) Vse 
S=1 s=1 & : 
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Of these linearly independent conditions, n(i—h) are accounted for by 
equating to zero coefficients of terms of degree less than 7 in the element. 
Therefore, the number* of linearly independent conditions applicable to a 
general rational function of (z, w) in reduced form in which no power of 

the element is less than 7 nor as great as 7 and in which coefficients of 
terms are all arbitrary, in order to build it on the basis 7, To, .-., Tr 
relative to the given value of z, is 

5 - 

—ni+ 2 tsy,—F 2 
si s= 

(u,—1 + =) Bee 
1 Vs 

+Corresponding to only a finite number of constituent bases of a basis 

7 1s t necessarily negative. In that case, the general function made up of 

terms of degree in the element negative but not less than the correspond- 

ing value of ¢ may be called the preparatory function relative to such con- 

stituent basis. The sum of all such preparatory functions and the general 

function made up of terms of zero degree in every element will be called 

the preparatory function relative to the basis r. The sum of numbers of 

the type of the preceding, in which 2 is zero if not negative, exceeds by 

N; the number of linearly independent conditions applicable to the pre- 

paratory function relative to the basis 7 to convert it into the reduced 

form of the general rational function of (z, w) built on the basis 7. 

* ‘Proofs of certain, etc.,’’ formule (21) and (24). 

+ This paragraph differs merely in statement from the corresponding discussion on 

pp. 228-230, ‘‘ Proofs of certain, etc.’’ 

SER. 2, vou. 20. wo, 1405. 26 
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ON THE INTEGRALS OF THE DIFFERENTIAL EQUATIONS OF 

THE FIRST ORDER DERIVABLE FROM AN JRREDUCIBLE 

ALGEBRAIC PRIMITIVE 

By M. J. M. Hitt. 

[Read June 9th, 1921.—Received in revised form July 9th, 1921.] 

1. Let (x, y, ¢) be any polynomial in x, y and c, which cannot be 

broken up into two or more polynomial factors in x, y and c, then the 

equation Men os ay ate (1) 

is said to be irreducible. 

2. It may however happen that (jz, y,c) can be broken up into factors 

which are polynomials in z and y, but are not rational in c:—e.g. the 

equation c? (a®—1)—2eey+y?—1 = 0 (11) 

does not represent a proper curve of the second degree. 

The left-hand side breaks up into the factors 

Y= Cn (dick )e, y—ca+(1+e?)3, 

each of which equated to zero represents a straight line. This kind of 

reducibility is not important in what follows, and will not be referred to 

again. 

3. On the other hand it may be possible by substituting for c some 

function of c, which may be called C, to replace the equation (I) by another 

of the form HCN LO (ID) 

where yy (x, y, C) is a polynomial in z, y and C, which is of lower degree 

in C than ¢ (a, y, c) 1s inc. 

In this case equation (I) will be regarded as reducible in the degree of 

the arbitrary constant necessarily involved. So far as the relation be- 

tween « and y is concerned the two equations (I) and (III) are equivalent, 
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but the differential equations, to which they give rise, do not appear in 
exactly the same form, if a strict adherence to the rules of elimination is 
maintained. 

Consider, for example, the equation 

ey—(e+oa—(et+2P+1) = 0. (LV) 

This gives y— (c+ -| L— (c+ =) = 0: 
c c 

Replaeing c+ by C it becomes 

y—Cz—C? = 0. (V) 

The differential equation corresponding to (V) is 

y—pz—p” = 9, (VI) 

but tbat corresponding to (IV), if the rules of elimination are strictly 

adhered to, 1 “e red to, is (y—px—p?? = 0, 

which is of course equivalent to (VD, but appears in a slightly different 

form. And in the general case, if there are m values of ¢ corresponding 

to each value of C, and if the differential equation corresponding to (III) be 

Fe, y, p) = 0, . (VII) 

then the differential corresponding to (I) is 

Lf, y, p)” = 0. : (VIII) 

It will be seen in what follows that the kind of reducibility described in 

this section is important. 

4. Suppose that the degree of (z, y, c) in ¢ is n, and suppose that 

the equation (I) may or may not be reducible in the degree of the arbitrary 

constant necessarily involved in the manner described in the preceding 

section. The differential equation is found by eliminating c between (I) 

and Op(x, Y, ©) Co (x, Y, 0) _ 7 et aa. = 0. (IX) 

Treating (I) as an equation for c¢, let its roots be (1, Cg, ..-, Cn Then the 

eliminant is 

2 

” 10g (2, Y, ©) Op (a, Y, ©) ps it ( $9 SY ne = 0. (X) 

“When the factors on the left-hand side of (X) have been multiplied 

2 Ga 2 
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out, the values of ¢,, Cg, ..., ¢, Inserted and a factor, which is a function 

of « and y only, introduced if necessary to avoid fractional expressions, the 

left-hand side of (X) becomes a polynomial in «, y and p of degree In p. 

If c =, be any root of (I) it is always possible to express 

0p (x, Y; ce fb, Y, Cr) 

oy 
A 
Ox 

as a rational function of x, y and ¢, in a form which is integral in ¢, and 

of degree (n—1) at most in ¢c,. 

When this has been done let its value be denoted by —O(c,). Also let 

(py) = [p—9() |[p—O(e)] ... [p—O len), (XI) 

so that d(p) = 0 (XID 

gives the same values of p as (X). 

I proceed to investigate the reducibility of ®(p), in the manner ex- 

plained in Weber’s Algebra, Vol. 1, pp. 461-2. If &(p) is reducible in p 

it must have an irreducible factor. Call this factor, if it exist, x(p) ; and 

suppose the coefficient of the highest power of » which it contains is taken 

to be unity. Then y(p) must vanish when p has one (at least) of the 

Values20 (¢)),. O(a) 5 O(G,)- 

The equations VLOG —=/G; (XIII) 

and d(x, y, c) = 9, (L) 

are simultaneously satisfied by one or more values of c. But Q(z, y, c) 

is irreducible. Therefore equation (XIII) is satisfied by all the n values 

of ¢ which satisfy (I). Now, if x(p) be of degree s(< 2) in p, let 

x(p) = [p—O(e)|[p—O(e)] ... [p—O(e.) ], (XIV) 

so that xL9] = [9@—S8(¢)]|[9@—9¢€,)] ...[E()—O(¢)]. (XV) 

Now (XIII) is satisfied by all the values of ¢ which satisfy (I). 

Hence if s be less than », we must have O(c,,1) equal to one of the values 

O(c), O(c), ..., O(c). If therefore all the values O(c), O(c), .... O(en) 

are different from one another, then we must have s = 7, and then x (p) 

is identical with ®(p): and, as y(p) is irreducible; therefore in this case 

P(p) is irreducible. If however only s(< ) of the values 

O(c), O (cs), SOF) O(¢n), 

are different from one another, then 

x(p) = [p—O(e) ][p—O(c.)] ... [p—O(e)].- (XIV) 
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Also every factor of &(p) other than y(p) must be identical with x(p) be- 
cause it vanishes for one at least of the values O(c,), O(¢), ..., O(c) of p, 
and therefore, since x(p) is irreducible, for all of them. Therefore P(p) is 
a power of x(p). 

This involves the fact that » is divisible by s. Let = sm, then 

PO) = (x(p)'". 

It follows that c¢,, cy, ..., ¢, fall into m groups of s each, such that the 
values of O(c) for each group are the same as O(c,), O(c), ..., O(c). 

5. Up to the end of the preceding article the line of Weber’s argument 

has been followed. The significance of p has not yet come into play. By 

considering what it is, further information can be obtained. 

It will now be proved that when the integer m of the preceding article 

is greater than unity, it will be possible to replace the primitive 

p(x, y, c) = 9, (I) 

by another of the form Wie, y, C) = 9, (ID 

where #2 values of c correspond to each value of C, whilst the equations 

(1) and (III) express the same relation between x and y. It. has been 

shown that when m is greater than unity, 

0 (6541) = Oe), 

where 7 is some one of the values 1, 2,...,s. Consequently, using the 

value of O(c,) given in § 4, 

E= Y, 2 (296-42 Z, Y, C) ce [ee Y, € ra er L,Y; oe we) _ KD 

Now c, and ¢,.; both satisfy (1), from which, if 6 denote partial differ- 

entiation with regard to z and y, it follows that 

e=¢ 

OEE Ged DENG) S0p 2G | 
Ox OC, Ox 

Op(a, Ys Gr) 1 OP, Yr Cr) Ser 
oy T OC» oy : 

(XVII) 
0g (x, Y; Cs+1) a 0g (x, Y, © C341) JCs41 = 0 

Ox 06341 Ox 

O(a, Y, Cs41) , OPO, Ys Cost) SCss1 _ 0 
oy 06.44 oy ) 
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Since (1) considered as an equation for c has no repeated roots it 

follows that Ola, Ys Cy) pa Op(%, Y, Cs41) 
0c, Oty 

do not vanish. Hence from (XVI) and (XVID) it follows that 

6 (Gr; C541) — ave 

Sy) = 0, (X VIIT) 

so that ¢.,; is a function of c,, the functional form not involving x and y. 

Let Cee (XIX) 

It will now be proved that the curve : : 

P(x, Y, Cr) = 0 (XX) 

is the same as the curve § (#, Y, ¢s41) = 9. . ‘ (XXII) 

Take a point €, 7 in the plane of the variables z, y. Consider the values 

C= Cn and C = Cy41 at © = €,:y =, £o that €, 7 is a point on both curves 

(XX) and (XXII). Also ¢.41 = A(e,) by (XIX), the form of A not depending 

on &, 7. . 

Take another point €’, y' on the curve (XX), so that (€', 7’,c,) =0. 

Then the value of ¢,41 at €’, 7’ is still equal to A(c,), and therefore to. the 

value of cs41 at € 43 so that Me : 

o(é', n', C541) = 0. 

Hence €’, 7’ lies on both curves (XX) and (XXII). But €’, 7’ is any point 

whatever on the curve (XX). Hence every point on (XX). lies ‘on (XXD. 

But these two equations are of the same degree. Therefore the curves 

(XX) and (XXI) are identical. ie 
Let us suppose that the values of ¢ corresponding to the second of 

the groups of s each into which the nm values of ¢ are paca ay are 

Cst1y Cst2, +++) Cos We may suppose that 

OCs) = Ole) 6 O(Gas) =O Gn bs OK = OL 

Then the curves corresponding to 

CNet oe Cen 

are identical with the curves corresponding to 

C10, C—O ee Creal 

respectively ; and so on. The curves corresponding to the values of ¢ in 
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any group are identical with the curves corresponding to 

Coy Oe Oa cia, OC. C., 

Hence through each point of the plane there pass only s distinct curves. 
Hence the equation (I) represents a family of curves such that through 
every point in their plane there pass only s distinct curves. 

It will next be proved that the parameters of these s distinct curves. 
sasisfy an equation of degree s in the parameter, the coefticients being 
polynomials in x and y. 

It is convenient to make a slight change in the notation. Instead of 
eiGa, ---> 5, WiI6O Cy.3, Cio, ..-, Ci,3; Instead Of Csin, Couey .+<5 Cos, Wile 
Pens, -.., Cy; 2nd 80.01 Up 60 Cm i, Cm2, =<.» Cm,s. Then the para- 
meters 

Cle OR ps tetse putC ar mee ges en S) 

correspond to the same curve, 7.e. the polynomials 

OY: Girls 0 (2, Y, C25) on) D (8, Y, Cnr, >)5 

can at most differ by a constant factor only. 

Suppose that after dividing ¢(x, y, c) by the coefficient of some specified 

term, the coefficient of any* other specified term which happens to contain 

c is selected. Cali it F(c). 

Then since the curves 

ee Oi) — On Or i C2) — 0,025, Oe Ya) — Os 

are the same, it follows that 

ie ea Get) = El (Ca 28'S) 

Call each of these values Cy mes Dae Bans) 

Now form the equation 

Hi(C—Fe,ji=0 @=1,2,...,m and r= 1, 2, ..., 8). (AXID 

* If some other term than the one first selected be chosen, it may affect the form of 

equation (III), viz. :—this equation may be reducible in the degree of the coordinates, but 

not the parameter, ¢.g. if in equation (IV) we take 

‘¢ Ce (c+), 
c 

the primitive appears in the form C’—C (2y+ x7) +4? = 0, 

which reduces to y-C=+2VC. 

The curves represented are necessarily the same because the parameter in the one case is a 

function of that in the other case, each being a function of c. ae 
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The left-hand side is a symmetrical function of the values of ¢ which 

satisfy (I). Hence it is a polynomial of degree n in C with coefficients 

which are rational in z andy. But each value of C which satisfies it is 

repeated m times. Hence the left-hand side is the m-th power of | 

[(C—F(aq,1) ][C—F(a, 9) | soe [C—F(c, 3) }, 

and this product can be found by rational operations only. It is a poly- 

nomial in C with coefficients which are rational in # and y. 

Equating it to zero we obtain an equation of degree s in C with co- 

efficients rational in z and y. The values of C which satisfy it are the 

values of a rational function of c. Hence there is a function of c, which 

is rational but not necessarily integral, which satisfies an equation of 

degree s, with coefficients rational in x and y. 

The values of C are the parameters of the s distinct curves represented 

ple, ys 0) =0. ) 
Suppose the equation satisfied by C to be written 

We, y, 0) = 0. CI) 

It is of degree s in C, and to each value of C there correspond m values of 

e, each of which gives the same curve as is given by the value of C. 

6. It will now be shown that if a differential equation is derivable 

from a primitive such as (I) involving an arbitrary constant, it cannot 

possess another primitive, also a polynomial in x, y and c, which is inde- 

pendent of the first primitive. 

The two primitives if they exist can always, in virtue of the preceding 

sections, be reduced so that the integer denoted by m may be regarded as 

having the value unity. They must then be of the same degree in the 

arbitrary constant. If this were not so they would give rise to differential 

equations which were of different degrees in p. 

Suppose that the two primitives are 

(z, y, c) = 90 (1) 

and ead bel) ake) (XXIII) 

Suppose that they are of the same degree s in ¢ and i respectively. 

Then, since they give the same value of p at any point z, y, it must be 

possible to find a value of ¢ satisfying (I) and a value of & satisfying 
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(XXIID, sueh that 

0px, y, 6) [Op(a, y, ¢) _ Ox(a, y, nH fixe y, k) (XXIV) 
Ox oy ene fan) Yy 

Since ¢ and & satisfy (1) and (XXIIDJ) it follows that 

Op(z, Y, C 2), Ope, uy, €) OC 

Ox Cc én 

dpe, y, ¢) 4 Ople, y, ¢) de cat) 
oy CC oy 

x ‘ (XXV) 
Ox(x, y, k) , Ox(a, y, k) bk 

x “- ; ny = 0) 
Ox ok Ox 

Oy(a, yk), dy(a, y, b) ok A 
oy ok oy 

Since (I) and (XXIII) have no repeated roots in ¢ and & respectively, it 

follows that A 
Opt, Yr ) 4 Ox y, fi) 

Oc ok 

do not vanish. 

Hence, from (XXIV) and (XXY) it follows that 

Oe, 7) 

d(u,y) 

Therefore & is a function of c. 

(XX VI) 

Tf we call the values of ¢ at z, ¥, ©, Co, ..., C, and those of &, 

ky, ke, ..., ks, then it is proved that /, is a function of one of the c’s, 

Say C1; Hie in like manner that #, is a function of ¢, ks of ¢,, any go on. 

Suppose that the relation between c, and &;, is 

(C1, ky) = 0. (XXVI) 

Now eliminate c between p(x, y, ¢) = 0 (1) 

and Xie, te) =O, (XXVIII) 

Let the result be EAN RISTO (XXIX) 

Then it follows from (J), (XXVID and (XXVIID that 4 = k, satisfies 

(XXIX). But & = k, satisfies (XXIII), which is irreducible in #. Hence 

all the values of &, which satisfy (XXII), also satisfy (X XIX). 

If therefore k, isany root of (XXIII) itis also a root of (XXIX). There- 

fore there is a value of c, say ¢., which satisfies (I) and (XXVIII) when 
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fi keg ; or NC i) 0) 

In like manner each value of & satisfying (XXIII) is connected with a 

value of c satisfying (I) in such a manner that corresponding values of c 

and & satisfy (XXVIII). 

It will now be proved that the curve 

x (@, y, I) = 0 (XXX) 
is the same as the curve p(x, Y, C,) = 0. (XXXII) 

Consider a point €, 7 on both curves and the values of ¢ and & corre- 

sponding to this point, viz. c, and #,; and take any other point €’, 7’ on 

the curve (XXXJ), so that 

i (hiner) po =O (XXX, 

Now the relation between c, and /, is independent of the values of x 

and y. Consequently , is one of the values of & which satisfy 

x (', 2’, k) = 0, (XXXII) 

and the curve Vie Ueki — 0, (XXX) 

passes through €’, 7’. Now €’, 7’ is any point whatever on the curve 

(XXXII. . Hence the curve CERO! (XXX) 

passes through all the points on 

p(x, Y, ¢,) = 0. (XX XT 

That is to say, $(z, y, %) is a factor of x(x, y, k,). 

But if x(z, y, %,) differed from (x, y, c,) by any polynomial factor 

containing “, y, ¢,, 16 would be reducible, and would not be, as is 

supposed, an integral which leads solely to the differential equation 

fay) SO rt Ae (VID 

Hence x(x, y, &,) can differ from (a, y, ¢,) by a constant factor only. 

Consequently the curves 

X (2, 9, kj) = 0" and oy; ¢) = 0. 

are identical. Similarly the curves 

X(@, ¥, ko) =O and d(H, y, ca) ='0, 

are identical, and so on. 
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It remains to prove that the equation 

A(c, k) == 0 (XXVIII) 

is a lineo-linear relation between c and k. 

Let us now divide the equation 

Pa, Y, ¢-) = 0 

by the coefficient of some specified term. 

Then there must be at least two terms in which the coefficients are 
distinct functions of c, differing from each other by something more than 

a factor independent of c. For if that were not the case it would be 

possible, by replacing the coetlicient containing c by a single arbitrary 

constant, to make the equation one of the first degree in the arbitrary 

constant, and this is supposed not to be possible as the differential equa- 

tion is supposed to be of a degree higher than the first. Call. these two 

distinct coefficients, each of which is rational, but not necessarily integral, 

F(O/g(e) and h(e)/L(c), where f(c), 9(c), h{c) and l(c) are polynomials in c. 

Let the coefficients of the corresponding terms of the equation 

x(x, y, k) = 0, when it has been treated in the same way as p(x, Yy, ©) ~ 0, 

be a(k)/6(k) and 7(k)/t(k), where a(k), b(k), 7(k) and ¢(k) are polynomials 

ink. Then the relation 

Nile =k == Ok (XXVIII) 

transforms f(c)/g(c) into a(k)/b(k) and h(c)/l(c) into 7(k)/t(k). Hence the 

equations ee Eee 
FO) b(k)—@ (0) a(k) i (XXXIV) 

and h(c) t(k)—l(@)7 (kh) = 0 

are true in virtue of (XXVIII). 

If we treat the equations (XXXIV) as polynomials in ¢ we shall an 

general obtain at length by elimination two equations of the first degree 

in c, the coefficients being functions of k. These two equations must be 

the same. If they were not then eliminating c we should obtain an 

equation in k, which would give a finite number of values for k, to each 

of which would correspond one value of c. So that there would be only 

a finite number of values of c and & satisfying (XXXIV), whereas we know 

that for every value of ¢ there is at least one corresponding value of & and 

conversely. Taking therefore one of the equations of the first degree in ¢, 

we know that to every value of & corresponds only one value of c. 

In like manner if, instead of solving the equations (XXXIV) for c, we 

had solved them for k, we could show that to every value of ¢ corresponds 
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only one value of %. Hence to every value of ¢ corresponds one value of 

k, and to every value of k corresponds one value of c. Hence since the 

relation between c and & is rational, it must be a lineo-linear relation. 

It. still remains to consider what would happen if it were possible to 

satisfy the equations (XXXIV) by a relation which would give two (or 

more) values of & corresponding to each value of ¢. It is sufficient to 

take the case where two values of k& correspond to each value of c. In 

this case the equation NICs EesO 

would be such that when c= ¢, then k = k, or ky. And then by the 

preceding argument the curves x(x, y, k;) = 0 and x(x, y, k2) = 0 would 

each be the same as $(z, y, ¢,) = 90. Hence the curves x(z, y, k,) =0 

and y (x, y, kz) = 0 would be identical. 
In this case the equation f(x, y, p) = 0 would have equal values for p, 

and would therefore be reducible, contrary to what has already been 

proved. Thus the two equations (1) and (XXIID) are not independent, 

there being a lineo-linear relation between their respective parameters. 

7. It remains to be seen whether any other solution of the differential 

equation derived from the primitive (J), but not involving an arbitrary 

constant, can exist. If so let it be 

Since it satisfies the same differential equation, it must give the same 

value of p at any point as that given by one of the curves (2, y, c) = 0 

passing through that point. Suppose the curve which gives the same 

value of p at x, y is By ceo (XXX) 

It is assumed that z, y is not a double point, so that (x, y, «), 

Op(2, Ys C1) and Op(z, Ys Cy) oe a do not almalvaneouely vanish. Equating 

the values of p, it follows that 

ou [ou _ Ob, Y, a U0) | : 
dxf dy Ox oy i CS 

Now take a point a+Az, y+Ay on u(x, y) = 0 near to z, y. Then 

Se eee De - Ag+ y Aayn==i 0; (XXX VID 

; 0 x ; 
and therefore, since Cpe eo ; ue 2%) do not simultaneously vanish, 
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it follows by (XXXVI) that 

A : . E . 

Se St »O) Ay = 0 (XXX VII) 

Now, since ¢ is defined as a continuous function of 2, y by (), there - 

will be at c+Az, y+Ay a value of ¢ differing infinitesimally from ¢;, 

which may be called c,+Ac,. Hence 

g(e+Az, y+Ay, c,+Ac,) = 0. (XXXIX) 

But We Nesey) =O: 

fee. aS + OE Oy yt PE UO a6, a, (XL) 

From (XXXVIIJ) and (XL) it follows that 

0¢(x, y, Cy) 
aaa a Naan (XL) 

Hence either CpG as) 0, (XLIT) 
1 

or Ac, = 0. (XLIT) 

Now, if : Mo ee 0, then, since ¢(z, y, c)) = 0, it follows that x, y 
ey 

satisfy the result of eliminating c, from these equations. The eliminant 

consists of the envelope-locus, the node-locus (twice) and the cusp-locus 

(thrice). As we have supposed that oo ee and rae do not 

vanish simultaneously with (x, y, ¢,) we may put aside the node- and 

cusp-loci. Hence x, y, which is any point on u(x, y) = 0, is a point on 

the envelope-locus. Hence in this case u(x, ¥) = 0 represents the envelope- 

locus of the system of curves (I). 

Before proceeding to consider the second alternative Ac, =0, I will 

examine the value of Ac, at a point on the envelope-locus. 

lf therefore z+Az, y+Ay be a point near to «, y on the envelope- 

locus, and if c,+Ac, be the value at «+Ar, y+Ay of c, which differs 

infinitesimally from c,, then 

Pp (x, Y; C,) = 0 (XXX) 

and ney 0, (XLID) 
Cy 

are both satisied when z, y, c, are replaced by «+Az, y+Ay, cy+Ac, 

respectively. 
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From (XXXI) we get (XL), which by using (XLII) reduces to 

Op(e, Ys C1) Ag+ Ogle, Y, C1) Ay — 0. (XXX VID 
Ox oy 

From (XLII) we get 

EPID nip Oe Ve) Yay + PG yo Ac, =0. (XLIV) 
1 

Ox 0c, oy Oc, 

From (ix % Vil and CCL EN at tollowa that 

ee A 

aes (A: 2y( CH L,Y, C1) Oo(a, Ys C1) Op(a, Y, Cy) Pola, Y, 2) Op (@, Y; cy 
ti Oa oy 0c, oy Ox 0c, oy 

(XLV) 

Now are finite or at special points zero. yf CPO Ye) ang Ob, y, &) Oe and oy 

Henee, if Ac; vanish, and Az is not zero, which can only happen at special 

points, we must have 

Op(a, Y, C1) PP(e, y, &) PIs Ys CoO. DEY ve ioe 
Ox Oy Oc, oy 0x 0c, Oe 

Og (a, “ C) [od@, yaa : a s- ae, Us Oy [eee aay (XLVI) 

a oO, th C1) [2S By Ys C1) 

must be independent of ¢,. Suppose 

p(x, Y, C) = uge"+u,c° 1+... +u,c° "+... tun, (XLVIID 

Where Up, Uy, -.., Ur, «+> Un are polynomials in 2, y but do not contain c. 
Then we must have 

Gan tat Bar oe Ranta Be 
mdependent of c,. Therefore 

(2 Ce) ere =i ae) = +s On [Oten 
dx | oy ox] oy = (ee ae 

Ou, [Ot _ Outs [Ous 

ox} oy ~~ Oa dy’ 
Consider the equation 
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From this it follows that w,, wu, are connected by a functional relation. 
Hence all the polynomials Up, Uy, .-+, Ur, ..., Un Which are not constants, 
may be regarded as functions of one of their number, say u,. This being 
so, the equation (I), which is 

ly Oe ... OTT. tu, = 0, 

is equivalent to uy = arbitrary constant. 

This is of the first degree in the arbitrary constant, and then there can 

be no envelope-locus. 

The conclusion is that the equation 

SS XLVI 
0x OC, cy oy Oc, Ox vee ) 

can only be satisfied when there is no enyelope-locus. Hence Ac, cannot 

vanish at a point on the envelope. 
We can now consider the alternative 

Bee); 

In this ease the curve ee, y) = 0 

is a particular case of the complete primitive. Hence all the solutions of 

the differential equation satisfied by ¢(7, y, c) =90 are obtained (1) by 

giving to ¢ any arbitrary constant value; (2) by eliminating c between 

d(x, y, 0c) = 0 (I) 

ond a =O, (XLIX) 

but excluding from the elimivant any factor which represents a node-locus 

or cusp-locus of the curves (I). There can be no solution not included 

amongst these two sets of solutions. 

8. The usual method of obtaining the Singular Solution is as follows. 

If ¢(«, y, c) =O be the primitive, then the differential equation is 

obtained by eliminating c between 

$ (a, y, c) =0 @) 
Be Op(a, y, 0) to Op(@, ¥» ©) _ (IX) 

Ox oy 
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Now let C be any function of # and y which satisfies 

Op(x, y, C) oa Fenn — i, Say a 0. (L) 

Then consider the primitive 

pa, y, C) = 0. (LI) 

It gives on differentiation, and using (L), 

Od(a, y, ©), Ob, y, C) > _ 

and if we eliminate C between (LI) and (LII) we get the same differential 

equation as when we eliminate c between (I) and (IX). This only shows 

that we may get a solution of the differential equation in this way. It 

does not show, what is proved in the preceding section, that no other 

kind of solution can exist. The assumption that no other kind of solution 

can exist was made by Lagrange in his memoir “Sur les intégrales par- 

ticuliéres des équations différentielles’”’ (Nowveaux Mémoires de l Académie 

royale des Sctences et Belles Lettres de Berlin, année 1774), printed in 

the fourth volume of his collected works, see p. 12, § 5, of this memoir, 

where he says :—“ Il est facile de démontrer qu’il n’y a pas d’autres com- 

binaisons possibles qui puissent fournir des intégrales de cette espéce 

non comprises dans l’intégrale compléte.”’ 
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THE INVARIANT THEORY OF THREE QUADRICS_ ° 

By H. W. Turnsutu. 

[Received May 4th, 1921.—Read May 12th, 1921.] 

Introduction. 

The following pages give in outline a complete system of concomitants 

~of three quadrics. In $§ 20-22 the invariants are dealt with, and ‘a com- 

plete list of these is givenin § 23. In § 5, the prepared system of bracket 

types is explained, and in § 14 tabulated. 

A geometrical discussion of these results is deferred. 

I. Notation. 

1. In symbolic form let the point, plane, and line equations’ of the 

quadrics be 
\ 

ae aia, Gime SA = 

a er ee 
Ee <— 4 Sa, he SS Ce, a 

and me tADY es, 

a, = (Bp) =..., 

22 (64) ee 

These symbols refer to quaternary forms wherein 

Az = ALF AgLg Az ly AL4, 

A = (aa') a second degree element, 

a = (aa'a") a third degree element, 

Ux = ’ 

= (uv), 

2 = (uvw). 

SER, 2. vou. 20. No. 1406. 
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Any single term concomitant of f, f,, f2 is denoted by P. The word 

member will be used to signify a concomitant. 

The symbols a, A, a, u, p, « are called elements of various degrees one, 

two, or three; and these three degrees are distinguished respectively by 

(1) small italic letters, (2) capital italic letters, and (3) Greek letters, 

together with z. 

Reducibility. 

2. Following Gordan* in his theory of two quadrics we introduce the 

symbols ¢;, ¢,, to denote the character of a form P. Let ¢,, cy, cz denote 

the degree of P in the coefficients of f, fi, fo respectively. Let Ci, Co, C3, 

refer to f, f,, fo respectively: and in ¢, let « denote the number of brackets 

in P, each of which contains « symbols a, a’,... or the equivalent of « 

symbols in the higher currencies A,a. Then u may not exceed 4. 

Then a form P, is held to be simpler than P, if one of ¢,,¢,,c3 in P, is 

less than the corresponding degree in P,, while the other two are not 

greater. In this sense, forms are considered in ascending degree. 

To distinguish forms of the same degree, P; is simpler than P, if in 

P, one of ¢y4, Co, Cgy is greater than in P,, the other two being not less. 

If this test fails, then cjg, cig are examined in succession. t 

If Gi > 0, P, ts reducible. 

3. As before, the symbol a, implies the factor a? ae 

Equivalent Forms. 

4, P,, P, are equivalent if P,—P, is reducible. This is symbolised by 

P,—P, = 0 mod.&, 

or Pi Po 0, 

or Pie: 

Prepared Forms. 

5. To begin with, P consists of four types of bracket factor : (dd, d, ds), 

* Math. Ann., Bd. 56. 

+ Cf. Turnbull, ‘‘ System of Two Quadratics,’’ Proc, London Math, Soc., Ser. 2, Vol. 18, 

p- 74. 
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(dd, dw), (dd, p), d,, where d denotes a, b, or c. Wherever in a factor 
two or three d’s refer to one quadric they are replaced by D or 6 respect- 
ively. Now every symbol d@ must occur twicein P. Butif, say, dd, stand 
for aa, in one bracket, it does not follow that the complementary a, a, 
will be found to be also convolved in another bracket. Yet, by a proper 
introduction of new bracket types, we arrive at an alternative form of P 
in which every symbol d, D, or 6 is explicitly paired. This is called the 
prepared form of P, and must now be investigated. 

Il. The Prepared System. 

6. A bracket of P may have four or less a’s: i.e. it may contain a,, 

a, A, or @, or no reference to the quadric 7, The first of these implies the 

invariant @2, so we pass on to the second case, where a = (aa’a”) occurs 

in a bracket. By the use of new brackets 

(a8p), (ayp), (aBy2), 

we may collect the complements of aa'a" which occur bracketed once. 

The proof is the same as for two quadrics* with the additional case of 

(aa'a"t) ds Ay Ay. 

This is seen, by interchanging the a’s in every way, to be 

= 1 aa'a"t)(aa'a" . 66'x) Ole 

The bracket (add’z) is (aGyz) or else is zero. 

The bracket (aByx). 

7. This bracket is the reciprocal or dual of (abew) and does not appear 

for less than three quadrics.. It obeys the same rule of interchange as its 

dual, and, expressed in the original form, is a six-term series 

dgdyd, (aa'a" =a), 

where the dots indicate a determinantal permutation. 

* Cf, Turnbull, ibid., p. 75, § 10. 

2u 2 
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Interchangeability of a. 

8. Since e,¢—e.e. = 0 mod.¢4, any two single a’s in P may be 

interchanged. Nor would this reduction break down for an a contained 

in the new brackets (adp), (a@8yz). We may then suppress any dis- 

tinguishing marks between the a’s; so also for B, y. A form P will now 

contain an even number, or none, of each of a, 8B, y. Moreover this is 

true for n quadrics if we add the new bracket (aBy9). 

The Hlement A. 

9. The next step is more complicated: we must consider the pairing 

of A. Let a’, a denote any two of a, a’, a’, a’. As in the case of two 

quadrics, if P contain brackets (aa’kl)(a’a/mn), then we may express this 

in terms of (aa’kl)(aa’mn), and terms with more than two symbols a@ in 

the second bracket. It is important to notice that the other symbols ki, 

mur of the original brackets are undisturbed in the equivalent brackets. 

As P will originally contain either an even or an odd number of 

brackets (c,,), each with two symbols like a, a’, we may thus pair off all 

such to:become pairs of A’s except possibly one odd pair. This gives 

two cases :— 

(i) P= {Il(4y)(Ak)} M, 

(ii) P = {IIl(A7)(Ak)} (aa'mn) a, a, M, 

where both p, o involve b, c, u, p, z, but no reference to the quadric /f. 

The same applies to B and C.. Hence P has at most one of each sort 

(aa'), (6b’), (cc’) unpaired, which leads to three cases oe, 

Case I.—One, (aa') say, occurs, but all symbols 0, b’ are in separate 

factors: as also c, c’. 

Case IJ.—T wo are unpaired, (aa’), (bb’) say. 

‘Case III.—Three are unpaired, (aa’), (bb’), (cc’). 

Case I1.—P contains (aa'mn) Odes Here we may write 

2(aa'mn) apd, = (aa'mn) (ape — a5 Ae) = (aa'mn)(aa'po), 

introducing the new bracket (aa'pc), which is unnecessary if p or o may 

be broken up, @.¢. if p or c = (bew). Besides this, the bracket (aa’pc) re- 

solves itself into two simpler ones, or to zero, if p =a, or if p, o both 
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contain B, C, or p. The cases wherein there is no reduction are given in 
the Plowing table :— 

y y | Bu| Be Cb 

nae Ch bp ae ~ cp | Be | Cu cp | bp 

In these tabulated cases, any attempt to bracket aa’ in one or other factor 

a, or a fails to simplify. 

10. Case I1.—This may be dealt with as Case I, unless the odd sym- 

bols a, a’, b, b’ are convolved at least once. P therefore may contain 

(aa’), (bb'), together with 

either (abQ)(a'b'R), : (1) 

or (abQ) a, 06; (2) 

where Q, A, containing neither a nor 6, can only be C, p, or cw.: the last 

of which at once reduces. Since QF only one possibility is left, 

Q@=C, R=p. Hence the bracket pair (1) is’ Kaos b'n), whieh is con- 

veniently written as er 
(A BCp). re (3) 

eo 

Again, in form (2), if Q = C, the form may be written 

(abC) a, bi, 

since the complementary elements aa’, and 0b’, are convolved. This form 

is symmetrical i in A, B, C as regards its first bracket. For either A or B 

may be explicitly bracketed by breaking C up. This shows that pace must 

be independent of a, 6 andc. So they are both equal to «. This gives 

one new. bracket type (abC) ab, which may be written 

(A BCxz). (4) 

Exactly the same argument shows that if Q =p, then p, o can only 

be y, y: leading to (AByyp). Similarly for 

(BCaap), (C'AGp). ; (5) 

11. Case I11.—Here the symbols a, a’, }, b', c, c’ are left over after 

pairing existing sets 4, B, C: and unless they are all convolved they may 

- 
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be treated as in Cases I and II. This leaves only the following to be 

considered :— . 

(@) (abcu) a’b’c’, which reduces by bracketing aa’ in (abcu) ; 

(ii) (4bQ)(a'cR) dies ; 

(iii) (@Q)(a’cR)(b'C'S). 

Here the symbols Q, R, S can only be A, B, C, or p [else the bracket 

at once reduces as in (i)]; and no two of Q, R, S are equal; so that at 

least one of them is A, B, or C. By convolving one or other of aa’, bb’, 

cc’ into the bracket no& containing p, we effect a reduction. So no new 

form of bracket is needed. 

12. New types of bracket are indicated by the table of § 9, and by (3), 

(4), (5) of §10. By means of these new types we have now explicitly 

paired off all the A, B, C symbols of P, and further have proved that 

among the symbols A, any two may be interchanged indifferently. Such 

a member P is now prepared. 

In the prepared form P, the first degree symbols belonging to one 

form f, say, may be interchanged. For let I(a, a’) P denote the effect on 

P of interchanging one a with one a’. Then 

P—I(a, a')P=0 mod ey, 

for aa’ will be bracketed and give rise to an increase in Cy, provided that 

neither the a nor the a’ occur in the new types of bracket given in Case I 

of $9. Yet even in this case, the pair aa’ may be bracketed for the same 

reasons as those considered in Cases II and III. 

It follows that for the last two values of p, o in the table of § 9 there 

is no need to consider the case where two different first degree elements 

c, c’ occur. By using I(c,c’)P the difference is eliminated from this 

bracket. 

The Bracket (ABCp)= 0. 

13. For let (AB, Cp) denote (Acu)(Be'v) and for brevity let 

g=(BC, Ap), h=(CA, Bp), k =(AB, Cp). 

Then clearly 4 is unaltered if B, A are interchanged. Now if we bracket 
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C in the first bracket of k, we obtain by the fundamental identity, 

k = (Acc’)(Buv) + (ac'eu)(Ba'v) ; 

thus k == 2(AC)(Bp)--(Cau)(Ba'v) ; 

transposing, this is k+g = 2(AC)(Bp). 

Similarly for g+h, k+k: hence 

k = (4 C)(Bp)+ (BC) (Ap)—(AB) (Cp), 

which reduees & at once. 

Statement of the Prepared System. 

14. We may now sum up the preceding results and give special nota- 

tions for the various groups of new brackets introduced. The table of 

§ 9 gives these types :— 

(1) (ABax) = aga,— agar = aga, 

(2) (A Bux) = (@Bu) a’, = (BAuzx) = (bAu) bi, 

(3) (ABy) = aga, 

(4) (ACuB) = (aCuas = (CAu8) = Hy, and (4)' (ABac) =a,(a'Be) = hy, 

(5) (ApeS) = (aep) ag = Gis, 

(6) (ACb8) = (Cb) af = (CADB) = Fi, 

(7) (ApbB) = (abp) a = Fy, 

(8) (ABCuu) = (aBu)(a'Cu) = k, 

(9) (ABccp) = (@Bc)(a'cp). 

To these must be added the results of § 10, 

(ABCxrx) = (Abe) bi ch = (Bac) arch = k, 

(AByyp) = (abp) a,b}. 

The symbols H, h, G, F, k, etc. are found useful for reference, and in 

the above list several alternative ways of writing each type of bracket are 

given. These and all the original brackets may now be classified in four 
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groups F,, F,, F3, F;; the suffix denoting the number of unpaired symbols 

explicitly found in the prepared bracket. Thus under F, would fall 

(A Becp) which requires the two symbols A, B to be paired elsewhere in 

the member. All the brackets, old and new, of the prepared system are 

given in the following table. 

The Prepared System. 

br Cx Wa Ug wy, (Ap) (Bp) (Cp) a 

ds a, (bop) (yp) (Abu) (dou) (4px) (Ay2) (BO) 
b. (cap) (yap) (Bcu) (Baw) (Byx) (Bax) (CA) 

Ce (abp) (aBp) (Cau) (Chu) (Caw) (CBx) (AB) 

(BC)! = (BCux). (BC) = (BCaap) (BC)'" = (BCaop).. 

(CAuz); .3, (CAbbp) (CA BBP) 

(A Bua) (A Becp) (AByyp) 

(abcu) (a Byx) muse: 

(Abc) (ABy) (Apb8)= Fy. (Apey) = F\3 (Apes) = Gi (Apby) = Gi, 

(Bea) (Bya) (Bpey) =F, (Bpaa) =F, (Bpca) = Gay (Bpay) = Gy 
(Cab) (Ca8) (Cpaa) = Fy, (Cpbg) = Fy. (Cpa8) = Gs, (Cpba) = Gs. 

(BCua) = H, (BCxa) =I, (ABCuu)=K ~" 
(CAug) = H, (CAxb) = hz, (ABCux).= kh 

(ABuy) = H; (ABxc) = hs 

(BCaa) = F, (CAbdg) = Fi 

Ill. Generalised I dentities.: 

15. The prepared system, now tabulated, shows clearly a principle of 
duality, the algebraic equivalent of reciprocation. For this system is 
symmetrical in regard to the line coordinate elements p, 4,.B, C: and to 
every group involving any of a, b, c¢, w corresponds a group of a, [epee 
Some of the factors, e.g. (Ap), (BC)', Fy, Fy, ave self-reciprocal : others 
form pairs of reciprocals H, with h,, K with k, and so on. 

This duality goes further: it may be affirmed that whatever identity 
or syzygy exists between symbolic forms, has consequently & dual adenity 
or ir BYZYEY. For example; the fundamental identity» TP ee 

a bef . {abcd).e,—( (abce) d+... = curs at (1) 
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implies the existence of 

(aBy6) ue—(aBye) ust... = 0, mn (2) 

where each of a, 8, y, 0, « are third degree elements in the coefficients of 

the quadrics. The second identity is readily established by resolving each 

12 degree bracket (@@y<) into factors.agaa3. The same holds true of 

(abp) c+ (bep) a+ (cap) b, = 0 | (3) 

and | (aBp) wy + (Byp)te+ (yap) us = BOs eee) 

Again, the identity a,b,—a,b, = (abzp) is selt- nal as 

(aK) (cdL) = (abed)(KL) Me a) 

leads to the dual form 

(a8K)(yéL) = (aByé)(KL). ! tae deg (6) 

It is a straightforward matter to write down all the linear types of 

quaternary identities, and then to copy the dual forms such as (2), (4), (6) 

above. By resolving the component parts of these latter into their ele- 

mentary brackets, they can all be proved true. Now whatever process of 

reduction is used to test the reducibility of a member of a quaternary 

system, this process must ultimately depend upon two—and only two— 

things, (1) the fundamental linear identities, and (2) the interchange of 

equivalent symbols. Since both these principles apply to either type of 

symbol a or a, it follows that any identity or syzygy MED may be 

reciprocated. 

Reducibility. 

16. The criteria c,.:. ¢33 of $2 must now be supplemented... When 

two members P, and P, have the same characters ¢, ... ¢33; let the-number 

of F; brackets (¢ = 1, 2, 3, 4) be counted, ¢ being the greatest’ suffix in P, 

or P,. Then P, is simpler than P, if its number of F’; brackets is less 

than that of P,. » 

Failing this, let Ws, W,, W, denote the number of brackets in P con- 

taining, respectively, three, two, one of the symbols 4, B,C... Then P;is 

simpler than P,, if for P,, Wis less than it is for Py. Failing, this, W, 

is similarly examined. 
This gives an order of precedence among the FP; brackets which require 
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one further discrimination, viz. that the six brackets (Abc), (ABy), etc. are 

the simplest #, brackets with one symbol A, B or C; next come the six 

F;;; and next G,. Other /’; brackets precede or follow this group because 

less or more symbols A, B, C occur. 

The Reduction System. 

17. The prepared system contains 79 elements, but a product of two 

of these elements is often reducible. Thus the product of two F; brackets 

(abcu)(aByx) is identically equal to La. de cy tte, which eliminates the F; 

brackets and therefore reduces the product. It is possible to carry out a 

systematic examination of every such product, and to construct a table in 

which any such product of two of these 79 factors is shown to be either 

(i) reducible, or (ii) irreducible, or (ili) equivalent to another product. 

This table consists of 79 rows and columns—one row and one column for 

each different factor, from a, to Fj. The following fragment of the com- 
plete table should make clear the method of classification :— 

Hy Hy Hy hy he he 

H, | 0 

fab 0 
| 

ats, 6 

hy x 0 

h ‘ 0 

h x 0 

x = reducible, O = irreducible, + = equivalent to another product. 

Here, for example, it is shown that the product h, Hz is reducible, that 

H., H, is irreducible, and H, H, is equivalent to another product. The whole 

table is a large triangle with an hypotenuse of 79 marks of irreducibility 

which indicate the squares of 79 factors a,... Fi. This table is called the 

Reduction System. 

Construction of the Reduction System. 

18. This table is constructed by examining a product of factors, for 
example (4bu)(pSy). Here, by permuting bu, p we arrive at the identity 

(Abu)(pBy) = Gyattg — F.u,— (pA) by up, 
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suppressing reducible terms involving bs. In accordance with the con- 
ditions of §16, the reducible mark x is placed opposite Gi. and Us 
in the table, and the mark - is placed twice, to correspond with 
(Abu)(pSy) and with Fy,u,. The third term (pA) b,ws has three factors 
and is analysed independently. 

By interchanging symbols a, A, a with 6, B, 8B orc, C, y this one 
identity implies five others. By reciprocating these we get six others, as, 
for example, 

(ABzx)(pbe) = Gy3b,—... . 

And further, by interchanging in a linear identity the symbols a, A, a 

with w, p, 2 we obtain a new identity, equally valid, since the convolution 

of two of wu, p, « is reducible, and also since the symbols w, p, x behave 

analytically in the same way as a, 4d, a. For example, by interchanging 

b, B, 8 with u, p, xz in the above identity we may forecast the new relation 

(Abu)(Byx) = H,b,—(AB)’ by—(AB)u, by. 

Thus from one product (Abu)(pSy) a large number of other products may 

be dealt with at considerable economy of labour. 

Below is subjoined the table of the reduction system, broken up for 

convenience into three parts: these deal respectively with (i) FF, 

brackets, (ii) one F, or F, with one F; or Fy, and (iii) Ff; F, brackets. 

The detailed proofs are not given, for they are tedious but all of the same 

kind: and it is easy to test any assertion made in the table by applying 

one or other linear identity. 
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IV. The Complete System. 

19. From the prepared system of $14 we may in theory proceed to 
the complete system for three quadrics. This may be sub-divided into 
four groups K,, K,, Ks, K, say, corresponding to the four kinds of factors 
F,, F,, F3, Fy of the Prepared System. Each K group is defined as a 
group containing no factor F; if 7 is greater than the suffix of K, while at 
least one factor with the suffix of K is present in the form. 

It appears that the groups A,, A, are small, whereas K, and Ky ave 
unwieldy. No effort will be made to count the members of Ky and K;, 
but it will be shown that they are strictly finite. 

As for special types of members, all the invariants will be found. 

The K, Group. 

This consists of 12 forms made by squaring the 12 factors of the 

prepared system F, (§ 14). 

The K, Group. 

This consists of the forms made by squaring the 36 F, brackets (§ 14), 

together with all possible chains (?, 7) where 1 = a, b, c, a, B, y, A, B, C; 

and also chains whose end elements are either z, por wu. A chain* has 

much the same significance as in the case of ternary forms, being a con- 

venient abbreviation of a lengthy product. An example should make 

this clear :— 

ee) is a chain of grade 9, representing 

az(aCu)(Cbu)(bAu)(Acu) (cs) (aBp) (aBx)(Byx)u,. 

The grade is the number of different elements not reckoning 2, p, w. 

Each element a, etc. may stand in the upper or lower line. Manifestly 

all the elements of a chain must differ except possibly the end elements. 

The grade of a chain may be anything between two and nine inclusive. 

Theoretically then the K, system can be written out: it is finite but 

* Of. Turnbull, ‘Ternary Quadratic Types,’’ Proc. London Math. SOC. moot 2,6 VOlng, 

p. 83, and Vol. 18, p. 79. 
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numerous. It is indeed limited further, since no pair of the three ele- 

ments a, A, a may be adjacent, the same applying to b, B, B and c, C, y. 

On the other hand the juxtaposition of BC would indicate four possible 

factors (BO), (BCua), (BCaap), (BCaap). 

This procedure does not guarantee that all the remaining members of 

K, are irreducible. A detailed application of the fundanseuial identities 

would eliminate a considerable number more.. One useful step further 

may be taken by seeking the invariants of the group. 

Invariants of the Ky Group. 

The six factors dg, a,, ... together with (BC), (CA), (AB), alone lead 

to invariants. There are only two invariants properly belonging to three 

quadrics : 

(BC)(CA)(AB) denoted by P35, 

a @ bh @ ‘in one) by Q, 

The latter may be written as 2 (abc. aBy)?. 

Before. proceeding with the remaining K and K, groups, the invariants 

of the whole system will be calculated. 

The Invariants. 

20. These forms are composed of the six factors ag, a,, ..., three 

factors (BC), (CA), (AB), the six F factors (4 bo), ( ees ., and the three 

F’, factors (BCaa), ete. 

In the reduction system the following relations are ralevane: = 

F',(Abc) = (Bac)(AC) 6, +(Cab)(AB) ¢a:)) 0 

F,(Bca) = (Cab)(AB) Cg t+(Abc)(BC) agi... (1) 

Fy (Cab) = (Abc) (BC)a,+(Bac)(CA) b, 

Reciprocally 

F,(ABy) = (Bay)(AC) ag+(Ca)(AB) a, and two others. (II) 

Again —-F¢s = (Bac)(Ca8)—(BC) age, and five others, (III) 

ede SSB enero) ode re ghak (LV) 
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Multiplying (1) by (4bc) and dropping reducible terms; | 

(Bac)(Abe)(A C)b.+(Cab)(dbc)(AB)c, = 0 and Pera Ta o w 
Likewise from (III) there follows a 

(Bac)(CaB) cg = 0; | (VI) 

and from (IV) there follows, since F',(Abc) is MaRS in (J, | 

(Bay) (Cab) (Abe) = 0. | ~) (VID 

Finally the product F,F; is reducible thus :— 
; . Pua \ } 

FF, = (BCaa)(CAb8) = (Bea) ¢,(Aéb) h: and now by bracketing A 

in the first bracket this simplifies.* a (VIID 

The invariants are found in the K,, K3, K, poe Those in the K, 

group have already been discussed. 

As for the other invariants, they may be written as a eraduct MN, 

where M consists of F; and F, factors, while N has only F, factors, Ay 

reference to the possible F, factors shows that N may consist of chains. of 

the following types—A, B of course standing for any two of the three 

quadrics— 

(AB), (a, Pp), (4; 0), a, 8), (asa). 

Moreover these chains ¢an only be each of two sorts, 

eas Me ((,’) Kena? ("5 alt 

(AC)(CB), (ete) Kapaa Kea : (0 Be) a 

any others being immediately reducible. si 

21. Again, since N consists of chains, there are in N an even number 

of unpaired symbols standing as end links of these chains. Hence M 

also must have an even number of unpaired symbols; whence it follows 

that M has an even number of F brackets. Also M may have F’, brackets 

or not: suppose in the first case that M consists entirely of F; brackets. 

* Analytically this is analogous to the formula (J) in reducing two quadrics, Cf. 

Turnbull, ibid., p. 81. 

SER. 2. vou. 20. wo. 1407. De 
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Excluding the cases reducible by (VII), M'’may have two or four BP, 

brackets, but cannot have six brackets: when the complementary factors 

of N are inserted this gives the following forms :— 

(i) (Abc)? and its dual (4By)?. 

(i) (Abc)(Bca)(A, B)(a, b) and its dual (ABy)(Bya)(4, B)(a, {). ) 

_, ili) (Abc) (ABy)@, y)(c, B), (Abe)(ABy) (6, B)(c, y) and 

(Abc)(ABy) (0, ©)(B, y). 

(iv) (Abc)(Bya)(A, B)(b, y)(¢, a) 

” ” ” (b, a) (c, y) 

29 ” ” (b, C) (y; a). 

(v) (Abc)(ABy) (Bac) (Bay) N. 

Of these, (i) is irreducible; as also is (ii) for the case when (A, B) is (AB). 

But the other type : 

(A bc)(Bca)(AC)(CB) (a, 6) 

reduces when the final chain is either (Fea) or igi) by squaring the 

third of identities (I) or by using (V), respectively. 

The next type (iii) gives (4bc)(ABy) b,cg and (Abc)(ABy) (rat (sy) 
only : any other possible form of chain at once duplicates a link. 

The next type (iv) must not contain the link b,, owing to identity (VI). 

This leaves only two forms for the chains 

(AB) b,c, and (AC)(CB) bye, 

of which the former reduces by squaring an identity of type (IV). 

Similarly by forming the product of identities (III) and (IV), type (v) 
reduces. Xi 

22. In the second case, suppose M to contain F, brackets. By (VIII) 

it is seen that only one such bracket, say F{ may occur. Excluding pro- 
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duets reducible by identities (D-(LV), the invariant is composed of 

1, te. (ABey) with (Abc), (Ay), (Bac), (Bay), yy: Dy Cas: Cay 

(BC), (CA), (AB). 

In no case can an invariant be built of Fy followed by a product of 
these other factors, as is seen by trial. 

except the squares of FY, Fi, and F,. 

23. List of Invariants of Three Quadrics. 

No. of | 
forms. | 

| Forms A, ©, etc, involving one, or 
two of the quadrics. 

Degree. 

1 (BC)(CA)(AB) = #123 

eres 
=O= b, bya Bie ) Q = AglgCqb, b, a, 

6 (Abc)? and its dual (ABy)? 

3 (BCaa)? = Re, F2, Fy”? (4, 2, 2) 

(Abc)(Bea)(AB) a, b, and its dual 

(48y)(Bya)(AB) cx ¢s 

(8, 3, 4) 

(5, 5, 4) 

(Abe)(Bea) (4B) Gee) and its dual 

(48y)(By2)(4B) (%,7,") 

(6, 6, 2) 

(6, 6, 6) 

3 (Abc)(ABy) bcs 

6 (Abc) (Bya)(AC)(CB) b,c. 

3 (40e)(467)(°,°) (,%,) 

This gives 47 invariants in all. 

Py it 9? 

So no more invariants exist, 
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The K3; Group. 

24. F; brackets are of these types 

(i) (abcu), (ay). 

Gi), (Abe), (ABy). 

(iii) F; (4 = 1, 2, 3 and differ). 

(iv) Gy : 

(vy) i, hi. 

(vi) K, k. 

In accordance with § 16, these six sets may be considered to be of in- 

creasing complexity; and to express members of one set in terms of earlier 

sets is to reduce them. We. shall quote results without detailing every 

proof, as the work is tedious. Investigation shows that no irreducible 

member can have more than four F’; brackets, and the cases when 3 or 4 

occur are comparatively rare. 

(i) (abeu), (aByz). 

25. The (r.s.)* shows that only the I’; factors (A be), (Bea), (Cab) can 

exist along with (abcu). The complete system is a 

(abeu)(Abe)(Bea)(AcB)ex, (abcu)(Abe)(A, a), 

(abcw) N, where N consists of F, or F, brackets and (A, a) likewise; and 

where a, b, c may be rearranged. That all three F; factors cannot appear 

simultaneously is proved in § 26. ; 
There is a dual set for (aGyz). 

(Gi) (Abc), (ABy). 

26. The (r.s.) rules out type (abcw), so this group consists of members 

involving the six brackets (Abc)...(A@y) with F, or F, brackets. Leaving 

* A convenient abbreviation for reduction system. 
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out cases reduced in (VII), § 20, and (vy), § 21, there may be the following 
general types :— 

((Bao)N, (Bay)N, 

(Bac) (CaB)N, 

(Bac)(Buy)N, 

(B) <(Bca)’ and (Bya)’, 

| (Bac)(Cab)N and its dual, 

{ 

| (Bac)(Cab) (Abe) N ip 

\(Bea)(Abc)(ABy)N ,, 

where N consists of F, or F, brackets. The two latter forms reduce, 

leaving in this group the forms containing at most two F3 brackets. 

Further reduction is not obvious. Herewith is a proof that (Bca)(Cabd)(A bc) 

reduces, which is typical of subsequent reductions, and shorter than that 

for (Bca)(Abc)(A By). 

(Bca)(Cab)(Abc)N = 0. 

From the (r.s.) we select these identities 

(1) (Abc)(Bau) = — (Bea) (Abu)+(abcu)(BA), 

(2) (Abc)(Bax) = hzb, and also hg(Cab) = 0 mod (Bac), 

(8) (Bea) (Cab) Ap = (Abc)(BO)'+ete. =0, § 16. 

If N contains (Bau), the form reduces by multiplying (1) by (Bac). 

Hence by symmetry N cannot have any of the six (Baw), (Bcu), .... 

If N contains (Baz), identity (2) applies. This rules out six more 

factors. aS. , 

_ Since (8) rules out Ap, Bp, Cp it follows that the only factors in N 

involving A, B, C are (BC)', (CA)’, (AB)', which cannot possibly be paired 
with the odd A, B, C of the first three brackets. Hence N = 0. 
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(ili) Fj, where Fy, = (Apd@).) - 

27. The six F, factors reduce in product except for types Ff}, Pie Fi, 

Fy Fg, which lead to four cases, 

(a) Fi, (8) FioFisM,, (y) Fe P59 Mp, (6) Fy M3. 

Now, by (r.s.), 

M, may contain (Abc), (ABy); and F,, F, factors, 

My ” (Abo), (Cab), (ABy), (Caf) ” 

Ms ” ” ” | ” 

/ 

Further investigation admits only the following to be retained :— 

fF and Fj, F\3(Abc)(ABy) and the like, all quadratic complexes, 

* FF \3(4bc)(Ayx) [8] where [6] = wg or e ia 

FF ,3(bcp)(Byp) and Fy Fb, Cay 

(©) | Fa Foo(d, ©) where (4,0) = (eee) or (AC)', 

*F.(Cab)N, 

F,,(Abc)(ABy)N, 

*F (Abo) N, 

| Fe, where’ WN has F, or F, factors. 

(iv) Gy, where Gy = (Apby). 

28. A form containing Gj, is reduced when expressed in terms of pre- 

ceding factors. Taking Gy, as typical, the (r.s.) admits of 

Fy, Fs, (Abc), (Bea), (ABy), (Caf), N. 

Baty Gla eh Py ig; so that Gyf\,Fi3 = 0. Accordingly we need 

_*® These have dual forms. 
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only consider the types 

(1) Gp), 

(2) Gyo Fig M, 

(3) GjM, where M contains neither G,; nor F;;. 

Since Gg is dual of G,. and Fj, is its own dual, then “types (1) and (2) 

are dual. So (1) and (8) need only be considered. Ultimately we are 

left with | z} 

*GioFy.(ABy)(A) where (A) = (Ap), ee a) or ey 

if 

| Gy(ABy) (A bc) Cg (A), 

2 

G49(A be) é 8’) , where no independent dual exists, and there are 

(D) only three of this type for all Gj. 

b 
Ge (?, c Ads 

| Gy.N, where N consists of F, F, factors but contains Belnen 

c nor £. 
GE. 

The brevity of the above list is largely due to identities of the type 

Grataje = GigryJo, 

where 7, 7 are any two different symbols w, a, A, a. 

(v) Ai, h;: where H, = (BCua). 

29. The factor H, reduces with any F’; bracket except 

Fn, Fa, Hy, He, ly, (ABy), (Bya), (CaB), (Bea), (Cab). 

But owing to relations such as 

H, Fy = F,(Bp)u,  H,(Bea) = F,(Bew), 

hy Fy = F, (Bp) az, H,h, = F,(BO)’, 

H, A, = K(CaB), 

H,(ABy) = H,(Bya) = H;3(Ca§), 
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the system may be reduced to the following types :—: 

\ 

“HH, Fy(C, a) where (C, a) is (Cp)dz, Cees or MADE 

“Ey Hy Hs ta Up Uys 
Pat Oy esa 

* A, HyujugtA,-B), 

no (') 
ages Se, 

(E) 3 : 
* H, (Bea) (Cab) cada Ua; 

* Hi (Bya)(CaB) Ue tip yy 

* H, (Bea) N, 

*H,(Bya)N, 

*H, (ABy)N, 

. *H,N, where N consists of F,, F, factors. — 

‘This list includes a sextic covariant of degree 3 in the coefficients 

of each of f, fi, and f, viz. :— 

hy lighzdzbr6, = (BCax) (CAb2x) (A Bex) ay doy. 

(vi) Kh =e (ABy Cu). 

30. The (r.s.) allows the factors H,, Hy, H and the types” 

ewe (AD) oA OUne. (De) re (BO) aca 

The system then is 

*KH,ua(A) where (4)= (4p), (“¢?), (4 o?)« ay 

() 1) *& (BO)! (CA) (Cp) where (BO)! = (BC) or (BOY or cael 

*K(BC) (Ap), 
 *K (Ap) (Bp) (Cp). 

The product KH, Hy, is reducible. 
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The K, Group. 

31. F, factors are of one type of which (4 Bcy) is representative. The 
(r.s.) shows that forms to be retained are, besides the three F?, F/?, F’? a 4? 

FiMN and FiM, 

where M is a product of F, factors, and N of F,, F, factors. Further the 
(r.s.) admits the symbol a only twice, viz. in the factors (Bca) and a,. 
Similarly for , a, 8. Introducing four new symbols, let 

Fy; = (Bca)a,, Fy; == (Bya) Cay Fy; = (A be) b,, Fis = (ABy) Ce; 

and regarding these as new F’; brackets, we may then expréss a member 

P, containing FY, as a product of factors selected from 

Cr, Uy, (Ap), (Bp), (Acu), (Bceu), (Ayx), (Byz), (BC), (CA), (AB), (AB)", 

(AB) ‘and F; brackets, viz. Fis, Fis, Fis, Fog, Fes, F's, Ha, ‘Ns. 

Identities show that H;h,, H;F\3, H3;(Bac), H3cg can each be ex- 

pressed in terms involving FY or reducible terms. Hence if H, oceurs in 

P, no other F, factor is present. Similarly for hs. 

There are similar reductions for F\;(Bac), F),(Bay); which imply that 

F,; F%3, F\3F'%; are here reducible. Clearly F\3F'3 is reducible: and 

further, F\3(BC), F)3(Byx), F\3(Bcw) can all be expressed in terms ‘involv- 

ing either F., or Fi. If then both Fis, F,; oceur in P, the only other 

factors involving c, y are c,w,, and the form is 

i 

Py FP yg Pog Cx Uy 3 

otherwise a form containing F'; has besides only tags and chains. 

Again, by (III), (VIII) of § 20, we reduce F(Bac)(ABy), so that the 

only remaining type with two F; brackets is F' (Bac)(Abc) and its dual. 
The K, group is represented then as follows :— 

Fi F 3 Fog¢xty, F's(Bac)a, (Abe) b,[c, y], 

(G) | FiF,3(B], Fi(Bac)a,[B), Fs H,[c], 

FULA, BC; vy], He, 

where the second, fourth, and fifth have dual forms, and the square 

brackets indicate chains and tags as discussed in the A, system. m 

This exhausts all cases, and the Complete System is contained in the 

K, and K, groups of § 19, together with the sets denoted by (A) to (G) in 

BO O5-31,.. = 
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ON THE TRANSFORMATION OF CERTAIN SOLUTIONS OF THE 

ELECTROMAGNETIC. EQUATIONS 

By J. Bru. 

[Received January 6th, 1921.—Read March 10th, 1921.] 

1. We consider the particular form of the electromagnetic equations 

suitable for a ponderable body at rest with respect to the system with 

which the time is associated,* the medium being isotropic. For the con- 

venience of our investigation we will replace the independent variables 

x, Y, 2, t by the symbols x, £9, £3, £4, and thus the equations will assume 

the form 

O(ke;) ___ (dma. Oms\. « 0(Kea) _ , (Om, __ Omg 
OX, ae! A ): Ont, Rigen (x a an) 

he __ , (Omg _ Om, O(ke,) , O(kes) , O(kes) __ 
1 wey = 0 ( at Ox, fa OX, lence Omg ie’ 

Bane (@4 r <2) (ume) _ c ($2 — st), 
OL, Of; Oxo)’ Or, On, Ot 

O(ums) (Oe, ey O(um) , 0 al O(ums) _ 

Ci. a ( 2a ona Ape rBEE re amet 

From the first four equations we readily deduce 

O(ce,) 0 (oes) O(ces) , Op _ 

OL, Sion O29 ar Ody. ui Ox, 

which may be integrated in the formt 

e—— (a, B, Y> Vy Lo, 2s), oe, = —(a, B, Y> Xa, Vs, XL), 

Clg =a Pay hein Man eas gTég = —(a, By y3 Bry Lay La). 

* Vide Silberstein’s Theory of Relativity, p. 261. 

T To facilitate printing we adopt the notation (w, v; x, y) as expressing the Jacobian of w 

and » with respect to « and y. 
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We will now introduce the assumptions 

ke, = a(B, y; %, mera ke, = —a(8, y; 2, 2) +, 

kez = a(B, y3-21, %q_)+w ; 

cm, = —a(B, y3 2, 2) +6, cm, = —a(B, y; a, x) +2, 

cms = — AB, y; wg, 1) +6. 

Substituting these values in our first four equations and taking account 

of the values for p, c¢,, c€, ce; given above, we obtain 

nea tien ll WIM se tot iS ae ee On, . Cee 

OUR Ut ye OF ie _ Ou ow _ 

Sera oa, Cts » 

These four equations are satisfied in the most general manner by the 

assumpéions 

cian |X, OX, BN OY, - 
eetcerop Or Get On, Ore? 

A= OX, 0X, OX, OX, EnOX, 0X, 
a tO, Of,’ ante ODS 

We have thus obtained a set of forms, of a quite general type, that 

satisfy the first four of our equations. The remaining four can be satis- 

fied in a perfectly general manner by the assumptions 

Bee ae OV it) Oc Ny OY gi) 1 ae Yeni, 
fe cee? Ox, cory’ 8 ony On,, 

aay, oY, _ oY, _ aY, ARIE 
ole Or, | On,’ OF Ga oie! ror Ox 

Thus the simultaneous satisfaction of our whole set of equations 
necessitates that the following shall be identically satisfied 

( : OX; OXg\ OX Ok, nf. 

e{ 9B, 73 a d+ ao Bet} —# (Set — Gel) = © @ 

OX ROXe | oY, oY, as 
eal, 5 2, £3) Aer (Ge! —5,) = 0, , (2) 

( = OX, ) Ov Ols\ S 
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aX, 0%) _, (P¥a_ 8%) g 
a7 a(8, Uke rhs Pear aos a) my (4) 

ax OX, ) OY, OY;\ __ 
0B, 73 mat aah eG a) =o 

KM (Tas, Ys Xs» 4) + a asl f (Gt a) == Q; (6) 

To obtain a solution we need to know a, 8, y and the X’s. Equations 

(1) to (6) really impose restrictions on the form of these:functions. «If we 

eliminate the Y’s we obtain differential equations deanine the first set of 

functions. ' 

2. Now suppose-that by means of a point transformation we change 
the independent variables from x1, %, %3, Ly to £4, &, &3, €4, and that we 

obtain 

X, dx, + X,dx,+ X,dr,+X, dx, = L,dé,+L,d&4+03;dé,+ 0, 0&4, 

and Y,dx,+ Y,dx.+Y,dr3+ Y,dx, = M,d&,+Myd&.+ Mgdé,+ M,dé,. 

‘We then have four equations of the type | 

X= L, = 5 Seite sea +L; = nee ee 

and four of the type 

¥,=M- = ad8 438 ay +M, se 

Our equations (1) to (6) then assume the form 

Va(B. Y> Lay Ls) + E (Ln ga 3 “ay x) —k S (M,., a X41, X4) = 0, (7) 

. ‘ 

Cc | a(G, Y> X41, £3) + = (Ey, ak Ly, 5) | r +k > Cie Sn > ve 2X4) => 0, (8) 
n=1 

4 : Gl Grey ae i 

Cc | a8, Y; %, Lo) + = (Tos fas X15 a) J —k (M,, fans 3, L4) = 0, (9) 

4 x 4: i 

MK {a8 Ys; 41, £4) -F = (Ln, os £1, L4) j +e = (Mn, ae Xo, £3) = O, (10) 

\ s 4 z . Ee 

mm | a, Y3 Lo, t+ = Ln Sg los La) are 2 (Mn, Ep es) =O 

tae . 4 . 
M a(6, Y; Xs X4) + 2 La; on 3, X4) C = Ci. bas Uy, Lp) = (0h (12) 
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We will now define our point transformation as satisfying the eighteen 
conditions 

(a, €33 &2, £3) = (®y, X43 £1, £4), (@1,%g; £a,€3) = —  (®a, 3 &, &), 

(1, £9; Eo, £3) = CANCE et A (a, @43 £9, €s) = — wk (ao, Xe; Be.) 

F(aty, 243 &s, 5) => wk(ay, 53 &,, Edy  O@s, 3 &) &) =k (ay, 23 &, &.)3 

(@q, Xg3 €1,€3) =— (@1, Xa; a, &,), (2, 2g; &, £3) = (Xa, X43 Ea, €4), 

(21,93 €1,€3) =— (a, X43 Eo Ey), O°, a3 G1 fs) = wk (a, @33 La, &4), 

al CE £5) = —mk(ay, Xs; £4, &)), Cay, a3 FF) = uk (@y, g3 Ss, £4), 

(@a, @33 £1, €) = (®1, 243 €3, £4), (21,233 €1,€2) =— a, a3 Es, G4), 

(21, %3 £1, &) = Wa tiptancys © Uy, 2,3 fi &,) = — uk (ay, 5; Es, &,), 

(2a, X43 & &a) => uk(a, 233 on &,); c* (as, X45 & ) SS uk (xy, X93 £3, &,). 

If we now. multiply equations (7), (8), (9), (10), (11), (12) respectively 

by (a, X35 bo, £3); (x, Z33 ba, Es); (2, & 5 & &3), (X1, X45 £9, é3), (Xo, X43 £9, &3) 

(%3, 243 €, €3), take account of the above relations, divide out common 

factors from certain of our equations, and add the results, we obtain 

c (8, Y> ba, é)t = in, ere Sa, é)} Sale » (Mn, Cas on £4) =e 0, 

which reduces to 

eb Core OMe ons 
a(8, » §3) wae me ae (Set—Sz!) =0 e| vy; 2 £3) ae Of, Og, O-; 

This is identical in form with eee Similarly we can obtain 

five other equations respectively identical in form with equations. (2) 

to, (6). 

If we have a set of functions a, 8, y, X;, Xo, X3, X, suitable in form 

for the derivation of a solution of our electromagnetic equations, we can 

transform a, 8, y by means of a point transformation satisfying our 

eighteen conditions, and calculate a set of L’s from the four equations of 

: yt On Ox Ox Ox Ex »¢ ~#3 x 
Ii = XxX aE, PAE 22, 30 0g; 4 3E," 

The transformed forms of a, 2, y and the set of L’s so obtained are suit- 

able in form for the deduction of a new solution of the electromagnetic 

equations. The new values of k and y» will be obtained by simple trans- 

formation, but the new value of o will be derived from the solution of a 

differential equation. 
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CYCLOTOMIC QUINQUE-SECTION FOR EVERY PRIME OF THE 

FORM 10x+1 BETWEEN 100 AND 500 

By Panpir Oupw Upapuyaya. 

Communicated by G. H. Harpy. 

[Read April 21st, 1921.—Received in revised form July 14th, 1921.} 

Tue formula of quinque-section was first given by L. J. Rogers in 

Vol. 82 (old series) of the Proceedings. It was shown by W. Burnside in 

1915, also in the Proceedings, that the problem of quinque-section de- 

pends on the solution of two Diophantine equations, namely : 

(1) [4p—16—25(4 + B)]?24+1125(A —B)?+ 450(C2+ D?) = 122p, 

(2) [4p—16—25(4+B)][A —B] +3(0?+40D—D*) = 0. 

Burnside solved these two equations for every prime of the form 10x+1 

under 100, and gave the values of p, A, B, C, and D in a tabular form. 

The object of this paper is to construct a similar table for every prime 

of the form 10n+1 between 100 and 500. The details of calculation are 

given for one prime only. 

I have used the general formula of Burnside, except that I have: 
‘ ane . : 

corrected the coefficient of 4 to ne In Burnside’s paper this is 

—1y eens : 
(p 53 I Cayley gave the quintic for every prime under 

100. In order to verify his results I calculated them by the method given 

by Burnside, and found that there are two discrepancies. For the prime 

31 the coefficient of 7’ ought to be —21 and not —2. For the prime 61, 

the constant term must be —18 and not 28. a 

misprinted as 

The Details of Calculation for the Primé 281. 

In the first equation let us substitute the value of p, supposing that 

, 
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A+B = 48; then, by the first equation, we get 

[4X 281—16—25 x 43 P+-1125(4 — Preeti = 7 144X281, 

or 1125(4 — B)?+ 450(C?+ D’) = 39875. i 
4 

Now, if A—B=1, ie 

C+ D? = 85 = 97+ 2? or 77+63. | 

Thus C= 9 and D=2 or C=7 and D=6. And if A 

C?+ D* = 65 = 8+ 1? or 77+ 47. | 

Thus C= 8 and D=1 or C=7 and D= 4. Finally, if A—B=-—5, 

C?+ D? = 25 = 5°+0? or 47+87. | 

Thus C =5 and D=0 or C=4 and D=8. 

Of these solutions only C= 4, D =3 is a solution of the second equa- 

tion, as may be verified at once by substitution. 

Since 4+ B= 43 and d4—B=—5, we have A = 19; ee abe ==) 24. 

The solution is therefore 

Aiea Ss (BiH 24 ES A DS 8: 

The Determination of the Coefficients of the Quintic. 

The formula for the determination of the coefficients of the quintic, 

as given by Burnside, is as follows: 

ap 1) 2(p—1) (2p +3) 
ee PP +| p+ B)— PSP 7" 

+[aex (25 4+4+B) —pap— 25"), 5 

1 eee ee 
rit: 

red B) (Dic) |— P=. 

Only the coefficients of 7°, y’, 7 and the constant term depend upon p. 
When p = 281 their values are found to be —112, —191, 2257, and 

967 respectively. The quintic is therefore 

ne +i — 1127? — 1917? + 2257+ 967 = 0. 
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TABLE. 

7? 

9/3 PA eels lee 3 Flee Og tee 19) 
9 1 6 | 1 | 1 | — 52 | —89 109 193 

10 1,2 2 Wade iay 1) ies! GO ieee he 784 128 
ree oat fi idesord wie vae eas 293 — 49 
197 8 Apel pl Veil 0% 6u |! = SbO gil e487 wire GS 
tome 2 ipa di edo 069 166k 269 
20 |i4 4, Wy dp i The Ine G6.8(N 989 | 1292 512 
18) i, 2 Golgate 100m nO 1504 | 1024 

195 jw 1 8 1 | 1 | -108 | -401.|- 18 845 
4 4 Cs Ua ee ery MCE pony, 967 
OT My OW deh te [e288 535 | — 413 539 
99} 9) 35 “Lah 1 ase | aa7e 928.1 — 1007 
$8.) 8 |e. |" Diclyds 1: —deon | 860 879 | — 29 
32 |. 8 1 uh de Ue 68, by 2to, Me sa5s ve any 
CG aan aCe en Pao Leas pee EUR Sines: 
34 | 2 9 | 1 | 1 |'~184 |--199 | 4551 | 5419 

$b 8o-[ 3.shodge| a | a- bia196 59 |. 2019 | 1877 

I have received very much help from Pandit Shukdeo Chaube in calcu- 

lation, and from Prof. Narendra Kumar Majumdar in preparing the plan of 

this paper. 
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